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IIpeaucioBue

Opnax et Uspanias Mouceesua l'esibdans 06porna rakyio dpasy: «Ma-
TeMAaTHKA COCTOUT U3 TPEX JACTe: aHAIN3a, TeOMETPUAN M KOMONHATOPUKAY.
«A 9T0 Takoe KOMOMHATOPHUKA?» — CIIPOCUJIA €r0. — «A 3TO elne He CO3JaH-
Has HAyKa», — TAKOB OBLI OTBET...

EcrecTBeHHO MOIOOOMBITCTBOBATE: «A 9TO YKe TaKoe reOMEeTpHUs?»

...B ogHOM U3 cBOUX HHTEPBBIO (OMyGIUKOBAHHOM B XKypHaJje «KBaHT»)
N. M. l'enpdang nenuicsa ceoumu BocnomuHanuaMu. OH IPOBES JETCTBO B
HebosbioM nocesike Hemaneko or Oxeccbl. O4UeHb paHO OH CTAJ 3aJLyMbl-
BaTbCAd Ha/l HpO6JIeMa,MI/I MaTE€MAaTUKU — B OJUHOYKY, IIOTOMY 9TO CIHPOCHUTH
OBLIO HE y KOrO: B IOCEJIKE He OBbLIO HU 3HAIONMX JIIoAell, Hu KHur. Ewmy
[PUXOIUJIOCH BCE N300PETATh U BBIAYMBIBATH caMocTogTebH0. OH mpuiesn
K yO€XKIEeHMUIO, 9YTO CYIIEeCTBYIOT JB€ MATEMATUKU, MEXK Y KOTOPBIMUA JIEYKUT
nponacTk: anrebpa (a Ha caMoM seste — anrebpa U AHAJINS, IPOCTO B TY IIOPY
BTOPOE CJIOBO eIlre He OblJI0 N3BECTHO MAJIbIUKY ) B reoMeTpust. 11oamHOMBI —
9TO aarebpa, a CHHYChI — 9TO COBEPIIEHHO APYroe, 3TO FeOMEeTPHS.

Wspanas MonceeBird roBOpu/I B HHTEPBBIO, YTO MHOTO Pa3 B YKI3HU €My
odenb Be3j10. Hampuwmep, oH mpocuit CBOuxX poauTeieil KynuTh eMy KHUTY IO
MaTeMaTHKe W MOJIyd9al oTKa3 — He Obwio gemer. Ho (o, Besenme!) y mMamn-
YUK, CJIYyYMJICA TPUCTYI AIMNEHIUANNTA, HEOOXOIUMO OBLIO eXaTh B TOPO
Ha onepanuio. VI Torma oH CKa3aJj, 9TO HHUKY/A HE I[OEJET, eC/U HE KYIsT
kHuru. U kHUra OBLIa KyILIEHA.

D70 OBLIT 3aypPANHBINA, TPOBUHINAIBHBIA YI€OHUK IO aHAIU3Y, TOE, CKa-
KeM, (PYHKIIHH OAPA3IeIsaiNCh HA HEIpepbIBHBIE, TuddepeHnupyeMble u
smmupugeckue. Ho cpemqu mpodero tam mpuoamiach ¢popmyiia MakmopeHa
7 OBLT BBITACAH P,

z3 z°

smxfx—g—l—m—...

U B co3HAHNE MAJIBIMKA IIPOU3OIIIE]T IEPEBOPOT: OH ITOHSIJI, ITO MaTEMAaTHKA
enuHa!

Kakoe ke MecTo 3aHMMaEeT reoMeTpusi B 9TOM €JUuHON MaTeMaTuke?

IIpumepHO ABaAIATH MATH JIET TOMY Ha3al OBLIO COEJAHO WHTEPECHOE
OTKpPBITHE B 00JacTu ¢pusmosiorun: npodeccop KanndopHuitckoro TexHoJro-
rudeckoro uactutyTa Pomkep Creppu, ucciiemyst 60JbHBIX C TEPEPEe3aHHBIM
«MO30JIUCTBIM TEJIOM», COEIMHSIONTIM /BA MOJIYIIaPUs MO3ra, T0Ka3aJ, ITO
dyHKIIIN 3TUX MOIyIapuii 00/1aa10T ONPEIeIEHHON HECUMMETPUIHOCTHIO.
(3a ar0 orkperrue P. Cneppu 6611 yaocroer HoGenesckoit mpemun mo 6mo-
noruu U MenunuHe 3a 1981 rog,.)



6 IIpenucmoBue

Heiae canraerca JoKa3aHHBIM, 9TO [ABA HOJIyIIAPUs HAIIETO MO3Ta MMe-
0T pasimaHble QYHKIHUN: JeBoe nosymapue (y OOBIMHBIX JHofmeil — «pas-
meii» ) oTBedaeT 3a Jormdeckuii aHanms. OHO Ke yIpaBisieT PEYbI0, MHCh-
MOM U JPYIHUMHU <aJTOPUTMHUYECKAMU» IIPOIEAypaMu. ITO, TaK CKA3aTh,
«anrebpo-aHamTHIeCKOoe» mosymapue. IIpaBoe ke mosymapue — cuHTETH-
9eCKOe, OHO «3aBEIyeT» BCEM «BOOODA3UTEIHLHBIMY — 3PEHUEM, KAPTUHHBIM
BOCIIpUATHEM, OOPA3HOCTHIO... Tak 9TO MOXKHO CKa3aTh, 9T0 Mup, KOTOpBIi
3aJI02KEH B IIPABOE MOJIymapue — 310 mup leomerpun!

Henwbssa mu canrathk, 9To 'eoMeTpnsa —3T0 «XymoKeCcTBeHHAsT MaTeMaTH-
Ka», 9TO Ta 9aCTh MATEMATHKH, /i€ MOXKHO, 3aKPbIB IJI1a3a, ITO-TO BOOODa-
3UTh, IPEICTABUATH Cebe — M3rubAOILYIOCS IIOBEPXHOCTD, ILIOCKOE CEYEHHE
MHOI'OI'DAHHHKA, CETh JIMHUI, YXOAAILYI0 B DECKOHEYHOCTD I[EIIOYKY 3aIEll-
JIEHHBIX MHOT000pa3wuii...

W mronum Benp IeadATCA MO CBOMM CKJIOHHOCTAM Ha JIBa THUIIA — OJTHUM
60JIbIITe HPABATCS BBIKJIAIKU, APYTHM — HAWIAIHOCTH. U moTromy reomert-
pus CTOJIb HE3aMEHUMa B IpenoJaBaHuu, B cucreMe obpa3osanus. OHa maer
YHUKAJIbHYO BO3MOXKHOCTD U JJIS PA3BATHUS JIOTHIECKOI0 MBIIIJIEHUS, U JIJIs
O6y‘IeHI/IH MHTYUTUBHOMY IIOCTU?KEHWIO MCTUHBI, OCHOBAHHOMY Ha HaIJIAl-
HOM ycMmoTpeHnu. VI B mociieiHed cBoeli UIIOCTACH ee He C YeM CPABHUTh.

OTa KHUTA HanucaHa AByMs aBropamu. Oaua u3 aux — B. B. IIpacomos —
ABJIETCA IO IPENMYIIEeCTBY reoMeTpoM, apyroii — B. M. Tuxomupos — aHa-
JIITUKOM. DTUM OIPEJIEJIIeTCS HEKOTOPOe PaBHOBeCHE BOOOPA3UTEIHLHON U
JIOTU9I€eCKOH HampasyieHHOCTell kHuru. B Heit MHOTO pmCyHKOB, uepTrerKeif,
[IOCTPOEHNUH, CEIEeHNI U TPOYEro HAIVISIIHOIO MATEePHUaJIa, HO OOJIBIIIOE BHU-
MaHUEe YAeJdeTcd W JIOTHYECKOH CTPYKTYpe FeOMEeTPHUH, MONEJIIM U aJjre-
OpPO-aHAIMTUIECKUM TIOIXOIAM.

Kaura paccanrana Ha MIKOJIBHUKOB, yIUTENell, CTYLeHTOB MaTeMaTHIe-
CKUX CIEIUAJIBHOCTEN, a TaKXKe Ha JIOOUTe el reOMeTPUN — BHE 3aBHCHMO-
cry OT 06pa30BaHMs U POJA 3aHATHIA. DTOMY [OJYUHEHA CTPYKTYPa KHUIH.
OHa pmenuTcs Ha TVIaBHI, & B KOHIlE KHUTH MMeeTCd JOMojHeHne. [J1aBel mo-
CBSIIIEHBI PA3JINIHBIM [€OMETPHUSAM: eBKINI0BOMU, apdUHHON, IPOEKTUBHOI,
HEEBKJIAIOBBIM, 0ECKOHETHOMEPHBIM 00001meHIIM ahbUHHON 1 €BKJIXI0BOM
reomerpuii. TaMm pedp HUIET NPEUMYIIECTBEHHO O JIMHENHBIX U BBIIYKJIIBIX
O6'beKTa,X. OTﬂeJIbHa,H IJIaBa IIOCB4I€HAa KPUBbBIM U IIOBEPXHOCTAM BTOPOT'O
IOPA KA.

Kaxmgas rmaBa, KpoMme TOCaeaHeH, pa3buTa Ha JBe 9acTH. B mepsoit
9aCTU pedb UAET O MPOCTEMINX, OJHOMEDPHBIX U ILIOCKUX T€OMETPULAX. ITH
dbparMeHTHl PACCINTAHBL HA CAMYIO IMIHPOKYIO AYAUTOPHIO, BKIIOYIas IIKOIb-
HHUKOB.

OCTa.HbHOﬁ MaTepuaJl BCEX 3TUX IJIaB IIOCBAIINEH KOHEYHOMEPDHBIM I'€O-
METPHUSM. DTH Pa3lejbl KHUTM MOTYT PAacCMaTPUBATHCS KaK HAYaJIbHBIN
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KypC F€OMETPHU B YHHBEPCUTETAaX W IEJArOTHYeCKUX MHCTUTYTax'. B me-
CTOH rj1aBe BCKPBIBAIOTCs F€OMETPUYECKHE KOPHU OECKOHEYHOMEDPHOIO aHa-
JIA3a.

Ob1ass HAIPaBJIEHHOCTH 9TOr0 KypPCa COOTBETCTBYET KOHIIEIIIUU MaTe-
MAaTH4YeCKOro 00pa30BaHUs, COIJIACHO KOTOPOH €ro pa3yMHO CTPOUTH B CO-
OTBETCTBUH C IPUHIUIIOM CMadutiHocmu: OHO JIOJZKHO HAIIOMHUHATH BOCXO-
2KJIEHUE HA rOPY, IPU KOTOPOM OJHU U TE K€ Mef3aKu PaCCMaTPUBAIOTCS C
Pa3HBIX NMO3WUINH 1 pa3HOM BbICOTHI. [Ipm 3TOM BHadYasie CTYIEHTY HOJIKHA
OBITH TIPEIOCTABIEHA BO3MOXKHOCTH OBJIAJETH OCHOBAMH MaTEMAaTHIECKUX
3HAHWI, HAYYIUTHCS MOHMMATH B ODIIUX Y€PTAX CTPYKTYPY MATEMATHKH B
[IEJIOM, OCBOUTH (DyHIAMeHTAJbHbIE IOHATHS, UAeH, MeToabl. Ha 3Toil mep-
BOI CTaIuu eMy JIOJKHBI OBITH IPUBUTHI BaKHEUIINE HABHIKA B OCHOBOIIO-
JIArQIOIIMX Pa3zesiax MaTeMaTUKU — aHAJIu3e, TeOMETPUHA U IIMPOKO [IOHU-
MaeMoil KOMOMHATOPHKE — HayKe O (DMHUTU3ANUN U TPAKTHIECKON peasiu-
3yeMOCTH T€X MATEMATHIECKAX KOHIEMIW, B KOTOPHIX 3a/I0’KEHO IMOHATHE
6eckoneunoctu (ecau BoicKasbiBanue M. M. lenbdanna, ¢ KOTOPOro Mbl Ha-
YMHAJIN, PUHATH 32 MEePBOe NpUOIMKeHWe K UCTuHE). Tak BOT, BTOPHBIE
9aCTH OCHOBHBIX IJIAB 9TOM KHATI'M MbBICJIAJINCH KAK IIOIIBITKA C(i)OpMI/IpOBa,Tb
HEYTO BpPOJe yHUBepcuTeTCKoro Kypca «[eomerpus I». (Ilpu sToM B Hammem
BapUaHTE OCYIIECTBIISETCS KaK OBl «HEIPEPHIBHOCTH» 00PAa30BaHIST; MBI CTa~
paeMcs 00bICHUTD U MECTO IIKOJILHOM reOMEeTPUH B HCTOPUU HAIIel HAyKH. )

Ocrasibable pparMeHThl KHUTH, COCPEIOTOYEHHBIE B JONOJHEHUN, ape-
COBaHbI CIIEIUAJUCTAM W JIOOUTEsIM reoMerpun. TaM pacckasbiBaercs 00
OT/ZIEJIbHBIX CIO?KETaX, O KPACUBBIX reOMeTPUIeCKnX (HPaKTaX, KOTOPHIE CBSI-
3aHBI C TBOPYECTBOM BEJIMKUX M€OMETPOB M COXPAHUIN KPACOTY U CBEXKECTD
BILIOTH [I0 HAIEro BpeMeHn. TaM ke JAIOTCS HEKOTOPBIE IPUJIOXKEHUS [e0-
MEeTPHH K €CTECTBEHHBIM HAyKaM.

CyliecTBEeHHYO 9aCTh KHUTH COCTABJISET ee 3aJa9HUK. 3aJ1a9d PacIo-
JIO2KEHBbI B OCHOBHOM B KOHIIE IVIaB, HO MHOr'ZIa OHU BCTPEYAIOTCHA U 110 XO4Y
n3okeHns. Mbl cTapajuch 0TOOpaTh HETPUBUAIBHBIE M BBIPA3UTE/IHHBIE
3312491, KOTOPbIE MOTYT [IPECTABUTH UHTEPEC IPU MPOPabOTKE KypCa U UC-
[T0JTIF30BATHCH KAK YIPAKHEHUSIMI.

I'parnupr Mmarepuasna, BKIIOYEHHOIO HAMH B 3Ty KHHIY, IIPOCTHPAIOTCS
or cambix uctokoB — ot Pasieca, [Tudaropa, Esknuna, Apxumena u Aunoi-
JIOHWSI — JI0 CEPEIMHBI MPOILIOTO CTOJIETHS.

U emme 06 omaOM cTHMYyIIE K HaMCAHUIO 9T0M KHUTH. OH CBA3aH C IMEHEM
Annpes Hukomaesunaa KosiMoroposa, ChIrpasiiero 60JIbILYI0 POJIb B XKU3HA
0oboux aBTOPOB.

1Onm coorsercTByIOT (B HECKOJIBKO PACIIHPEHHOM OOheMe) COIEePIKAHUIO KypCca Ieo-
merpuu, ynrasueroca B. M. Tuxomupossim u B. B. [Ipaconoeim B HezaBucumom MOCKOB-
ckoM yHuBepcurere B 1992—96 rr.
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A. H. KoamoropoBa B HOCJ€IHUE TOABI €ro >KU3HHU yBJIEKAJa HJesd CO-
3/1aTh TAKyIO MPOrPAMMY IO T€OMETPHH JJisi MKOJIbI, B KOTOPOU ObI «mocTe-
[IEHHO TOATOTABINBAJICS MaTepuaJ Ijisd TOHUMAaHUS BO3MOXKHOCTH PA3HBIX
,reomerpmii“ (kak reomerpus JloGa4eBCKOro)», eMy BHIEJACH KOHIEIIHS
reOMEeTPUYIECKOro 0OPA30BaHNUs, «OXBATHIBAOIIErO €BKJINIOBY T€OMETPHIO B
Ka9eCTBe IaCTHOTO CiTy9das (KaK KOHIENTUIO METPUIECKOTO IPOCTPAHCTBA) ».
CXOI[HI)IG MBICJIA 3AJI0?KEHbI B OCHOBAHUE YTON KHUI'H.

Bwmecte ¢ Hamu kypc reomerpun B HesaBucmmom MOCKOBCKOM yHUBEDCH-
tere Benim B. O. Byraenko, M. H. Baserit, 1. B. I'putkos u P. A. CapkucsH.
Msr 61arogapHbl UM 33 MHOTOYHCJ/IEHHBIE OOCYXKI€HUsI OTIAEIBbHBIX JacTei
9TOU KHATH.



BBenenne

B XIX Beke pasBuTHe reOMeTPHH IIPOUCXOLUJIO IIO MHOTHM, HA IEPBBII
B3IVIsAJ HUYeM He CBA3AHHBIM MeXKIy CO0Oll, HalpaBJIeHHUSAM. DPJIAHMeHCKas
nporpaMMa OTKpPbLIa B IIOHATHH I'PYINIbI IIPeo0pa30BaHUl T€ y3Jiibl, KOTOPbIE
CKPEIJIAIOT BCe PA3HOBHAHOCTH IM€OMETPUH M BMECTE C TeM OLPEIEJISIOT OT-
JIMYuTeNbHbIE OCODEHHOCTH KaXKA0# M3 HUX; B 9TOH LpOrpamMme BOLPOC «4TO
TaKOe FeOMETPHUsI» CTABUTCS U IOJIyYIaeT OCHOBOIIOJIATAIOIINHA OTBET.

T'epman Betiav. MaTteMaTndecKoe MBILILIEHUE.

B cBoeMm 3HaMeHMTOM TpakTaTe «ApPXUTEKTypa MaTeMaTWKu» Hwukoss
Bypbaku 3amaerca Bompocom: «La Mathématique ou les Mathématiques?»
ITo-pyccku 3To 3Byunt Tak: «Maremarunka —3T0 eguHAS HAYKA WM MX MHO-
ro?» B TogHOCTH TOT K€ BOIIPOC MOXKHO aIPECOBATH K HAIIIEMY Pa3/eLy Ma-
TEMATUKU — I'€OMETPpUN: r€OMETPpUA — €INHAA HayKa NI I/IX*FeOMeTpI/II‘/’I*
muoro? JleficTBureibHO, OBIBAIOT MPOEKTUBHAsA, addUHHAS, BBICIIA, JJTe-
MeHTapHad, cepuueckast, runepboInIecKasi, BhILYKJIas, €BKINI0BA, TU(d-
depeHnmaabHast, HHTErPAJbHAS, KOH(DOPMHAA, CHUMILIEKTHIECKAsd, AHAJIU-
THYecKasd, ajarebpamdeckas, 0AHAXOBA, KOMIBIOTEPHAA W €Ile MHOXKECTBO
reoMerpuii, a eCTh Jin y HUX 9TO-HUOYIb 00ee?

B npemucioBun Mbl Ha3BaJId OIHO — BHEIIHEE — 00'bEINHSIOIIEE UX CBOM-
CTBO: «BOOOPA3UMOCTH» €€ 00BEKTOB U CBSI3aHHYIO C Hell HATJIATHOCTD.

A emg— ecthb uTO-HUOYAB 00IIIEE Y PA3IUIHBIX [eOMETPUN — eBKJINI0BOI,
adduHHON, TPOEKTUBHOI, PUMaHOBOi1, reomerpun JlobageBckoro?

Oka3biBaeTCs, 3TU IeOMETPUN CKPEIJIEHbl y3aMU, OTKPBITBIMU B «p-
JIAHTE€HCKOU mporpamme», o KOTopbix rosoput I. Beitnp B ciioBax, mpuse-
JIEHHBIX HaMU B KadecTBe snurpada. V1 Boobie, IT0 9T0 Takoe — «DpiaH-
reHCKas mporpammas 7

OpJlaHreHCKasi OTporpaMMa — 3TO Pedb, MPOU3HECEHHAS BbIIAIOIIUMCH
HemenkuMm MaremarukoM Peaurcom Kaetrom (1849—1924) npu Beryme-
HUM €ro Ha JOJIKHOCTH npodeccopa (m onyOImKOBAHHAST B TOM K€ Oy
B BHe Opomopsl mon 3aryiaBueM «CpaBHUTeNIbHOE 0003peHHe HOBEUIITHX
reoOMeTPUIECKUX UCCJIEIOBAHUIY ).

«Puryan BCTymjieHWss B p#Ibl NpEnogaBaTeseil — CTapas TPaIUIys
HEMEIKIX YHUBEPCATETOB, — IUIIET OJUH U3 KPYIHEHIIINX COBPEMEHHbBIX Ma-
TeMaTnkoB, npodeccop Bourckoro yamBepcurera @. Xupredbpyx. — [locite
[IPUCYKIEHUS YIeHOU CTeIeHN JOKTOpa Oyl MpenogaBaTesb IPOI0JI-
2KaeT HayJIHYI0 paboTy U depe3 HEeCKOJIBKO JeT NPeJCTaBiIsgeT (PaKyIbTeTy
60siee OOIIUPHBIN TEKCT — AUCCEPTAIUIO [ IoJydeHus: venia legendi —
[IpaBa CaMOCTOATEIbHO 00ydaTh CTYJEHTOB W 49nTaTh Jjeknuu. Jluccepra-
st JOKJIAbIBAETCS HA 3aCellaHnu coBeTa (DAKyJIbTeTa, IJie U IPOUCXOAUT
ee Hay4dHOe 0OCyXKJeHue. Uepe3 HECKOJIbKO HeJIeIb PUTYaJ 3aBepIIaeTCs
CBoell KyJIbMUHAIMEH — OTKPBITON BCTYNUTEIBHON JIeKIHeii. |...|



10 Beenenue

Ha sTux seknusax cepbe3Hass U 3HAYUTEIbHAS TEMa JOJKHA OBITH U3-
JIO?2K€Ha TakK, '-ITO6bI HE€ TOJIbKO MaTE€MaTUKW, HO U IIPEACTABUTEJIN APYyIrux
€CTEeCTBEHHBIX HAyK, & TaKXKe U CTYAEHTHI MOLJIA CJAEOUTh 33 XOIOM pPac-
cyX)enuit. B jeKuum HaI0 OCBETHTH MCTOPHUIO BOIMPOCA, CBA3b PA3IEsIOB
MaTEeMAaTUKHA MeXay coboit m ¢ apyrumu Haykamu. Kpome Toro, Hy:KHO,
9TOOBI CIIyIaTen XOTA ObI B HEOOJIBIIION CTEIIEHN IOIyBCTBOBAIA 09apOBa-
HUE MaTE€MAaTUKU U dACHEEe IIOHAJIN €€ DOJIb B ﬂyXOBHOﬁ 2KN3HN O6H.[eCTBa,>>.
(HperaCHoe HanlyTCTBHUE U JJId NUNTIYIIUX MaTE€MaTUIEeCKUe KHI/II‘I/I.)

Kaeita BeicTymm co cBoeit peubio B 1872 roxy, 66110 €My B Ty mopy 23
roga. B cBoeit gexmuu Kireitn mocrapasics OTBETUTH HA BCE TOT Ke CAKpa-
MEHTAJIbHBIA BOIIPOC: YTO TAKOE reoMerpusi?

Coruracuo kounennuu KiiefiHa reoMeTpust UCCIIeIyeT uH8apuarmot 2pyn-
not npeobpasosanuli 00Hopodrozo npocmparncmsa. OHOPOJHOE IPOCTPAaH-
CTBO — 9TO COBOKYIHOCTb TOYEK, Ha KOTOPOH TPaH3UTUBHO (T.e. Tak, UTO
u3 Jir060i TOYKM MOXKHO IIONACTH B JIH00YI0) JAefCTByeT HEKOTOpas Ipyna
peobpa30BaHMIA.

EBkinmoBy mJIOCKOCTH MOXKHO HPEACTABIATH cebe KaK ILIOCKOCTH
MIKOJIHON JTOCKHM, MPOCTUPAIOIILYIOCS HEOTPAHWYEHHO. 1aM BBOIUTCS Pac-
CTOsIHWE, W TIOJIy9aeTcs IBYyMepHOe MHOoroobpasme Todek. Ha Hem ToxKe
MOXKHO BBECTH TDYIIy U30METPHIl — B3aMMHO OJHO3HAYHBIX OTOOparKeHmit
ILUTOCKOCTU Ha cebsi, coxpaHsiomux paccrogaume. OHA COCTOMT M3 mapaJ-
JIEJIbHBIX IIEPEHOCOB, IIOBOPOTOB OTHOCUTEIHHO JIFO00M TOYKU U CKOJIb3AIIIX
cruMMeTpuii (TaK HA3BIBAIOT CHMMETPUIO OTHOCUTEIBHO NMPSIMON U TOCTIemy-
FOIUI TTapaJlIeIbHBINT IEPEHOC BJIOIb ITOU npﬂMoix’I).

EBknumoBa reomerpust n3ydaer GUTYPhI «C TOYHOCTHIO 10 M30METPUN>.
B meit mmeercs, Hanpumep, JOBOJBHO 60raTroe CeMeUCTBO TPEYrOJIbHUKOB
(3aBmCamEe, KaK MBI BCe 3HAEM, OT TPEX MAPAMETPOB), IMEETCs AByXIapa-
METPHYECKOE CEMENCTBO JJIIUICOB U T. II.

EBk/annoBa m10ckocTs (MMEHHO IUIOCKOCTB — 9TO sIBjeHUE He 0000ma-
eTcs Ha NPOCTPAHCTBA OOJIBIIErO YHCJIa U3MEPEHHi) JOMYCKAeT eIne Off-
HO 3aMeYaTe/IbHOE OMMCAHME: €€ MOXKHO PACCMATPUBATH KAK KOMNAEKCHYIO
ILUTOCKOCTH, KaK COBOKYIHOCTh KOMILIEKCHBIX dmces. KoMmmnjekcHass mHTED-
mperanys eBKJINIOBOI IJIOCKOCTH JTA€T JIOIOJHUTEJbHbIE BO3MOXKHOCTU B
3JIEMEHTAPHOU reoMeTpuH.

Addunnasg mIOCKOCTH COCTOUT U3 TEX YK€ TOYEK, YTO U €BKJIMI0BA, HO
TaM JOIyCcKaeTcs OoJiee MUpOKas IPyIHa Mpeobpa3oBaHUil — rpynmna agh-
Ppunroir npeobpasosaruti. OHA, TOMIMO U30METPUN, COTEPKUT BCEBO3MOXK-
HbIE PAaCTs2KEHUs BIOJIb JIFOOBIX HanpapieHuit. AQQOUHHYO IPYIIy MOXKHO
OIIPEJIEJIUTh U TO-APYTrOMY: 3TO TaKWME B3AUMHO OIHO3HAYHBIE IIPE0OpPa30-
BaHUs IJIOCKOCTH, KOTOPbIE HpsiMble 1epeBogaT B mnpsimbie. C addunHnoi
TOYKU 3PEHHsl BCE TPEYrOJIbHUKU DPABHOMPABHBI, «addUHHAS reoMeTpus
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TPEeyroJIbHUKa» TOpa3ao OexHee eBKJIMIOBOU, HO W B Heil eCTh CBOU 3a-
meqareabHble Teopembl (Uessr m Menresas, sHanpumep). Bce smmncer Ha
addurHON WIOCKOCTH Tak)Ke dKBUBaJeHTHBI. Ho Ha addunHOi nockocTn
CYIIECTBYeT BECbMa U BEChMA COIEPKATE/IbHAS «BBIIYKJIas T€OMETPHUS».

IIpoekTrBHAS TJIOCKOCTH CONEPXKUT HE TOJBKO T€ TOYKH, ITO U ad-
dbunnag. AdduHHAS IIOCKOCTD IIOIOJIHAETCH «OECKOHEYHO YIaJIEHHOM Mpsi-
moti». [IpoekTuBHBIE TTPEOOpPA30BAHUS — ITO CYyHEPIO3UIAN IPOEKTUPOBA-
HUU U3 TOYKU OAHON 1IocKoCcTU Ha apyryr. C TOmoj0orn4eckoit Touku 3pe-
HUS TIPOEKTHUBHAS MIPAMas — 3TO OKPYKHOCTD, & MPOEKTUBHAS MJIOCKOCTb —
9TO «HEOPHUEHTHUpYyeMasi» ABYMEPHAs IMOBEPXHOCTb, MOJIydaeMas U3 KPyra
[IPUKJIENBAHUEM II0 ero rpanmile jucta Mébdbuyca.

C addunnoil TOUYKM 3peHMs IJUIUIC He SKBHUBAJIEHTEH mapaboJie wmiu
rurepboJie, & C MPOEKTUBHON TOYKW 3DEHHS BCe OHM PABHOIPABHBI. BbI-
SICHAETCS, UTO B MPOEKTUBHOM IIPOCTPAHCTBE MOYKHO BBECTH HCUUC/ICHIE
paccrosauit. 9ToT (HPAKT OPUBET KO MHOTUM 3aMEYATEILHBIM OTKDBITHSIM.
C opmoit croponsl, or gan Ksmu u Kieitny myTs K mHTEpIpeTanuun HeeB-
KJINIOBOI reoMeTpru (3TO MBI Pa3biACHAM IyTh MO3KE), & C APYTOH — 103~
BOJIMJI YKCTO AJIredpamvecKu OIKMCATh ITPOEKTUBHYIO reomerpuro. Okasbl-
BaeTcs, Joboe anrebpamdeckoe Teso (T.e. ajrebpamdecKas CTPYKTypa CO
CJIOJKEHVEM U YMHOXKEHUEM, TJIe, OTHAKO, YMHOYXKEHIE MOYKET OBITh HEKOMMY-
TATUBHBIM) [OPOXKAAET €IUHCTBEHHOE COOTBETCTBYIOIIEE €My MPOEKTHBHOE
[IPOCTPAHCTBO, a JIOKAJIbHO KOMIIAKTHBIX HEIIPEPHIBHBIX TEJI BCET'O TPHU — Be-
IIECTBEHHBIE YNCJIA, KOMIUIEKCHBIE IHCJIa U KBATEPHUOHBI (3TOT Pe3yJIbTaT
npunagrexur Konmvoroposy n IlorTpsirnay).

Ilepexomnm K HeeBKIUIOBHIM reoMerpusM. XIX Bek mpormes Kak Ob
[I0JT 3HAKOM OCBOEHWsI HEEeBKJIMIOBBIX reomerpwmii. /Ipamarnaeckas ucro-
pus OTKDPBITUS U JOKA3aTEIbCTBA HEIPOTUBOPednBOCTH reoMerpun Jloba-
9eBCKOTO (B KOTOPOH IPUHAMAJA yIaCTAE TAKUE BEJUKAE MATEMATHKH, KAK
Taycc, Jlobauesckuit, Boitsin, Puman, Benprpamu, Kanu, Kaeita, [Iyankape,
T'unbbepr u Apyrue) mpuBesa K IIEPEBOPOTY B OCMBICIEHHH BCell MaTeMa-
THKH.

Ham ocranocs ckasarh Jdimb HECKOJBKO CJIOB O TOM, 9TO TaKOE ILIOC-
koctb Pumana u mrockocts Jlobagesckoro. Ilnockocts Pumana moxkmO
[IPEICTABIATH cebe KaK OOBIYHYIO0 Chepy B TPEXMEDPHOM €BKJIAIOBOM IIPO-
CTPAHCTBe, Y KOTOPO# IMaMeTPAJHHO MPOTHUBOMOJIOXKHBIE TOYKU HICHTH-
durmpoBanbl. PaccTosiane Ha 9TOH MIOCKOCTH — 3TO IJINHA KpaTdaiimieil u3
OBYX Iyr OOJIBIINX OKPY2KHOCTEl, KOTOpBbIE COeNUHSIIOT TOYKHU Ha cdepe.
JIBIKeHusAMU HABJISIOTCS BCEBO3MOXKHBIE IIOBOPOTHI IIPOCTPAHCTBA BOKPYT
neHTpa cdepbl, OTParkeHWs OTHOCUTEJHHO IIJIOCKOCTEH M WX KOMIIO3W-
muu. IIpavbpivMu Ha 9TOH IJIOCKOCTH HA3BIBAIOT JYTH OOJIBIIAX OKPYK-
HOCTei1.
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Ha mnockoctu Pumana depes iBe TOYKH MOXKHO IIPOBECTH MPSIMYTO, IIPH-
LIéM TOJIBKO OZHY, HO IIapPaJlJIEJIbHBbIX NPAMbBIX TaM HET — BCE IIPAMBbIE II€pe-
CEeKaoTCs.

IlnockocTh ke JlobaueBCKOro MOXKHO MPEACTaBUTHL cebe KaK BEPXHIOK
moJty runepboJIonIa B TPEXMEPHOM MPOCTPAHCTBE, 33aBAEMYI0 CHCTEMOM
x; — i —x3=1,23>0.

Jpuxkenust— 1o JuHeiiHbe npeobpasosanus R, npeobpazytomiue B cebs
KOHYC T3 > \/2? + 2. 9Tu npeobpa3oBaHus ChIIPaJK BbIIAIOILYIOCS POJIb B
HCTOPUU HAYKW, MO0 OKa3a/UCh CBI3aHHBIME C Mpeobpa3oBanusMu JlopeH-
[1a — OCHOBHBIMU TIPe00pa30BaHUsAMU T€OpUU OTHOCHTeNbHOCTH. Ha Hamem
rurepbosIone MOXKHO 33/1aTh WHBAPUAHTHOE PACCTOSIHUE, [IPEBPAIIAOIIEe
IUIOCKOCTH JI00a4ueBCKOro B METpHUYECKOEe IIPOCTPAHCTBO. JIBIIKeHWsAME HA
mrockocTu J106a9eBCKOT0 SABJIAIOTCS €€ N30METPHUH.

B reomerpun eBKJIMIOBOI MIOCKOCTH, MJIOCKOCTH PuMaHa M mjIockocTH
JlobageBckoro muOro obmero. Hampumep, y paBHOOEIDEHHBIX TPEYTOJIb-
HUKOB YTJIbI DU OCHOBAHWAX PaBHbI. Ho MHOro m orTimymii; cKazkeMm, HU
B reomerpun Pumana, au B reomerpun JlobadeBckoro Her moaobus, Tpe-
YroJabHUKHA OIIPEAEJaA0TCd CBOUMU YIJlaMU, B pI/IMa,HOBOﬁ reoMeTrpuun HeT
mapaJjiIeJIbHOCTH, BCe MPsIMbIE TEPECEKAIOTCs, a B reomerpun JlobadeBCKoO-
ro Jepes OIHY TOYKY BHE HEKOTOPOU MPSAMOI MOXKHO IPOBECTH MHOXKECTBO
napaJuiebHbiX. Ho TeM He MeHee, BCe HA3BaHHBIE T€OMETPHHM MOIYT OBITH
PACCMOTPEHBI C €IUHON TOYKH 3PEHUS.

Ocosnas 3710, Kireiin u BbLIBUHYJI CBOIO DPJIAHIEHCKYIO porpammy. Fio
(BO MHOI‘OM) MBbI PYKOBOACTBOBAJINCH IIPU IIOCTPOECHUN 3TON KHUI'H.
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EBkimaoB Mmup

EBknunos mup mambosiee mpuBbIYeH i Kaxkjgoro u3 Hac. O6pa3 Gec-
KOHEYHO IIPOCTHPAIOIIEicad BO BCE CTOPOHBI HIKOJBHOI JTOCKH, HA KOTOPOI
TOHJIAUIIAMHU OCTPUSIMH MOYKHO 0003HAYATH TOYKH, 9€PE3 HUX — IO JIMHEH -
KaM OCTPO OTTOYEHHBIMH KapaHIAIllaMHU — YePTUTHh IPAMBIE; IJIe MUPKYIeM
MO2KHO IPOBOIUTH OKPYKHOCTH JIFOOOr0 pajuyca, — 3TOT 00pa3 BO3HUKAET
Yy KazKJIOro U3 HaC IOYTH OJHOBPEMEHHO C 3aPOXKJEeHUEM CaMOr'o CO3HAHUL U
TaK U OCTAETCd B HAIEM BOOOpazkeHnu Hapcerga. 1losromy Mbl 1 HaYnHAEM
HMMEHHO C eBK.HI/I,ILOBOI'/,I reoOMeTpUun.

§1.1. EBkngoBbI IIpgMas U IJIOCKOCTH

Xorst uzen, Ha KOTOPbIX OCHOBAH METOJ, AHAJIUTUYECKON reoMerpuu, Jer-
CKU NIPOCTHI, TeM He MeHee 3TOT METO/ HACTOJBKO MOIIEH, UYTO, IPUMEHHs €ro,
psitoBble 17-j1eTHIE MOJIOZbIE JIFOAM MOI'YT PEeIlaTh 3aJa4u, KOTOPble II0CTaBU-
1 6Bl B TYIUK BeJINYAMIINX reOMeTPOB.

2. T. Bean

B mikosie n3y4aior eBKINI0OBY r€OMETPHUIO HA IJIOCKOCTH. B 0CHOBE 3TOTO
U3y9eHnus JeXKUT (MHOT/IA TIIATEIBHO CKPBIBAEMBIit) dedykmueHvil memoo.
DTOT METOJ, COCTOUT B TOM, YTO OCHOBHBIE [OHATUS TEOPUM HE OIPEIEJisi-
IOTCd, a OIMUCBIBAIOTCA. OCHOBOHO.TIaFaIOHII/Ie CBOMCTBA OCHOBHBIX 3JIEMEHTOB
Teopuu (pOpPMyYIUPYIOTCS B BUAE AKCHOM, IPHHIMAEMBIX 0€3 T0Ka3aTeIbCTB.
OCTa.JH)HI)Ie YTBEPXKIAECHUA TEOPHUH JIOTHIECKH BBIBOAATCA U3 aKCHOM.

IlepBag momemmasi 70 HAC IIOMBITKA AEAYyKTHBHOIO ITOCTPOEHUS I'E€O0-
Merpun ObLTa ocymecTBieHa EBkimmaoMm B Tperbem Beke 10 H.3. [losromy
3HAKOMCTBO C BEJIUYAUIITUMU reoMeTpaMu €CTECTBECHHO HAQYUMHAThb HUMEHHO
C HEro.

Eexaud (ok.356—ok.300 mo H.3.) — apeBHerpedeckuii Maremaruk. 2Kun B Anek-
cargpuu Bo BpemeHa Iltosemes I (oxHOro ms monxosoaner Asexcarapa MakemoHCKOro,
cTaBIIero mocie cMepru Ajlekcazapa napeM Ermnra). ITo snerenme Ilrosnemelt sanaTepe-
coBasics reomerpueif, u EBknuzg cram eMy pacCcKasblBaTh HAYAJIbHBIE CBEIEHHUS O HEH.
Bckope mapb BhIKa3ajl NpU3HAKM HETEPIEHUs: «A HeJb3sl i Kak-Hubyab nomnpoire?s Ha
qro EBkimj ropio orsBerus, 4T0 K 20MeMPUU HEM UAPCKOU JOPO2U.

OcHoBHOe npousBefeHne Epkinnma — «Hadgana» — ogHO u3 Bendafimnx JOCTUXKEHUH
Hay4HOM MbIC/IU 1 6a3a reoOMeTPUYECKOro MIKOJIBLHOIO 0Opa30BaHus HA IIPOTS2KEHUU BCEU
[IOC/IeAYIOIel MCTOPHUH KYJIBTYPHOrO dejioBedecTBa. Hu ofHA M3 KHUT HAydHOMR JUTEpa-

TYpBI He IOJIb30BaJIaCh TaKUM ycIexoM, Kak «Hadaja»: ¢ MOMeHTa IepBOro me4aTHOI'O
u3nanus B 1482 r. oHa Bbigep:kasa ceeinie 500 u3ganuil Ha OOJIBIIMHCTBE S3BIKOB MUPA.
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«Hagasa» EBKinma OTKPBIBAIOTCS OMUCAHNEM OCHOBHBIX ITOHSITHIA: MOY-
Ka ecmov mo, wmo ne umeem wacmed, [...| npamas sunus ecmv ma, Komopas
DABHOPACTIONONHCEHA MO OTMHOWEHUI K MOYKAM HG Hel, NAOCKAS NOBEPT-
HOCMB eCBb Ma, KOMOPAA PABHOPACTLONONCEHA KO BCEM NPAMBIM 6 Hel U
T. 7. 3areM CIeLyoT akCuOMbI (BIpodeM, EBK/INI HA3BIBAET UX NOCIMYA-
mamu). IlpuBeeM myist mpuMepa TPU U3 HAX.

A.1l. Om secakxoti mouku 00 8CAKOT MOUKU MONHCHO NPOBECTNU MPAMYIO.
B coBpemennoMm BapuaHTe: uepe3 At0bvie 08€ PA3AUMHbIE MOUKU NPOTOOUM
NPAMAR, U NPUMOM MOALKO 00HA.

A.2. U3 scarozo yenmpa u SCAKUM PACMBOPOM MONCEM ObIMD ONUCAH
kpye (ceffgac MBI CKasKeM — OKPY?KHOCTB).

A.3. Mlarywo akcmomy (mocrynar) EBknunma mpueemeMm B COBpEMEHHOM
GbOPMYIMPOBKE: 4epe3 MoKy, AHCAWYIO 6HE NPAMOT, MOAHCHO NPOBECTNU
NAPAANENDHYIO TUPAMYIO, U NPUTNOM TNOALKO 00HY.

CdopmynmupoBaB reoMeTpudecKre aKCHOMBI I HECKOJIBKO ODIIIX yTBEp-
JKIEHUH O CBONCTBAaX BeJUYuH (THUNA: PAGHOIE OOHOMY U TOMY dHCE pas-
HoL meotcdy coboti —mmenno onn B «Hagamax» HA3BIBAIOTCA AKCHOMAMH),
EBkymma npuctymaer K gokaszarenbcTBaM. Ero mepBast Teopema dopmysin-
PYeTcs TaK: CYwecmeyem pasHocmopoHrul mpeyzoaviuk (B eBKIMIOBOM
dopmymmposre: Ha dannoli ozpanunennoli NPAMOT' MOHCHO TOCTMPOUNDL
pasnocmoponmull mpeyzoavrux). Ho ecim BHEMATEIBHO IPOAHAIN3UPOBATE
paccyxnenna Eskianna (maxe caMble H3HAYANBHBIE), TO OOHADYKHBAKOTCS
mpobeJibl B HUX — akcuoMaTuka EBkimga He obJiagaer noaromot, Heobxo u-
Moﬁ JJId aKCUOMATHUYIECKOI'0 IIOCTPOEHUA TEOPUU B HbIHENIHEM ITOHMMAaHUN
oTOro cjoBa. Hampmmep, mpu MOCTPOEHHH PABHOCTOPOHHETO TPEYTOJIhb-
auka ABC Epkiun moib3yercd TeM, 4TO OKpyzKHOCTH pamumyca |AB| ¢
nerTpamMu A u B uMeroT 0611y 0 TOYKY, XOTs 9TO U HE CIE/IyeT U3 €ro aKCHOM.

3aBepieHHas aKCHOMATUKA €BKJIAJIOBOH IIocKocTU Oblia gaHa ['mirb-
6eprom B 1899 r. B ero 3uamenuroii kaure «OCHOBaHUs reOMETPUUY.

[Masud Tuavbepm (1862—1943) — ogue W3 KpynHeHmMX MaTeMaTHKOB XX CTOJE-
Tus. Ero paborsl oxBaTbIBasin (DaKTHYECKH BCIO COBPeMeHHyI0 eMy MareMaruky. OH
BHeC (DYHIAMEHTAJIBHBIN BKJIAJ B airebpy, reOMeTPHUIO, TEOPHUIO THCeJI, KJIACCHIeCKAN U
6eCKOHEeYHOMEPHBIi aHaAJIN3, MaTeMaTHIECKY 0 (PU3HUKY, IOTUKY X OCHOBAHUS MaTeMaTHUKH.

IIpu mocrpoennn akcumomaruku 'mibbepr men no myru Eskiaunma. Ero
AKCHOMATHKA COAEPKUT HaTh rpynn akcuoM. OHa OCHOBBIBAETC HA IIOHS-
THAX TOYKH, IPAMOH, INIOCKOCTH; CBOUCTBAX TOYEK JI€KaTh Ha NPAMOH 1
JIe’KaTh MEXKIy IBYMsl TOYKaMU, CBOHCTBaxX (puUryp OBITH KOHTPYIHTHBIMU,
T. €. COBIMAJAOIINMI TIPU HAJOXKEHNN. DTU MOHSITHUS U CBOHCTBA HE OIpEIe-
JIFIOTCH, HO CBA3bIBAIOTCA aKCHOMAaMH.

1Tax y Esksmza rosopurcst 06 oTpeskax.



§1.1. EBKINIOBBI NpsMas U IJIOCKOCTh 15

Ilocsie T'unpbepTa OBLTO HMPEITOXKEHO MHOXKECTBO JIPYIHX AKCHOMATHK
eBKJMI0BOM 1y10ckocTu. Cuycrsi jecarb Jier nocjie paborsl 'mibbepra
. lyp npemjioKuiI CUCTEMY aKCHOM T€OMETPUN, OCHOBAHHYIO Ha TMOHSITHN
IBUKeHUs (I7ie OCHOBHBIMU HNOHATUSMU ObLIM TOYKHU, IPAMBIE, IJIOCKOCTh
u neukenune). [Ipu sTom o cienoBan uaeam Kieiina. A cmycrsa eme omHO
necaruierne [ Beitnb co3man BEKTOPHYIO aKCHOMATHUKY €BKJIMIOBOI IIOC-
KOCTH U €BKJIUJOBA IIPOCTPAHCTBA, KOTOPYID MbI OLUIIEM B CJEILYIOIIEM
maparpade. Mbr pacckakem u emre 00 OFHONW aKCHOMAaTHKE, ITPWHA/ JIEXKA-
meii A. H. KosiMoropoBy, B KOTOPO# MMEIOTCS YeTHIPE MCXOIHBIX MOHITHS:
TOYKA, IPsIMasi, IJIOCKOCTb U PACCTOSHUE.

Ho mbr B 370#t KHUTE OyaeM KacaTbCid aKCHOMATHYIECKOI'O IIOCTPOEHUS
reoMeTpuil BO BTOPYIO O4Y€peb, M3jarasd MeOMeTPUU HA S3bIKE ONHON min
HECKOJIBKHX ee mojesieii. U ceiffyac Mbl HAYHEM C ONUCAHUSA MOJIEJIN €BKJIM-
JOBO# MJIOCKOCTH, Bocxonameit K lekapty u ®@epma.

dexkapToBa Mo€e/ib €BKJIMJOBOM IIPSIMOM M IJIOCKOCTH

Mopenpio €BKJINAIOBOI HPSIMON #ABJISETCA COBOKYIHOCTDH BEIIECTBEH-
veix guces R. [eomerpmyecku mpsiMyro MOXKHO MPEACTaBIATH cebe Kak
KECTKUNW OECKOHEYHO WTPOTSKEHHBIN CTEPXKEHb, «HE WMMEIOIIWA TOJIIIHU-
Hbl». Ero He/lb3s rHYTh, PAaCTATHBATH WX CKHUMATh. K0 MOXKHO TOJIBKO
caBuraTh 0o cebe Kak TBEPZOe TeJI0 U OTPAaXkKaTh (<«IepeBOpadnBaThL» ) OTHO-
CUTEJIbHO JIF000I TouKu. BEIOpaB Ha TaKOM CTep:KHE HadaJbHYyH TOodky O,
[IOJIOZKUTEIbHOE HAIPABJIEHNE W MACIITal, MBI MOXKEM DPEAJIM30BATH HAIII
reoMeTpudyeckuii 0b6pa3 ero apu@MeTndecKoil MOIEJbI0, COIOCTABUB KaXK-
noit Touke X CTep:KHSA YHUCIO T — ee KOODAMHATY, PABHYIO PACCTOSHHIO JI0
HadYaja CO 3HAKOM -, €CJIM TOYKA PACIIOJIOXKEHA HA ITOJIOKUTEJTbHOM JIy-
9e, U CO 3HAKOM —, €CJId OHA HAaXOAUTCA HA orpunarensHoM jayde. [locie
9TOr0 MBI MOXKEM He 0DpamarbCd K reOMeTPUIECKOMYy 00pa3y, a HMeTb
JIeJIO JIAIib C gucjaaMu. Ha 9ucaoBoit mpsiMoil MOXKHO BBECTH PACCTOSHHE
d(z, y) = |x — y| u rpynmy mBUKeHUii, T.e. COBOKYIHOCTH B3aWMHO OJHO-
3HAYHBIX MPeOOpPA30BAHUI YHCJIOBOI MPAMOM, COXPAHSIONINX PACCTOSHUS.
K TakuMm nBukeHHSIM OTHOCSTCH COBUTHU X +— X + 4, OTPAXKEHUS & — —T U
X Cymepuno3unuu. Jurarenb 0e3 TPyJa LOKAXKET, 9TO TAK OIUCHIBAIOTCS
BCE IBUKECHUA.

JlekapToBOil MOJIENIBIO €BKJIUIOBOIM TJIOCKOCTH CJIY?KUT COBOKYITHOCTH
BCEX Map BEIECTBEHHBIX YUCEJI. | €OMETPUIECKH ee MOYKHO MBICIUTH cebe
KaK HEOTPAHWYEHHO HPOCTUPAOMIYIOCH IJIOCKOCTH IIKOJBHOW MocKu (To-
ke «6e3 Tommunbl»). [Ipm 3TOM CumTaeTcs, 9TO B HAIEM PaCHOPSIKEHUM
UMEITCAd HEOTDaHUY€HHbIE HHHeﬁKH, IIO3BOJIAOIINE IIPOBOAUTHL IIPDAMBIE, U
[UPKYJIb, TO3BOJISIONIAN TPOBOUTH OKPYKHOCTH C JIFOOBIM IEHTPOM JIF000-
To paamyca.



16 [maBa 1. EBkanmmos mup

ILtockocTh HeNMb3sd HEU WM3rubaTh, HU PACTATHBATH. e MOXKHO TOJBKO
nepeMernaTh Kak TBepZoe Teso (MapajuleslbHO caMoil cebe mum moBopadn-
Basl BOKDYI KaKOW-HHOYZb TOYKM) M OTParkaTh OTHOCHTEIBHO HEKOTO-
POl MPSIMOIt; MOYKHO TaKKe COBEPIIATHh KOMIIO3UIINH STUX IPEO0OPa30BaHNUIT.

IIpoBesemM HA HJIOCKOCTH IBE MEPIEHIWKYJISPHBIE MPSIMBIE, [IEPECEKa-
foruecss B Touke O (CamTaeM s ONPEJENIEHHOCTH, 9TO ONHA W3 HUX —
oceb Ox; — ropmsoHTaNbHA, a Apyras — ock O, — BepTUKambHa). ToUKy
nepecedenusi oceit 0b6o3nauum OykBoit O U HA30BEM HAYAAOM KOOPIUHAM.
Bribepem ompenesennsiit MaciTab. Ecin Tenmeph ykazaTh KaKyH-TO TOY-
Ky Z Ha ILUIOCKOCTH, TO €€ MOXKHO CIPOEKTHPOBaTh Ha ocb O, MpPOBEId
npsaMyto, napasienabayo ocu Oy, mo nepecedenus ¢ Ox,. Paccrosnue or

9TOI TOYKH I[IePecedeHus [0 Hadaja KOOPIMHAT
T2 0003HAYMM 2;. AHAJIOIMYHO IOJIyYUM HUHUCIIO Zp.

Z=(z1,22)
228 ——— -~ . Yucna z; U 2y HA3BIBAIOTCH KOOPOUHAMAMU TOU-
|
‘ ku Z (cm.puc. 1.1).
! Takum 06pa30M, B OIHCAHHON MOJENH TNOYKA —
Ol 1 1 3TO yIOPAAO4YEHHAd I1apa BEIIECTBEHHBIX YUCEI, a
NAOCKOCMD — 3TO COBOKYIHOCTh BCEX YyIOPSAI09€H-
Puc. 1.1

HBIX map X = (,, T3 ), TOe &; — BEIECTBEHHBIE YUC-
sa. Touku ycmoBuMca 0003Ha49aTh OONBIIAMUA JIa-
TuackuMHu OykBamu X, Y, Z, ..., X KOOPAUHATHI — COOTBETCTBEHHBIMH Ma-
nbmvu Oyksamm: X = (21, 22), Y = (Y1, Y2), Z = (21, 22) u T. 1. COBOKynHOCTH
BCEX BeIECTBEHHBbIX 4uces obo3HadatoT R, coBokynHoCTh map uucena — R2.
Bor Mbl 1 onpesenuim, 9T0 TaKOe TOYKA U 9TO Takoe 1mrockocTb. Ocranock
OTIPEJIENIATH €IIIe /IBa OCHOBHBIX MOHSATUS — IPAMYIO U paccrosuue. [Ipamas
OIIpeeisieTCs KaK MHOXKECTBO TOY€K, YIOBJIETBOPAONINX JUHEHOMY ypaB-
HEHWIO (1T + Ao%y = b, TJe 9ucia a, u a4y He PABHBI HYJIIO OTHOBPEMEHHO.
IIpu sTom Tpoiikm (a;, az, b) m (hay, Aas, A\b), A # 0, onpemensaoT ogHy ©
Ty ke npamyio. IIpsmere 6ygem 0603Ha9aTh MAIBIMU JIATHHCKIMEI DyKBaMH
cepenunbl andasuta (I, m, n, ...).

B 370l KHUTE MBI BCTPETHMCS CO MHOXKECTBOM reomeTpuiit — ¢ addun-
HOI1, IPOEKTUBHOM, cepuyaeckoii, reomerpusivu Puvana u JlobageBckoro.
Esximmmosa minockocts (B ornmmume or adduHHON M HNOMOGHO MIIOCKO-
cram Pumana w JIo6a9eBCKOro) SBISIETCA MEMPUECKUM NPOCTPAHCTIEOM;:
Ba)KHEUIIINM ee CBOMCTBOM SIBJISIETCS HAJIUYIUE DPACCMOAHUA MEXKIY BY-
Mg TouKamu. B Hameil apudmernueckoii momenn paccroguue d(X,Y)
mexay toukamu X = (z, &) u Y = (y1, Y2) B COOTBEICTBUU C Teope-
moit ITucparopa pasro +/(z1 — y1)? + (x5 — ¥2)? (puc. 1.2). Jeusicenuem
€BKJINJOBOM IIOCKOCTH HA3bIBAIOT B3aMMHO OJHO3HAYHOE OTODparkeHue

IUIOCKOCTH HA Ce0si, IPU KOTOPOM COXPAHSAIOTCH PACCTOSHUS MEXKIY JIIO-
OBIME JIBYMsI TOYKaMU. J[BUKEHUSIMU SIBJISTIOTCS TMapaJlIeIbHbIE TEPEHOCH
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(x) =1 + a1, T, = X2 + as), IOBOPOT BOKPYT HAYIAIa KOODAUHAT HA yTOJI @

(x) =z, cos@+xysing, &, = —x; sin @ + T3 COS ), OTPaIKEHUA OTHOCUTEIILHO
ocu Oz, (2} =, ¥, = —T3) U UX BCEBO3MOXKHBIE
koMGurauy. ([pyrux ABUKEHWIT HET, U 9TO MBI JI0- Y=(y1,y2)

KaKeM BIIOCJIE/ICTBUI. )
Mpbr nonyumian o6bekT, PUrypPUPYIOMAA B 3p-
JlaHTeHCKOM mporpamme KieftHa: COBOKyImHOCTH TO-

|
X=(z1,22) | ly2—z2|
*
|
|

gek X = (21, T3), HA KOTOPBIX TPAH3UTHBHO Jeii-
CTBYyeT ONMHMCaHHASA TPYyTIa JBUKEHUI.

Takosa apudmerndeckas (uiau dexapmosa) MO-
JIeJIb €BKJIAJOBOH ILTOCKOCTH. Ty PEAJH3AIMI0 €BKJIUI0BON ILJIOCKOCTH Oy-
neM obosHadgaTh [E2,

Puc. 1.2

Ucropuyeckuii komMmeHTapuii. [Ipsavmosnaeiinble KOOPAMHATEL U BBIBOJ, yPaBHE-
HAY IPAMO ¥ KPUBBIX BTOPOr'o HOPsAKa MOoABMINCH B TpakTare [Ipbepa @epma «Ad locus
planos et solidos isagoge» («BBeneHne B Teopuio IIIOCKUX B IPOCTPAHCTBEHHBIX BHUTYD» ),
HamucaHHOM B 1636 r., HO omybsukoBanHOM Jsmmb mocie cmepru Pepma — B 1679 o
B 1637 r. Beimia B cBer 3HameHuTas kKHura Pene Jlekapra «l'eomerpus», B KOoTOpOii
TakKe (PaKTUIeCKU ObLjIa IOCTPOEHA ONKMCAHHAS BBIIIE MOJEJb €BKJIMJOBOM MJIOCKOCTH.

Temeps 3Ty MOZenb HA3BIBAIOT «JE€KAPTOBO».
D2 JI060UBITHO OTMETUTH, YTO K CO3JAHHUIO AHAJIUTUYECKON
p1 reomerpun Pepma u /lekapT IpUIIE HE3ABUCHMO, HO IIPH 9TOM
P] 3aHUMAJIMCh OHYU PENIEHUWEM OJHON U TOU ke 3auadu u3 «Mare-
MaTHdeckoro cobpanusi» [Tanna Anekcanapuiickoro (IT1IB. H.9.).
Bor ¢dopmynuposka sToil 3amaun. Ilycrs HaM ZaHBI N IPSMBIX
(na puc. 1.3 n =4). Pasobbem ux Ha ABa MHOXKeCTBa: npu n = 2k
PacCMOTPUM HPAMSBIE P1, ..., Pp K P, ..., Dj,anpun=2k+1—
P> upampie p1, ..., pruph, ..., p;H_l. W3 npoussosnbHOoit Touku O
MOXKHO HPOBECTH K [AHHBIM NPSIMBIM OTPE3KH IO, JAHHBIMU
yraamu. Iycrs d; u d; — JUIMHBI OTPE3KOB, IIPOBEIEHHBIX K IIPs-
Puc. 1.3. MmbiM p; u pj. TpeGyerca onmcars muO2xKecTBO TOodwek O, Jyis
KOTOPBIX OTHOIIEHNE NIPOU3BENEHUS JIHH d; K IPOU3BEIEHUIO
IUIHH d; 6610 661 MOCTOsTHHO. [lanm coobmaer, aro AmosoHni
pemun 3amady npu n =3 u 4. OTBeTOM B 060UX CIIydasX CIyKaT KOHHYECKUE CEUeHH.

Pene Jexapm (1596—1650) — dunocod, maremaruk, busuk, oqun u3 Beaudaimmx
yaensix Ppannun Bcex BpemeH. Comepauk Pepma BO MHOIHMX BOIPOCAX MATEMATHKU U
narypdunocodpunu. Ero kaura «I'eomerpusi» — Besimkoe npousBezeHue HaydHOM jurepa-
Typbl. B HeM BBeleHO MOHSATHE IMEPEMEHHOH BEJMYMHBI U JAHO aJredbpamdecKoe Ommca-
HHEe reoMeTpUYIecKuX 06beKToB. Vimenem /lekapra, HOMIMO KOOPAWHAT, HA3BAHBI «JIHCT»,
«OBaJI» U APYyrue reoMerpudeckue (purypsbl.

Uwmsa ITvepa @epma (1601—1665) nsBecTHO, HaBepHOE, BceM. U «BuHOIT» ToMy — Be-
nukas reopema Pepma. Ha mporsizkenun crosernit Benukas teopema ®@epma BeI3bIBaIA
HeCJIbIXaHHBIA aknorark. OHa coBCceM HeZaBHO ObLIa [OKa3aHa O. YalycoMm.

Opnako TeMm, KTO mHTEpecyerca maremMaTukoi, uma Pepma roBopur oUeHb MHOrOE
¥ HE3aBHCHMO OT ero BejHuKoil rumore3bl. OH ObLiI, 6€30 BCAKOIO COMHEHHS, OIHHUM W3
CaMbIX NIPOHHUIATEJ]BHBIX yMOB CBOErO BPEMEHH, BDEMEHH ruraHToB. EMy cyzzaeHo 6GbLio
CTaTh POJOHAYAJILHUKOM TE€OPUU YUCEJI M PACKDPBITH B HEl MHOXKECTBO MOPA3UTEJIHBHBIX
TaliH; ogHOBpeMeHHO ¢ JleKapTOM OH 3aJI0KHJI OCHOBAaHHS AHAJIUTHIECKOH reOMETpHUU;
OH BHeC (PyHJAMEHTAJIbHBIA BKJIaJ M B MaTeMAaTUYECKHH aHAJU3, 1 B KOMOMHATOPUKY.
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Hesagonro no cmepru ®Pepma Hamucam: «BbpITh MoXKeT, MOTOMCTBO OymeT Hmpu3Ha-
TEJIBHO MHE 34 TO, YTO s [IOKA3aJl €My, 9TO APEBHUE 3Haau He Bce». lamuneii, Kemrep,
Hexapr u @epma 3anoxunu 6a3y ajs Hayku HoBoro BpemeHnu.

Temepp MBI MOXKEM, KaK W B Cllydae NPsAMOU, HE OOpaImaThCi K Teo-
MeTpHYEeCKOMYy 00pa3sy, a MMeTh JeJI0 TOJIBKO C ee MOJENbI0 (HO MBI 6ymeM
nocTynaTh u Tak u 9rak). OZHAKO OpU 9TOM BayKHO OTMETHUTH BOT UTO: 6CE
ymeepocoenus esKAuUd0B80T 2E0MEMPUL, 8 YACTIHOCTIU 6CE YMBEPHCOCHUS,
COCMABAAIOULUE AKCUOMbL, CNAHOBAMNCA 8 0EKAPMOBOT MOOEAU MEOPEMAMU
anzebpvl u apupmemuru.

IIpuBenem B KadeCcTBe EPBOI TEOPEMBI COBOKYITHOCTE Y TBEPKIEHUIA, CO-
CTaBJISIONINX YIIOMUHABIIHECS BBIIIE €BKJINIOBBI TOCTYIATHL O MPOCTEUIITIX
CBOMCTBAaX ONPAMBIX U PACCTOAHUN.

B dopmynmupoBke Teopembl y4acTBYIOT JiBa HOBBIX HOHATHs:A. HecMoT-
P4 Ha TO 9TO OHU, KOHEYHO, U3BECTHbI YUTATEJIIO, JAJAUM HUX d)OpMaJIbeIe
olIpeJiesIeHUS.

Omnpenenenne. Okpystcrocmovro HA3bIBAETCSI MHOXKECTBO TOUEK, PABHO-
YJIAJIEHHBIX OT HEKOTOPOH TOYKU. [Ipamoti, napasreavrol dannoli, Ha3bIBA-
ercs OO caMa dTa mpsMas, Ju00 MpsAMasd, He MMEOMas C JAHHOW O0mmX
TOYEK.

Teopema 1 (o cBoiicTBax IpPsIMBIX U OKPy2KHOCTEH). B dekapmosoti mo-
deau e6KAUA080T NAOCKOCTU

1) wepes arobvie dse pasaudHbie MOYKY NPOTOOUM NPAMASR, U TPUTIOM
MoAbKO 00Ha;

2) u3 6caK020 UEHMPA ANOEBIM DACMBOPOM MONHCHO ONUCAMb OKPYIHC-
HOCTMND;

3) uepes MowKy, AAHCAULYIO BHE NPAMOT, MOHCHO NPOBECTNU NAPANNEND-
HYI MPAMYIO, U NPUTIOM TOALKO 00HY.

Hokaszareabcrtso. 1) [Iycts Y = (y1, y2) u Z = (21, 22) — ABe pas-
Ju4Hble TOYKU. EKcim gy, = 2z;, MCKOMO# mpsiMoii Oymer mpsiMasi, 3aJaHHAs
ypaBHeHUEM T = y;. A ecjiu nepBble KOOPAMHATHI TOYEK HE COBIIAIA0T, UC-
KOMOIi mpsiMOii OyIeT MHOXKECTBO TaKUX TOYEK (T, Ty), 4TO

_22—y2(

T — =Y.
Pa—— 1 yl) Y2

2) OKpy?XHOCTb C IEHTPOM Z = (21, Z) paguyca 7 > 0 ecTb MHOXKECTBO
TaKuX TO9eK (T1, Tg), 9T0 (T — 21) + (2 — 22)% =12,

3) Ilpsimas, npoxopsdmas depe3 TOUKy Z = (2;, 23) HAPAJUIENBHO [ps-
Mo#t [, 3amaHHOI ypaBHEHHEM (X1 + Uo%y = b, ONMUCHIBAETCHA ypPaBHEHUEM
11 + Ao = A121 + Az25.

Msr nokazasn cyu,ecmeosaHnue NCKOMBIX 00bekToB. Juraresio mpeso-
CTaBJIAETCA TOKA3aTh UX €IUHCTBEHHOCTb. O
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Arebpanyecku — o100HO TOMY KaK 3TO OBLIO CIEJIaHO BBIIIE — MOXKET
OBbITH ONPEJIEJIEHO JIFODOE IMOHATHE EBKJIMIAOBOU reomerpuu. lloHsitne uM-
yudenmuocmy TOYKH U NpsAMOi (B ruiibGepTOBOl aKCHOMATHKE) O3HAYAET
HE YTO MHOE, KaK TO, YTO KOOPAWHATHI TOYKHU YJOBJIETBOPSAIOT YPABHEHUIO
npsamMoit; Touka X jiexur Mexxay A um B, eciin cymecTByer Takoe 9ucyo U,
0<9 <1, aro ¥(ay, az) + (1 —9)(by, by) = (z1, 22); mBE dDUTYDPBI HASBIBAIOT-
Csd KOH2ZPYIHMHLLMU, €CJIU OJHA U3 HUX IEPEBOJIUTC B APYTYIO JIBUXKEHUEM.

Hasaiite oOCcynmm J0Ka3aTeabCTBA HECKOJBKUX YTBEPXKJIEHUN cpean
nepBbix npemuokennii «Hagany» EBkimga (Mbl IPpHBOAMM HX B COBpEMEH-
HOIT pefakum).

IIpenmoxenne 1. Cywecmeyem pasHOCMOPOHHULT MPEY20ADHUK CO
cmoporoti A1060U dAUHDL.

s 10Ka3aTeIbCTBA JJOCTATOYHO IPUBECTU TPU TOYKH, HAXOSIIMEC Ha,
PaCCTOSTHIM a ApYT OT japyra, ckaxewm, (0, 0), (0, a) u (a/2, av/3/2). (Msr
OTMedaJi, 9TO JOKA3aTeNbCTBO EBK/IMIa HEmoIHo. )

Ilpennoxxkenue 5. YV pasrnobedpennozo mpeyzosvHuKa yaas, NPy 0CHO-
B8AHUU PABHBL MEHCAY COOOTU.

y EBK.HI/I,ILa HET CKOJ'H)KO—HI/I6yI[b TOYHOI'O OIIpeae/ieHUud BeEJIMYUHbIL
yIJla MeXJIy CTOPOHAMH TPEYTrOJbHUKA, W HPHU J0KA3aTEJhCTBE OH WC-
MOJTb3yeT HECKOJbKO HEMOTHBUPOBAHHBIX HMILIHKAIUi. MBI Ke MOXeM

OIPEJIEJINTh BEJIMYMHY yriaa Mexiay cropoHamu BA u CA dopwmyioit
arccos (b —a1)(er —a1) + (b — aa)(c2 — a2) 3 KOTOPOH mpemioxkeHue 5
d(A, B)-d(A, C) ’
CIeyeT O9eBUIHBIM 00pa30M.
IIpennoxenne 5 BepHO, KAK MBI yBHIUM, U B reomerpuun Pumana, u B

reomerpun JlobageBckoro. Cunraercs, 9ro oo npuHaexur Pasecy.

Panec Munemcruti (ox. 625—547 1o H.9.) — ApeBHerpedeckuii maremaruk. Ero na-
3BIBAIOT IEePBLIM MATEeMATHKOM B HCTOPHMH HayKu. EMy HIpUIHCHIBAIOT mepBble JOKa3a-
TeJIbCTBA B TEOMETPHHU: PABEHCTBA BEPTHKAJIBHBIX yIJIOB, PABEHCTBA YIVIOB IPX OCHOBAHUU
B paBHOOEIDEHHOM TPeYTroJIbHUKE, PABEHCTBa yTIJ1a, ONUPAIONErocs Ha AUuaMeTp, IIPAMOMY
yriay u np. Ilpu aroM OH MCHOJIB30BAJ U/IEI0 ABUKEHUS M CBA3AHHOI'O C HUM HAJIO?KCHHS.
Dajtec cTaI HePBLIM «IPHUKJIAIHBIM MAaTEeMAaTHKOM», BBIYUCIIUB BBICOTY ITHPAMHUIbI U Pac-
crosiame 10 kopabusa B mope. OH npexnckasan conneanoe 3armenue 28 mas 585 r. 10 H. 3.

OTMeTnM 3/71eCh 2Ke OIHY IPOCTYI0 (POPMYJLY, ONUCHIBAIOILY O CUTYAIIUIO,
korma Tpu Touku X = (Z1, Z2), Y = (Y1, ¥2) u Z = (21, 22) Je:KaT Ha OFHON
npamoit. O6osmaunm wepe3 det{A, B} mna A= (a,, az), B= (b1, b2) BBHI-

a; a2
paxenme a;b, — ayh, (ero HasmBalOT onpedesumenem MaTPUIBL b ).
1

ba
Touku X, Y u Z nexxar Ha OJHOW HMPSMON TOT/A U TOJBKO TOrA, KOrIa
det{X, Y} + det{Y, Z} + det{Z, X} =0. (1.1)

Heiicteurensro, det{A, B} —»3To He 4TO MHOe, Kak (OPHEHTUPOBAHHAS)
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naowads napastesozpamma, Hamanymozo na sexkmopvs A u B. (Yurarens

MOKET JI0Ka3aTh 3TO CaMOCTOATEIbHO WJIM [IPOYUTATh JI0KA3aTeJIbCTBO Ha

c. 36.) C y4eToM cIesaHHOrO 3aMeYaHus O IIIOMaAX Bhop-

X mysna (1.1) mpuobperaer eCcTeCTBEHHBIA IreOMEeTpUYecKuil

cmbica (cM. puc. 1.4): mromans Tpeyroapaunka OXY +

+ mromaap rpeyroabanka OY Z + mioma s TpeyroJbHIKa

OZ X pasHa HyJIIO.

Ilomo6HBIM 06paszoM — ajrebpandecku, Kak 3TO ObLIO

O CIeJIaHO B TEOPEME O CBOWCTBAaX TNPSMBIX W OKPY?KHO-

CTeil, — MOXKeT OBbITh NOKA3aHO JII000€ yTBEpPXKIEHUE €B-

Puc. 1.4. KJIIIOBOII reoMeTpuH, pellleHa Jifobad 3a/ada W BLIBeIeHa

nrobas popmyma. Hro ke KacaeTcs 33139, TO MHOTAE HHTEe-

peCHbIE 331291 IJIAHIMETPHUHN OYIyT PEIreHbl y2Ke B 9TOM naparpade, a i

TOTO 9TOOBI OOUTHCH B 9TOM GOJIBIIEro yCIleXa, HaM MPHUIETCS COBEPIIATH

ele OIUH KPATKUH 9KCKYpPC B ajreOpy W ONUCATH emle OAHY (<«KOMILIEKC-
HYIO» ) MOJIEJNIb €BKJIJOBOI MJIOCKOCTH.

EBKJII/I,Z[OBa IIJIOCKOCTBb U KOMIIJIEKCHBIE€ YHCJIa

Komnaerxcnoim wucaom HA3BIBAIOT BBIpaXkKeHWe BUaa a + bi, rme a u
b — BeleCTBEHHBbIE YHC/IA, & © — CUMBOJI, YAOBJIETBOPAOIINN COOTHOIIEHUIO
12 = —1. Yucna a u b HA3BIBAIOT COOTBETCTBEHHO G6EU,ECMEEHHOT U MHUMOT
9aCThI0 KOMILIEKCHOTO 4HCia z = a + bi; obo3nadenus: a = Rez, b=1Imz.

IlepeMHOKAIOT KOMIJIEKCHBIE YUCJIA TI0 OOBITHBIM ITPABUIAM PACKPBITHS

CKOGOK ¥ TIPUBEIEHUA TOJ00HBIX 9JI€HOB, 3aMeHdAsA KaxkAplil pas 12 Ha —1,
re. (a+bi)(c+di)=(ac—bd) + (ad + bc)i. KommaekcHble 9uciIa MOXKHO
nenuThb (KpoMe, pa3yMeeTcs, IeJIeHus Ha HyJIb):

(ac+ bd) + (bc — ad)i.

(a+bi):(c+di)= R

Yucno Z = a — bi Ha3BIBAIOT KOMNAEKCHO CONPANHCEHHOIM K Z = a + bi.

Eciu BeIOpaTh a€KapTOBY CHCTEMY KOODHHAT,
TO yCTaHABJIHMBAETCS B3aUMHO OJHO3HAYHOE COOTBET-
CTBHE M€Ky KOMIUIEKCHBIME <HCJIAMH U TOYKAMH
wiockocru: (a, b) «— (a + bi). Ilpu srom ymHONKE-
HIe Ha KOMIUIEKCHOE YHCJIO Z HPHOOpETaeT TaKyIo

z=a+ib=re'?

reOMETPUIECKYI0 MHTEPIPETAlHio. I1ycTh 7 — paccTo-
sHHEe OT z N0 HyJjs, a (p — yroJj, Ha KOTOPBIA HAI0
HOBEPHYTDH JIyd, COJAEPKAINUIl MOJOKHUTEIbHYIO Be-
mecTBeHHy10 nosyoch {z | z=a + 0i, a > 0}, aTobsr
HOBepHYTHIHA J1yd npomen gepes z (cum. puc. 1.5). Hucsna 7 u ¢ HA3BIBAIOT-
Csl COOTBETCTBEHHO MOOYAEM U APLYMERMOM TUCIa, z (0003HaTeHus: T = | 2|,

Puc. 1.5
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¢ =argz). [eoMerpuaecKyI0 HETEPIPETANNIO yMHOKEHAS KOMILIEKCHBIX H-
CeJl MOXKHO Ternepb CHOPMYIMPOBATD TAK: NPU YMHONCEHUYU KOMNAEKCHDIT
YUCEA UT MOOYAU MEPEMHONCAIOMNCA, G GPeYMEeHMoL crAadveatomea. lpu
9TOM 9HCJIy 7z MOXKHO IPUAATh Takyio dgopmy: 2z = re'®,

ITomymiacs eme ofHa MOIENb €BKIUIOBOMN IIIOCKOCTH, T/I€ TOYKH — ITO
KOMILJIEKCHBIE 9HCJIa 2, CAMA, IIJIOCKOCTh — 9TO COBOKYITHOCTD BCEX KOMILIEKC-
HbIx uncen (o6osnadaemas C), mpsiMble — MHOXKECTBA TOYEK, 3aaBAEMble
yPaBHEHUSMU

az +az =, B:[g, a#0 (1.2)

(TaxuM 06pa30oM, IpsMast 3a1aeTCs Iapoit (a, B), Toe ¢ — KOMILIEKCHOE, a 3 —
BEIIECTBEHHOE 9uCi10, 1 mapsl (a, B) u (Aa, \B) misa m060ro OTIMIHOrO 0T
HyJIsI BEIIECTBEHHOTO IHCJIA \ OTIPEJIEIISIOT OIHY U Ty Ke IIPSAMYIO), HAKOHEII,
paccTogHue MeXK Iy TodKamu z u { onpenenserca dbopmyioii d(z, {) =]z —{|.

JIBryKeHns eBKJIMIOBON IJIOCKOCTH B KOMILIEKCHON MOJEJIM OMHUCHIBA-
OTCS caemytomuM o0pasoM. Ilapamtenbrbiii meperoc: z' = z + a, MOBOPOT
OTHOCHUTEBHO Hauasa: 2z’ = bz, |b| =1, oTpakeHne OTHOCUTEIHHO BEIIECTBEH-
HOIT ocu: 2/ = Z.

Nmeer mecTo moJtHBIN aHAIOT TEOPEMBI 1 B 3TOM KOMILIEKCHON MOJIEIIH.
YpaBHeHue IpsMoit, poxoasreii depe3 Touku { u ' (3Ty npsamyro o603Ha-
qaem {{'), MoxuO 3amaTh ypasueruem {({ — 2) — (L —2)+2(C—{) =0
(ero meTpymHO mpuBecTH K Buay (1.2), MOMHOXKUB Ha i); ypABHEHHE OKPYZK-
HOCTH C eHTPoM B { u pajmycom 7 mmeer Buj (2 — {)(Z — {) =r?; ypabHenue
HPAMOIA, MapaJuIesIbHON IpsiMoit G2 + aZ = 3 n mpoxonsmeil depe3 Touky (,
umeet Buz, az + az = al + al.

Ecnu o 3a0b11u Kakyo-HEOY b TeopeMy uiau (GOpPMyJIy dJIeMEHTaPHOM
reoMeTpuu, He 00S3aTEIBHO CTAPAThCHA HANTH ee B y4eOHUKEe — ee OOBIU-
HO JIETKO BBIBECTH, WCIIOJIb3ysl KOMILIEKCHBIE IHCJIa (HAIO JIMIIb BOCIIOIb-
30BaTbCd OCHOBHbIMU (DOPMyJIaMU TPUrOHOMETpuU u bopmyJoi iyiepa:
e'® =cos ¢ + isin@). Bor npuMeps! ABYX BasKHBIX (POPMYII €BKIUIOBOM Teo-
METPHH, KOTOPHIE MBI BHIBEJIEM TaKUM CIIOCOOOM.

HagneMm ¢ meopemst Kocunycos, KOTOpas BHIPAXKAET JJIAHY CTOPOHBI TPe-
yTOJIbHUKA 9epe3 JJIMHBI JABYX JAPYIUX CTOPOH M yTOJ MEXKJLy HUMH.

Iy BBIBOJA COOTBETCTBYIOIIEH (DOPMYJIbI Pa3MECTUM TPEyroJbHUK
ABC co croponamu ¢, b u yriom ¢ mexxay mumu tak, 1o C' =0, A = be'?,
a B =a. IIycts |AB|— mymaa croponst AB. Torma

|AB|> =c® =|a — be™®|> = (a — be™®)(a — be ) =
=a*+b’ —2abcosg = |AC|* + |BC|* — 2| AC||BC| cos .

IMonyunnan Teopemy koCuHycoB. B wacrrOCTH, eciu ¢ = 1t/2, mosydaem
meopemy Iudgazopa: c? = a? + b>.
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JloKazKeM Telepb Mmeopemy CUHYCOS, KOTOPasd TAeT BO3MOXKHOCTH BbI-
YHUCJIATH JIBE CTOPOHBI TPEYrOJIbHUKA, 3HAd TPETHI0 CTOPOHY U JiBA yIJIa
IIpA 3TOU CTOPOHE.

Jig BeiBOoma (bOPMYJIBI ONHMIIEM BOKDYT TpeyroibHuKa ABC OKpy:K-
HOCTB (mycThb ee paguyc R) m momecTnM HysIb B IEHTP OKpyzKHOCTH. Torma
A= Re**1, B= Re'*2, C'= Re'3 u, ciefoBaTesbHO,

\BC|2 — R2|ei“’2 _ eiw3|2 — RZ(ei“"" _ eiws)(eficpz _ eficps) —

=2R*(1 — cos(¢p, — ¢3)) = 4R’ sin® @ =4R*sin* A

(BUMCAHHBI yroJI PaBeH NOJOBUHE COOTBETCTBYIOIIETO HEHTPAJILHOLO).
Urak, |BC| = 2Rsin A, amanormano |AC| = 2Rsin B,éyAB| =2RsinC, or-
sinA _sinB _ sin

b c
K 0b6061mmenunio stux TeopeM B cpepuIecKoil reoMmeTpun, reomerpun Pu-

MaHa u reoMmerpun JI06a4eBCKOTO MBI €Ille BEPHEMCS B IISITOH IJIaBe, IIOCBI-
IIEHHOM TUM 3aMedaTe/bHbIM I'€OMETPUSAM.

W3 Teopemsl cuHyCcOB mpH @ = b moixydaeM meopemy Paseca: 6 pasHo-
bedperHHom MmpeyzoivHUKE Y2abl NPU OCHOBAHUY DABHDL.

Mpbr mpuobpesn erne OAWH <«KOMILIEKCHBINY KJII0Y PeIleHns J000i
reoMeTpudeckoit 3amaqu. Ho npexae 4em npomeMOHCTPUPOBATD, KAK II0JIb-
30BaTbCd ITUMHU KJIFOUYAMHU — JEKAPTOBBIM M KOMILJIEKCHBIM, — BBIIIUIIIEM
HECKOJIbKO COOTHommeHni. JloKa3aTeIbCTBO HX COBEPIIEHHO 3JIEMEHTaP-
HO U TpeIocTaBiisieTcd dnTareao. Ho cHadana mBa obosHauenums. [lycrTsb
21, %9, Z3 — TPHU KOMILJIEKCHBIX YHCJIa. BhIpakenmne

KyZla U cjejlyeT TeopeMa CHHYCOB:

Z1 — %3
(21, 22, 23) = m

HA3bIBAETCS NPOCMBIM OMHOWEHUEM ITUX duces. Ecin xe 2y, 2o, 23, 24 —
JeTBepKa PA3JIMYHBIX KOMIJIEKCHBIX YHCEJI, TO BHIPAKEHHE
zZ1 — 3 Z1 — 24
(21, 22, 23, 24) = %
(T. €. OTHOIIEHWE TIPOCTHIX OTHOMEHUI (21, 22, 23) U (21, 22, 24)) HA3BIBAETCA
080UHBLM OMHOWLEHUEM ITUX TUCEJI.

WmeroT MecTo caeayroimpe COOTHOMEHUS u (DOPMYJIHI.

1. JIaa mozo 4mobvl MoOuKY 21, 2o U 23 AEHCAAU HAG OOHOT NPAMOTU,
neobxrodumo u docmamouno, wmobo, npocmoe omuowenue (21, zo, 23) Oovi-
A0 BEWLECTNBEHHBIM.

2. Jlas mozo wmobvr wemuvipe mowky {2y, Za, Z3, 24} AEHCAAU HA 00HOT
NPAMOT UAY OKPYAHCHOCTU, He0OTO0UMO U Q0CTNAMOYUHO, 4Mmobbr d80TUHOE
ommuowenue (21, za, 23, 24) OVO BEULECTNEEHHBIM.
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3. Ecau z — mouka nepeceuenus xacamesvhor 6 moukaxr { u (' x edu-
HUYHOUT OKPYHCHOCTAU, O

2 2

TR T
(unaue: z ecmo cpednee 2apmonuueckoe C u L', xomopoe 6ydem 0603navamv
y(C, ) (puc.1.6).

4. Ecau na edunuyunoti oxpyotcnocmu |z| =1 pacnoaootcero, wemvipe moy-
xu a, b, ¢, d, mo mouky e nepeceverus NPAMHL ab u cd MoAHCHO HATNMU TO

popmyane B B
(a+b) - (c+d)

z

e =
ab — ¢

(puc. 1.7).

Puc. 1.6 Puc. 1.7

Pemrenne 3amau

Tenepsb pemmM HECKOJNBKO 3334, a 3a0QHO MO3HAKOMHUMCSH C HEKOTOPBI-
MU U3 BeJUYallinX reoMeTpoB BCeX BPEMEH.

3amaua HeloToHa. B onucaniom 0K0A0 0KPYAHCHOCTU HETNBLPETY20Nb-
HuKe cepedunbl OuazoHarel KOAAUHEAPHDL (M. €. aedcam Ha 00HOT NPAMOT)
¢ yenmpom oxpyorcnocmuy (puc. 1.8).

Hcaarx Hwvromown (1643—1727) — onun u3 Benumdaimunx
reHueB B HCTOPHUU 4YesioBedecTBa. B cBoeit kuure « Maremaru-
JecKme HadaJla HaTypaJbHO# dunocodums» (1687) on sasmo-
2KUJI OCHOBBI COBPEMEHHOI'O eCTeCTBO3HaHus, co3xan Cucre-
My Mupa. Jlarpamk HasBaJl 5TO COYMHEHME <«BeJIMYANIITIM
13 Ipou3BeJeHHI denoBedeckoro ymas. Hapany c Jledbru-
yem HpioTOH siBiIsieTCs pOZOHAYAILHIKOM MaTeMAaTHIECKOrO
aHanusa. OH BHeC 3HAYUTENbHBIX BKJIaJ U B F€OMETDHUIO, B
YaCTHOCTH, UM OBLIM PACKJIACCH(MUIMPOBAHBI KPUBBIE Tpe- Puc. 1.8
THEro MOPSIIKA.

IIpamas Ditnepa. B 11060m mpeyzoivHuKe YeHMpP MANCECU Mpe-
Y20NbHUKA, €20 OPMOUEHMP U UEHNP ONUCAHHO20 KPY2a AeAHCAM Ha 00HOU
npamot (puc.1.9).



24 [maBa 1. EBkanmmos mup

Jeonapd Dtnep (1707—1783) — maTeMaTuk, PU3UK, MEXaHUK, aCTPOHOM — OAUH H3
BemYafimux u 6J1aropogHeHIInX TPYKEHUKOB B ucropuu Hayku. Asrop csbime 800 Tpax-
TATOB W HAay9HBIX craTell, saHmmaromux cebime 90 (!) Tomos. Ero mepenncka comep:kut
okos1o 4000 nucem COTHAM agPECATOB — TAKOE JOCTYIIHO JIUIIb JIFOAAM UCKJIIOIATEIbHBIX
JIMYHBIX JOCTOMHCTB. BHEC OrpoMHBIN BKJIaJ, BO BCE ODJIACTH MATEMaTHKH, B TOM YHCIIE

¥ B reoMerpuio. BBI3bIBajl BOCXHUIIEHWE COBpe-
MEHHUKOB U MOCJIEIOBATEJIEH, 9eMy MOXKHO [IPHU-
BECTH MHOXKECTBO CBHIETEILCTB. BoT onHo u3
Hux: «YunraiiTe Ditytepa — OH HaIm OOmUH y4un-
renb» (Jlammac).

IIpamas Iaycca. I[Iycmv ABCD —
BEPWUHDL  NPOU3BOADHO20 — UETNBLPET-
yeorvnuka, F — mouka nepecewenus
npamoir AB uw CD, F — mouxa nepece-
yenusa npamor BC uw AD, M — cepeduna
AC, N — cepeduna BD, O — cepeduna
EF. Toeda mouwxu M, N, O aescam Ha
00roG npamot; (puc.1.10).

Kapa ®Ppudpux T'aycc (1777—1855) BHeC
OTPOMHBIA BKJIaJ U B airebpy, 1 B aHaau3, U B
reoMeTpuio, & TakKe B (PU3MKY, aCTPOHOMHUIO U
reozie3nio. Ero MHOrme Ha3BIBAIM «KOPOJIEM Ma-
remarukos» (Princeps Mathematicorum). Ha-
pany c Boiisin u Jlo6ageBckuM (HO paHbIIe uX,
XOTSI CBOU HCCJIEZIOBAHNS OH TaK U He OIlyGInKo-
BaJI) OH OTKPBUI OCHOBBI HEEBKJIUAOBON eOMeT-
puu. OIHEM W3 HEPBBIX Jajl F€OMETPUIECKYIO
HHTEPIPETANUIO KOMILIEKCHBIX HCEJI, 3aJI0KHII
Hadasa quddepeHnnaabHOil reOMeTPUn.

Teopema Ilackanga. Touku nepe-
CEUEHUA NPAMDBIT, COOEPAHCAULUT NPOTU-
BONOAOAHCHDLE CTNOPOHDBL BNUCAHHO20 Wie-
CMUY20ADHUKG, AEHCAT HA 00HOT NPA-
mot (puc. 1.11).

Baes Ilackanv (1623—1662) — maTeMaTuK,
dusnk n dpunocod. [Nackans (rapany ¢ Pepma)
3aJI02KUJI OCHOBBI KOMOMHATOPHKH (BCIOMHHM
«rpeyronbuuk Ilackasus») u Teopun BepoaTHocTeil. Boli cpenu Tex, KTo pazpabarbiBas
OCHOBBI MAaTEMAaTHIECKOTO aHAJIA3a. SHaMeHuTast Teopema Ilackans (cdopmynuposanHast
HaMu) — OJMH U3 KPAeyroJbHbIX KaMHEH, Ha KOTOPBIX 3UKJAETCH 3L4AHHUE IIPOEKTUBHON
reomerpun. Ona 6bu1a gokasana [lackamem B Bospacre 16 jer. [Tackasmio nmpunaaexar
cnoBa (C KOTOPBIME, BIPOYEM, MOXKHO U He coramarbcd): «He orpomuocrs Mupa BbI-
3bIBAET BOCXUIIEHUE, & YEJIOBEK, KOTOPBIA M3MEPHUI €rO».

Kakoe Giucrare/ibHOE CO3BE3/IME MMEH, KAKOE BEJIMKOJIEITHOE COOpaHme
reomerpudeckux menespos! IlompobyiiTe pemmuTh 3TH 3329 reOMeTpUYe-
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cKu, He mpuberag K aareope. Ecim Bam 9T0 ymacTcs, BbI MOy IATE UCTHHHOE
HACJIAXK/IEHHE.

Ho Tex 3HaHwmMil, KOTOPHIMA MBI OBJIAJIEJN B TE€UEHUE CTOJb KOPOTKOTLO
BpeMeHH, Tex (OpMysI, KOTOPbIe YMEIIAITC HAa ONHON CTPAHMIIE, OKA3bI-
BaeTCs JIOCTATOYHO, YTOOBI CPa3y MOHATH, KAK PEIIaTh BCE ITH 3aJa9d, a
JIOBEJIeHUE J1eJ1a JI0 KOHIA CTAHOBUTCS IIPEJIMETOM HECJIOXKHOM TeXHUKH.

He Bepure? Cmorpure!

B 3a1a9e HoioToHa ecTecTBEHHO BOCIIOIB30BATHCA (DOPMyIaMu

G :Y(zlu Z4)> (@ :Y(Zh 2'2)7 Gs :Y(Z27 23), @ ZY(2’3> 2’4)

(T1+23) Lo+ C4a)

(
2 % T

(cm. yTBepKerme 3 Ha c. 23), a manee IS TOUEK
[IPUMEHUTh yTBepkKieHue 1 Ha c. 22.

B zagage Direpa pasmectum tpeyrombauk ABC Tak, aTobbl ero Bep-
muesl 3aHgan nojoxerne C' = (0, 0), B = (a, 0), A= (bcos ¢, bsing). Be3
0CO0BIX yCunii BB HaliZleTe KOOPANHATHI U IEHTPA TAKECTH, U IEHTPA OTi-
CaHHOI OKPY?KHOCTH, M OPTONEHTPA (& HIMEHHO: MEHTD TAKECTH HMEET KOOD-

bcosp +a bsinq)) 7(9 b—acosq))

3 - , HEHTP OIMCAHHOI'O KPyra 2 osno sin
opronertp — (bcos @, (a — beos ) ctg¢)). U ocranercss TOIBKO IPOBEPHTS,
9TO BCE OHU JIEXKAT Ha OJHOM IpsiMoii (BOCHOIB30BABIIACH TEOPEMOIi O CBOTi-
CTBaX HPSMBIX U OKpYy2KHOcTel nimn dopmystoit (1.1) Ha c. 19).

B zamaue I'aycca Hamo Tpuxkael — gy Toaek M, N, O — BOCIob30-
Barbca dopmysioii (1.1) ma c. 19, a moroM npuMenuTs Ty ke bOPMyILy s
4eThbIpeX TPOEK TOYeK, JIe2KAIIUX Ha OJHOU IIPAMOI.

O6bsicanM 310 monpobree. anmcas Beipaxkenne (1.1) mus Touex M, N
u O, noxyaum
det{(A+C), (B+D)} +det{(B+D), (E—|—F)}+

2 2 2 2
E+F A 1
+dot{ BT RO _ (det(4, B} +det{C, D} +det{A, D} +
+det{C, B} +det{B, E} +det{D, E} +det{B, F} +det{D, F} +
+det{E, A} + det{F, A} +det{E, C} + det{F, C}),

JIAHATHI (

a nasee Hy»KHO npuMeHUTH dopmyiry (1.1) ms Tpoek
{A, B, E}, {C,B,F} {A D, F}, {C,D,E},

KaXKJad U3 KOTOPBIX IPHUHA/JIEXKHUT ONHON IIPAMOIL.
Hakownen, g nokasarenbcrBa TeopeMmbl Ilackans Bocmosb3yemcd yT-
BepkgenneM 4 Ha c. 23. CoryiacHO 9TOMY yTBEDPKIEHUIO

a+b—(d+e) E:b—l-c—(e—b-f) c+d—(f+a)

h= ab—de bc—ef &= cd — fa
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CiieroBarenbHO, ~
—k
— c R,

>
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(O]

_ 1
TaK KaK @ — — U T. 1. ,HJIH 3aBEpPIIECHUA JOKa3aTe/JIbCTBa OCTACTCA IPUMEHUTH
a

yTBepxKaeHne 1 Ha c. 22.

" Benp Bce Hamu paccyKjeHus abCOIOTHO €CTECTBEHHBI, HE TaK JA?!
Bor oHO — moTBEpK IEHNE MBICJIH, BBICKA3aHHON B snurpade K 3romy mna-
parpady.

B 3aksmrouenne npuBeseM pEIeHust eme AByX 3aad.

Cuagasta pacckaxeM 00 OTHON «MCTOPUYECKON» 3aTade.

Bo Bcex mpuBeIeHHBIX BBIMIE CIy4YasX JOKa3aTeIHCTBO C HOMOIIBIO Me-
TOJIa KOOPAMHAT KOHKYPUPYET C 3aMedaTe/IbHbIMA PeOMETPUIECKUMU TOKA-
3aTeJIbCTBAMU, KOTOPbIE [IPEIIIECTBOBAIN aHAJUTUIECKOMY pelreHuo. A B
HIUZKECJIEYIOHIEN 3a1a49€ perienne ObLIO JaHO CPa3y B aHAIUTUYECKOU Hop-
Me. Peus uzer o Teopeme, npuHaiexareii npunnecce Eausaseme (1618—
1680), yuenunne lekapra.

Teopema nipuHnieccbl Estu3aBerbl. Bece mouku, KacameavHbie u3 Ko-
MopuT K 08Ym OGHHBIM HE KOHUEHMPUUECKUM OKPYICHOCTLAM DABHDL, Ae-
orcam wa 00Hol npamot. (ITy IPAMYIO HASBIBAIOT PAOUKAALHOT 0CHI0 TBYX
OKDY>KHOCTeI1. )

HokazaTenbcTBo. g moka3areabCTBa TEOPEMBI JTOCTATOYHO 3a-
METHTb, 9TO KBaIPAT JJINHBI KACATEJIbHON, IIPOBEJIEHHON U3 TOUKH (T, Y) K
oKpyzkHOCTH pazuyca R ¢ nenrpom B (&, 1), pasen

2 2 2
(z=8)+y—n)" -1,
a HOTOMy KOOPpAWHATHI BCEX MCKOMBIX TOYEK yﬂOBJIeTBOpHIOT ypaBHeHHIO

(x—z)’+(y—m)? —Ri=(z—22)" + (y — v2)* — R,

2(zy — 1)+ 2(y2 — 1)y = R> — R2+ 25 — 27 +y2 — 7. O

Oror pesynbrar Bocxurui lekapra. OH yTBepKaas, 9T0 HE B3sICH ObI
JI0OKa3aTh Ty TeopeMy nake 3a mecan Brpodem, HE MCKIIOYEHO, 9TO ITO
OBLIT M3BICKAHHBIN 00pazer (ppaHIly3CKON TaJaHTHOCTH.

U, makoner, — HeOOIbITAs HOBEJLTA, O OabOUKe.

Hycmv AC — zopda, B — ee cepeduna, a mouku P u @Q aescam wa
okpyosrchocmu no 00uy cmopowy om AC. ITyemv S u R — mouxu nepece-
yenus ¢ oKpyorchocmuio npsamoir PB u QB coomsemcmeenno. [Iposedem
ompesku QS u PR, u nyecmv N u M — mouku ux nepecevenus ¢ AC. Jlo-
xasamov, wmo |M B| = |NB| (puc.1.12).
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Qurypa RPBS(Q nanmomunaer 6a60uky, He Tak jm! U moromy Ty 3a-
nady HasbiBaroT butterfly problem —3anaqeit o 6abouke.

Babouka — qaMa BecbMa COMAIHOrO Bo3pacTa. TodHas JaTa U MeCTO ee
POXKJeHNsl HEM3BECTHBI (OHA, KAK W IOJIOXKEHO, CKPHIBAET CBOW BO3DACT),
HO, TaK WX HHAYE, IEPBOE «METPUIECKOE CBUIETE b~
CTBO» O ee poxKJIeHmH nogBmioch B 1815 r. B am- P 0
ramiickom xypHase Gentlmen’s Diary (ma c. 39—40 A IA’
non Ne1029). Ha mpoTsizkeHMEm BCeX HOCITIEYIOMIMX 4\
ger Babouka gocTaBnsAla MCTUHHOE YIOBOJIHCTBUE
MOYTH KaXKIOMY, KOMY IOBOJAWJIOCH C HEMl MO3HAKO-
MuThcd. JIroburenn Babouku nocBaTmim et MHOrmE
9CCe W PA3HOIO0 POJA IOCIAHWHA, NPUIEM IIOTOK KX
He uccsKaeT. A Korja mpoxoauT OIpeJIeJIeHHOe Bpe-
Msl, TIAIITYTCS JaKe IeJible 0030pbl. YnuTaTesib MOXKET Puc. 1.12
Y/IOCTOBEPUTHCS B 9TOM IIPOYUTAB, HAIPUMED, CTa-

Ti0 [B3].

CymecrByer HECMETHOE YHCJIO PEIIeHUil 3TOil 3aMedaresbHOM 3a1a4u.
Bor ogHo u3 «mpocreiimux» reomerpuyeckux pemenuit butterfly problem.

ITpoeenem xopxmy PT mapamnensuo AC. Torma: |BP|=|BT| (1), un
yron PBA pasen yrny TBC pasen yrmy BPT pasen yriy PTB (2).
Yraet TPS n TQS — paBHBIE WK [IOTOJHUTE/IBHBIE, IOITOMY BOKDYT 9e-
ThIpexyroabauka BT ()N MOXKHO OIUCAThb OKPY2KHOCTb, U, CJIEI0BATEILHO,
yron BTN pasen yriy BQN pasen yray M PB (3).

U3 yreepxkaennit (1)—(3) Beirekaer, uro tpeyronsaukn M PB uw BTN
paBHBI, a 3HauwT, |M B| = |BN|, 9T0 u TpebGoBaocs!

ITompo6yiiTe Teneph pemmurh 3Ty 3amady anajuTudecku! Mbl eme Bep-
HeMCd K 9romy croxery (cm. c. 90).

§1.2. EBKIumoBo n-MepHOE ITPOCTPAHCTBO

BekTopHoe npocrpancTtso R™

Apudmernueckyro Mojie/b eBKJIUI0BOH IJIOCKOCTH, O KOTOPOH pedb I11J1a
B TIpeabIIymeM Taparpade, o600muM Ha n-MepHBIH CIydaii.

Onpegenenne. Bexmopnum npocmpancmeom R™ Ha3BIBAIOT MHOZKE-
CTBO BEKTOPOB & = (X1, ..., &,), T Z; — BellecrBeHHble 4ucia (z; € R).

Yucna x; Ha3BIBAIOT Koopduramamu BekTopa . (BekTopsl, B oTimmane ot
To4ek, Oyzem 0603HaUaTh MasabiMu OykBamu.) JIBa Bekropa © = (Z4, .. ., ;)
ny=(yi, ..., Yn) CINTAIOTCA PABHBIME TOTJA U TOJIBKO TOT/IA, KOTAA T; = Y;,
1<i<n.
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B mpocrpamcrBe R™ mMeroTcs 1aBe eCTECTBEHHBIE OIEPAIUU: CJIOXKE-
HUE BEKTOPOB U yMHOXK€HHe BeKTopa Ha 4ucyo. Cymmol eexkmopos T =

=(x1, ..., x,) 1 y=(y1, - ., Yo) Ha3BIBAIOT BEKTODp « + Yy = (1 + y1, - .-
.y Tn + Yn). Ipouseedenuem wucaa A €R na sexmop x = (x4, ..., x,)
HA3BIBAIOT BEKTOp A& = (AZq, ..., Ax,).

IIpu 3TOM, KaK JIErKO IPOBEPHUTH, BHIIIOJIHAOTCS CJIEAYOIIHAE COOTHOIIE
HUA:

Drz+ty=y+uz;

2) (z+y)+z=z+ (y+2);

3) umeercsa Hynesoit Bekrop 0 Takoii, uro x + 0 = z ma a060ro BEKTO-
pa ;

4) mnst 06GOTO BEKTOpA I MMEETCS IPOTHBOMOJIOKHBIN €My BEKTOD Y
Takoit, uro x + y = 0;

5) lz=u;

6) a(6e) — (o)

7) o+ y) = oz + ay;

8) (a+B)x =ax + Px.

MuoxkecTBo X, /IJist KOTOPOTO OIIPEIEIEHBI OIIEPAIAN CJIOKEHUS JIEMEH-
TOB W YMHOKEHHS 3JIEMEHTOB Ha BEIECTBEHHBIE YHCJIA, YIOBJIETBOPSIOIIE
cBoiicTBaM 1)—8), Ha3BIBAIOT BEKMOPHLIM UITA AUHETHBIM NPOCTPAHCTIEOM.

BekTop 0= (0, ..., 0) urpaer B R™ posb HyseBoro BekTopa.

IIpumepoM BEKTOPHOrO MPOCTPAHCTBA ABJISAETCH IPEXKIE BCETO CaMa Be-
mecTBeHHad npsimas R, a takxke R™.

Jpyruvu npumMepamMu BEKTOPHBIX TPOCTPAHCTB SABJISIOTCS IIPOCTPAHCTBO
HOJIMHOMOB P,,_; cremeHu He Bbime 1 — 1 (mogeMmy umeHHO 1 — 1, a He N, —
06 3ToM 9yTh mo3xe) u npocrpanctso C([a, b)) HenpepbiBHBIX byHKIMIT Ha
orpeske [a, b].

IIycte X u Y — BekropHBIEe npocrpancrBa, A: X — Y — orobpazkenue
n3 X B Y. OHo HasbBaercsa aunetinvim, ecmm ANz, + Aoxs) =N A(z1) +
+ N A(xy) mas mobbIx A, Ao ER 1y, x5 € X.

Jluneiinaa dyuknua ma R (1. e. nuneiinoe orobpaxenue u3z R™ B R)
OIUCHIBAETCSA PABEHCTBOM

f@)=aixi + ...+ apx,.

Omnpegenenne. BekTopubie npocTparcTBa X 1 Y Ha3BIBAIOT U30MOPEH-
HbLMU, €CJIU CYIIEeCTByeT OueKTuBHOE juHelHoe orobpaxkenwe A: X — Y.
Camo orobpazkenue A Ha3bIBAIOT PU ITOM u3omoppusmom X wa Y.

Onpeaenenne. ITogmuoxectso L C R™ Ha3BIBAIOT AUHETHLIM NOONPO-
CMPAHCMBOM, ECTIU JJIsI JIIOOBIX BEKTOPOB T, Y € L 1 JIF0OBIX BEIECTBEHHBIX
gmces A, 4 € R BekTop Az + py aexwur B L.
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WNuage M0oXkHO CKa3aTh TaK: HOAMHOXKECTBO BeKTOpoB L C X, KOoTOpOE
caMO SBJISE€TCH JIMHEMHBIM TPOCTPAHCTBOM OTHOCHTEJILHO AelCTBUil, orpe-
JeIeHHBIX Ha X , HA3bIBAETCS JJMHEWHBIM TOIIPOCTPAHCTBOM. Barkueitmuvu
[prMepaMu JINHEHHBIX MOAIPOCTPAHCTB B R™ #ABJIAIOTCA mpsiMas U TUMED-
IJIOCKOCTD (HpOXOZsIiue Yepe3 Hadasio KoopauHat). [Ipamas 3a0aercs BeK-
TopoM T # 0 u cocTouT u3 BeKTOpoB Buga AT, A € R. [unepnaockocms cocro-
AT U3 BEKTOPOB, KOOP/IMHATHI KOTOPBIX Y/IOBJIETBOPAIOT OJHOMY JIMHEHOMY
YPaBHEHHUIO G1%1 + ...+ a,T, =0, rje He BCe a; PABHBI HYJIIO.

Iycts a', ..., a® — BekTophl B R™. BekTop Aa' + ...+ h.a", \; €R,
Ha3BIBAIOT AuHeliHoll Kombunayuel BEeKTOpoB a', ..., a”.

BekTops! @', ..., a™ Ha3BIBAIOTCA AUHETIHO HE3AGUCUMDbLMU, ECIIA U3 Pa-
BeHCTBa Ma' + ...+ \,a" =0 cnexyer, aro A\' =...=A"=0. CemeiicrBo

JIMHEITHO HE3AaBUCUMBIX BEKTOPOB B nognpocrpancTtee L C R™ na3wiBaercs ba-
3UCOM TIONIIPOCTPAHCTBA L, ecyu 110601 BEKTOD MOAIIPOCTPAHCTBA ABJISIETC
JInHEHOM KoMOuHAIMEe! BEKTOPOB ceMeiicTBa. Yuc/io BEKTOPOB B Jit0b0M 6a-
3UCe OJIHO W TO K€; OHO HA3BIBAETCS PA3MEPHOCTMHIO TMOMIPOCTPAHCTBA L.
IIpumepom 6a3uca B R™ MOKET CIIy2KATb KaHOHUYECKUT 6a3UC, COCTOATAM
n3 n Bektopos e; = (1,0, ...,0),...,e,=(0,...,0, 1).

PasmeproCcTh mpocTpaHCcTBa P, _; paBHa M (9TUM M BBI3BAHO TO, YTO
CTeleHb NOJIMHOMOB Mbl OTPAHUYHIIN YUCJIOM 1 — 1), 1 6a3HCOM B 3TOM IIPO-
crpancTBe cayxar omaoanenst {t*};-). [Ipocrparctso C([a, b]) Geckoned-
HOMEPHO, B HEM MOXKHO HaiiTu GECKOHEYHOE YUCJIO JTMHEHHO HE3AaBUCUMBIX
3JIEMEHTOB, Hanpumep z, =t", n=0,1, ...

Ounpenenenue. Ckarsphoim npoussedenuem 6exmopos a = (ai, ..., a,)
ub=(by, ..., b,) Ha3BIBAIOT YUCIIO

(a7 b) = a;lbl + e + anbn.

Bekropnoe npocrparcTtBo R™ co cCKaaspHBIM ITPOU3BEICHIEM HA3BIBAIOT
€6KAU006vIM (BEKTOPHBIM) IPOCTPAHCTBOM.
CxasgpHOe IPOU3Be/IeHIEe TOPOKIAET PACCTNOAHUE

dz,y)=v(x—y, z—y)= (21 —0)* + ... + (20 — ya)*)"/*.

ITo onpenenernnso d(z, y) = d(z — y, 0).

BBenieHHOE pACCTOSHUE YAOBIETBOPIET CJIELYIOMIUM CBOMCTBAM:

1) d(x, y) > 0 mas mobeix x, y € R™, u d(x, y) =0 Torma u TOIBKO TOr/A,
KOIJIa T = ;

2) d(z, y) =d(y, v);

3) d(x, z) < d(x, y) + d(y, z) (nepasencmeo mpeyzoavruka).

IlepBbie sBa cBoiicrBa o4eBuiHBI. JlOKa3aTe/IbCTBO HEPABEHCTBA TPE-
yTOJbHUKa IpoBeaeM cHadasia miid ¢y = 0. OHO OCHOBaHO Ha U3BECTHOM HEpa-
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BeHcTBe Komm—ByHsaKOBCKOTO.

2_; | < <Z x3> v (Z zf> " (1.3)

=1
W3 sToro mepaBeHCTBa HOJyIaeM

n n

n (1.3)
d*(x, z) = Z(mz —2) = Z(mf +27)—2 Zx,zl <
1=1

=1 =1
n

< zj;:ﬁ + 2<i x?)m (Z zf) v + Ei;f = (d(z, 0) + d(z, 0))>.

= i=1

A renepb nomywaem d(z, z) =d(z —y, z —y) <d(x —y, 0) +d(z —y, 0) =
=d(z, y) + d(z, y), aTo n TPeGOBAIOCH.
Takum o6pa3oM, Mbl IpeBpaTnin R™ B MeTpUUIECKOe IPOCTPAHCTBO.
n 1/2
Yucoo |z| =d(x, 0) = (Z xf) Ha3bIBAIOT JAUHOT BEKTODA .
1=1
BekTopbl @ u b HasbBaIOT opmozoHasvhumu, ecia (a, b) =0. Yeaom
a7
|al[b]
Takum 06pa30M, CKAJISIPHOE IPOM3BEIEHIE BEKTOPOB ¢ U b PABHO MPOM3-
BEJIEHUIO JIJIMH STUX BEKTOPOB Ha KOCHHYC yTyIa MexK Iy Humu (cm. puc. 1.13).

MEXKIYy HEHYJIEBBIMU BEKTODaMH a U b HA3BIBAIOT YKCJIO arccos

Bekropsr fi, ..., fr B R" Ha3BIBAIOT 0pMOHOPMUPO-
a BAHHDLMU, ECITH

Jlerko MHOHATH, YTO N OPTOHOPMHUPOBAHHBIX BEKTO-
poB obpasyior basmc B R™. B camom gesme, mycThb
Mfi+... .+, f,=0. Torna >\1(f17 fz)+ '+>\n(fn7 fz):

Puc. 1.13 -0 _

=U, T.€. )\z =0.
IIpumepoM OpPTOHOPMUPOBAHHOIO 0a3MCa ABJIAETCS

KaQHOHUYECKUi Oa3mC, BBEIEHHBIN HAMU PaHEe.

31ech HAM NPUAETCS CIEJATh OJHO OTCTYILJIEHUE.

o]

A dbdunnoe npocrpancrso A™ u eBKINIOBO rmpocrpaHcTsBo E”

Esknunoeo (BekTopHOE) mpocrparctso R” mpu n = 2 He siBiseTcs eme 0606meHneM
TOro oO'beKTa, C KOTOPBIM HMEEeT JeJIO IIKOJIbHas IIaHuMeTpus. VcruaHOE 0600IIEeHME
CKJIAABIBAETCA W3 AByX TamoB. Ha mepBoM BO3HHKAOT mouku u eexmopsv.. O6obme-
HHEM TaKOH CTPYKTYpPBI U SBJISIETCS HOHATHE aPPurhozo npocmparcmea. Addunnase
[IPOCTPAHCTBa IIOJIy9alOTCs U3 BEKTOPHBIX, KOIJ@ Mbl KakK Obl 3abblBaeM ILIPO HAYajo
KOODJMHAT ¥ BOOOIIE IPO KOOPAUHATHI. 3aTeM B 3Ty CTPYKTYypPYy BHOCHUTCS METPHUKA, U
[IOJIyJaeTCsA N-MepPHOe €BKJHNIOBO IIPOCTPAHCTBO, 0boOIarolnee eBKINAOBY IIOCKOCTb,
n3ydaeMylo B LIKOJIE.
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Onpenenenune. Adgpunrnoe npocmparncmeo wad R™ cocromr u3 To-

qek A= (ay, ..., a,), tae a; € R. Ilpn sTom Kaxka0# yHoOpsiOUeHHON nape
—

rouek A= (ay, ..., a,) u B=(by, ..., b,) conocraBnserca BekTop AB =

=(b,—ay, ..., b, —a,) c Haganom A u xorunom B. Touka O = (0, ..., 0)

SIBJISIETCS 3/1€Ch HAYAAOM KOOPOUHAM.

Takum o6pasom, addurnrOe mpocrparcTeo Ham R” (Mbl ero o6o3HA-
gnM A™) —39TO MHOXKECTBO TOYEK, IPUIeM Kax o Touke A € A™ conocras-
JIEHO JIUHEWHOe MPOCTPaHCTBO R”, a MMEHHO MPOCTPAHCTBO BEKTOPOB A_B>,
roe A, B—rtouku u3 A".

Akcuomarnaecku adpdurHOE IpocTpPaHCTBO A” OompenesseTca TPOUKOM
(A", X, 4), rme A" — MHOXKeCTBO TO9eK, X — JIMHEHHOE MPOCTPAHCTBO, &
«+» — onepanus 106aBIEHUA K TOYKE BEKTOPA, YJAOBJIECTBOPSIOMAA CIIEILY-
FOIIM TPEM aKCHOMAaM:

1) mng Beakoit Touku A € A™ u mobeix z, ' € X mMeer MECTO PaBEHCTBO
(A+z)+2' =A+ (z+2');

2) nyia Becex A € A" pemmosmsierca paseacTBo A + 0= A;

3) must mobbix A, B € A™ CymecTByeT eIMHCTBEHHBIH TaKOH BEKTOD
x € X, uro A+ x = B.

«Cragmapraoe» n-mepHoe addurHOE mpocTpancTBo A" Hax R™ cocrout
u3 rpoiiku (R, R™, +), obpasosannoii roukamu A= (a4, ..., a, ), BEKTOpaMu
x=(z1,...,2,) €R" u onepanmeii + nobasreHUs K TOUKe BeKTOpa. B HEM
MOXkHO, (pukcnpoBas Hagasno koopauaar B Touke O = (0, ..., 0), oTroxme-
CTBJIATH TOYKY abHUHHOTO MPOCTPAHCTBA ¢ BEKTOpaMu R™, a MMEHHO TOUKY
A=(ai, ..., a,) OTOXKAECTBUTH C BEKTOPOM @ = (a4, ..., a,) = OA. Iloaro-
MYy WHOTrJa MbL 6yﬂeM O603Haqa,TI) TOYKHU U COOTBETCTBYIOIUE MM BEKTOPBI
OZIHMIMH ¥ TeMH Ke GYKBaMu (XOTsI «IIpaBHIbHOE» 0003HAYEHHEe TAKOBO: TOY-
K1 — GOJIbININE JIATHHCKAE OYKBbI, BEKTOPHI — MAJIBIE).

3mech yMeCTHO CKa3aTh, Kak B ad(@UHHOM HPOCTPAHCTBE OIMCHIBAET-
csl mpsMas, MPOXOJdINas 9epe3 JBe TOYKH, U OTPE30K, COeIUHSIOMUN J1Be
TOYKHU.

Tpamas, npoxonsamas gepe3 depe3 ase Touku A m B ¢ koopauaaTamu
a=(ay, ..., a,) mwb=(by, ..., b,),—9TO COBOKYIIHOCTb TOYEK C KOODIH-
HaTaMu A a + Aob, Ay + Ay = 1; orpesok [A, B] —3T0 COBOKYIHOCTH TOYEK
Ma—+ b, Ay =0, A + Ay =1,

Ceituac Mbl OrpAHUYINMCS JIAIIH IPUBEIEHHBIMU CBEICHUSIMHU U [T€peiiieM
K N-MepHOMy 0606menno eBranaoBoii miockoctu. (Ilogpobree 06 addun-
HBIX IIPOCTPAHCTBAX OyIeT TOBOPUTHCS B IIaBe 2.)

Onpenenenne. Fexaiudosvim n-mepuvim npocmparcmeom E™ nad R™

n
CO CKJISPHBIM Ipou3BeAeHHmeM (¥, ') = > x;T) Ha3bIBaeTCd TaKOe MHO-

i=1
2K€eCTBO TOYEK An, KaK B OIIpEaeJICHUN a(b(bI/IHHOI‘O IpOCTPpaHCTBa, IIPpU-
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n 1/2
9eM MeXK]y TOUYKaMHU OmpeesieHo paccrogaue d(A, A') = (Z (a) — ai)2)

=1
(3mece A= (ay, ..., a,), A =(a), ..., ad)).

9T0 mpocTpaHCTBO MbI 0003Ha4YNM K",

Takum  00pa3oM, €BKJIXIOBO MNPOCTPAaHCTBO [E™ — 3T0  Tpoiika
(A", (R™, (-, ), +), cocrosgmasa u3 Todek adbuHHOrO MpOcTpaHcTBa A",
€BKJIMJIOBA 7-MEPHOTO BEKTODPHOTO IPOCTPAHCTBA W ONEPAUHU JT00ABICHAS
K Touke BekTopa. IIpocrpancrBo E" aBnsercs mMeTpmdecKMM IPOCTPAH-
CTBOM.

MpI onmmcanaw TOYKH W PACCTOSHAS MEXKIy TOYKaMd. [lpuimio Bpems
CKa3aTh HECKOJIbKO CJIOB O JBUKEHUSX €BKJHUI0BA MPOCTPaHCTBa. JIpmxke-
HUSIMHU, KaK U B CJIy9ae IJIOCKOCTHU, HA3BIBAIOT B3AUMHO OJHO3HAMHBIE OTOD-
PazKeHUs, COXPAHAOIIUE PACCTOTHUS.

ITycrs X — f(X)— nBurKeHuE €BKINIOBA npocrpancrsa £, O — Hagaiio
koopmuuar u A= f(O). Torma f(X)= A+ g(OX), rue g— Takoe npeobpa-
30BaHMEe BEKTOPHOIO IpocTpaHcTBa, 9To g(0) = 0. IIpu srom

2(0X) — g(OY)| = d(f(X), f(Y)) =d(X, V) =|XY]|.

2

Takum obpasom, [g(x) — g(y)|* =[x — y|*, a smaunt, (g(2), g(y)) = (2, y).
TMonoxum g; = g~ '(e;) = aje; + ...+ aine,, TOE €1, ..., €, — KAHOHUIE-
ckmii 6asuc. Torma g(g;) = e;, moaromy

(g(x)u ei) = (iﬂa Ei) =210;1 F ... + TpQip,

re. g(z)=xle,+...+ 2 e,, rue ), =x1a;1 + ... + x,a;,. B 9acraoctu, g —
snuHeliHOe mpeobpa3oBanHue. it BEKTOPOB €1, . . ., €, BBIIOJIHSIETCS COOTHO-
n n
_ 2 _ v
menue (g, €;) = (e, €;), €. y. aZ =1u > apa;, =0 opu i # j. Marpuiy
k=1 k=1
(@47), D/1€MEHTBI KOTOPOI! YAOBIETBOPAIOT TAKAM COOTHOLICHUSIM, HA3bIBAIOT
OmeZO’H,a./Lb’HO’&, a JIUHEWHOe HpeoGpa30BaHI/Ie gc OpTOFOHaJIbHOﬁ ManHHeﬁ
(@i;) HA3BIBAIOT OPINOZOHANLHBIM.

I/ITaK, J0boe ABU2KE€HNE €BKJINA0Ba IIPDOCTPAHCTBA ABJAAETCA KOMIIO3UII-
el caBura x — a + & U OPTOrOHAJIBHOrO npeobpa3oBaHus. JIerko IpoBepuTh,
9TO BEPHO U O6pa,THO€7 T. €. KaK CABUI, TaK U OPTOr'OHAJIbHOE HpeO6pa3OBa-
HHE ABJIAOTCA ABUKCHUAMM.

WNcropuyeckuii KommeHrapuii. Pepma u Jlekapr, co3zaresnn aHAIUTHIECKOH reo-
MEeTpHUH Ha INIOCKOCTH, BBEJIX COOTBETCTBUE MEXKAY TOYKaMM U IIapaMU YHCEJI BCE 2K€ B
HECKOJIbKO 3aByaJIuPOBaHHOU (pOpMe — MHA4e Jyisd IePEX0/ia OT IIIIOCKOCTH K TPEXMEPHOMY
MPOCTPAHCTBY MOTPebOBAJIOCH ObI MEHBIIE BEKA, & BEJb OCHOBBI TPEXMEDHOU aHAJIMTUYIE-
CcKOil reomerpun Ob1iu 3as0xkenbl Kiepo simms B 17311

Aunexcuc Kaod Kaepo (1713—1765) — dbpannysckuii maremarnk u acrporoM. Hagasn

Hay4HYIO JAeaTeJIbHOCTb B Bo3pacTe 12 jer. B 18 mer onybaukoBaa paboTy IO aHAJIHTH-
4qeckoil u guddepeHnuanibHONR reOMETPUN TPEXMEPHOr'O IPOCTPAHCTBA.
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Apudmernydeckas MOJeIb N-MEPHOTO IPOCTPAHCTBA MosABHUIACh emle depe3 100 ireT.
OcHoBHas 3aciiyra B €e CO3JaHUM NPUHAMIEKUT Yuavamy [amusvmony (1805—1865).

laMmunbsTOH BHEC 6051b1I0# BKIIa ], B reoMeTpuio. OH IepBBIM BBeJI HOHATHE «BEKTODP» U
OLIPe/ie/INJI IOHAITUE BEKTOPHOIrO npocrpancrsa. Oupeiesu HOBYIO YUCIOBYIO CUCTEMY —
KBATE€PHHUOHBI.

§1.3. BBegenue B MHOroMepHBIii MUP €BKJIUIOBOI
reoMeTpun

B mkosie MbI m3y4aem cHaYajIa €BKJIAIOBY IJIAHUMETPHIO, 3aTE€M — CTe-
peoMeTpuio.

B IJIaHUMETPUU OCHOBHBIM IIOHATUEM ABJIACTCA IMOHATHUEC HpHMOﬁ, B CTe-
peoMeTpun — IUIOCKOCTU. 3aTEM YK€ PeOMETPUYECKUII MHUD HAIIOJIHSETCSH
TPEyroJIbHUKaMU, KDyTraMu, KBaIpaTaMi, IIapaMu, IHPAMUIAMA U APYTAMA
durypamu. CHagaa MBI paccKakeMm 00 000DIeHNY IPSAMOR U IIJIOCKOCTH B
N-MEPHOM €BKJIIIOBOM IIPOCTPaHCTBe. bosiee moapobHO 06 STHX IOIMHONKE-
crBax A" pacckasblBaeTCd B KypCax JIUHENHON aarebpsl.

Addunnbie MmHOTOOOpa3uda

CaMo mocTpoeHre n-MePHOTO €BKJINI0BA U N-MePHOro addOUHHOrO mpo-
CTPaHCTB OBLJIO OCYIIECTBIIEHO 10 AHAJIOIHH C AByMEPHBIM cirydaeMm. Ho mis
TOro YTOOBI 00KUTHCA B MHOTOMEPHOM MHUPE, Hy?KHO OBJIaI€Th HEKOTOPHIMHA
CBEIEHUAMHA U3 JIMHEHHOMN aJreOpbl. 30eCh NMPUBOAUTCS PSAJ, TAKUX CBEICHUN
u (T7e 9TO BO3MOXKHO) JAETCS WX T€OMETPUYECKAasi HHTEPIPETAIHSL.

Haunem ¢ 0600mmennst npsambix u miockocreit. [Ipsvyro B apudmernye-
CKOIl MOJIeJId MOXKHO ONPEIENUTDh TBOSKO. Bo-IIepBhIX, KAK COBOKYIIHOCTH
rouek X = (T, T2), YHAOBIETBOPAIOIUX YPABHEHUIO 41Z1 + A2 = b, a Bo-
BTOPBIX, KAK MHOXKECTBO TOUYeK Bumaa X + Ae, rje e — (PUKCHUPOBAHHBIA BEK-
top u3 R?, a X — pukcupoBaHHAsA TOYKA IJIOCKOCTH.

Bropoe omnpemenenne roauTcss U i MHOTOMEDHOTO CJIydasi: COBOKYTI-
HOCTB TOo4eK Buma X + Ae, rme X — TOYKA N-MEPHOTO €BKJINI0BA IPOCTPAH-
CTBa U € —HEKOTOPBIA BeKTOp 3 R”, ects npsamas B E”. [lepBoe onpeneire-
HU€ IPUBOIUAT K JPYrOMYy BaXKHOMY [OHSTHIO — HOHSTHIO THIIEPIIJIOCKOCTH.
Tunepnaockocmsd B 1eKapTOBOW MOJEIU €BKJIUI0BA 1-MEPHOIO IIPOCTPAH-
CTBa 33Ja€TCH YPAaBHEHUEM

a1T1 + Aoy + ...+ a,x, =b, (1.4)

T.€. OHA SIBJIAETCS MHOXKECTBOM yPOBH# JuHeiiHOW dynkmum. B namem
«OOBIYHOM» TPEXMEPHOM IIPOCTPAHCTBE TaK 33/{AI0TCs OOBIYHBIE IJIOCKOCTH
A TOJIbKO OHU.
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IIpsamas —onHOMEpHDBIN 06HEKT, rUIePILIOCKOCTh — (1 — 1)-Mepabiii. Yo
o10 3HauuT? W 9ro jgexur mexay 1 un — 17 Mbr xorum 31€Ch onpeaeurb
k-MepHBIE aHAJIOTU MPSIMO U IJIOCKOCTH B 1-MEPHOM IIPOCTPAHCTBE, HA3BI-
BaeMmble k-mepabiMEu adduHEBIME MHOroobOpasusamu. llpsvas u miockocTs
06JIAIAI0T TeM CBOMCTBOM, YTO BMECTE C JIFOOBIME JIBYMsI CBOUMHU TOYKAMU
OHHU COJIEPKAT BCIO MPSIMYIO, IIPOXOMAANIYI0 9epe3 3Tu TO4Ku. MHOXKeCcTBa B
N-MEPHOM IIPOCTPAHCTBE C TAKUM CBOHCTBOM U HA3bIBAIOTCH APHUHHBIMU
MH02006DA3UAMU .

OnsomepHble adduHEBIe MHOr00Opa3us (IpsiMble) —TO COBOKYIHOCTH
touek X + Ae, rae e — pUKCHPOBAHHBIN N-MepHBIA BeKTOp, A € R. JIBy™mep-
Hble adpDrUHEBIE MHOr00Opa3usa — AByMepHbIe ad(PUHHBIE IIIIOCKOCTH — €CTe-
CTBEHHO OIIPEIE/IUTh 10 AHAJOIUU KaK COBOKYITHOCTH TOYeK X + Aje; + Aqéq,
rie e; u e, — iBa (PUKCUPOBAHHBIX JIMHEHHO HE3aBUCUMbBIX BeKTOpa u3 R”,
a A\ U \y — IIPOU3BOJIbHBIE BEIIECTBEHHBIE TUCJIA.

A(bcanHoe k-MepHOE MHOroobpasme — 3TO COBOKYIHOCTbH TOYeK X +

Z Niei, e {e;}" | — pukcupoBaHHBIE JMHEHHO HE3aBHCHMBIE BEKTODBI

u3 R" a {\;}*_, —npoussosnbHbIe BemecTBenHbIe Yncaa. SIcHO, uTO k-Mep-
HbBIE a(l)(anHHe MHOroo0pas3us — CABUTH k-MEPHBIX JIMHEHHBIX IIOJIIPO-
crpascTB. B jiuneiiHol asirebpe mokasbiBaercs, 4ro k-mepubie ad@duHHBbIE
MHOr000pa3ust MOIYT OIUCHIBATHCS IMO-APYroMy («IBOHCTBEHHBIM» 00pa-
30M) KakK MepecedeHus 7 — k TUIEPILIOCKOCTed. ['MmepriiockocTs umeer
pasmeproctb n — 1. Hampuwmep, THIEPILIOCKOCTS, 3a/jaBacMas yPaBHeHHeM

z, =0, ectb mHO)KecTBO Todek O + Z Niei, tme e; =(1,0,...,0), ex =

=0,1,...,0), ..., e,_1=(0, . 10)

Jluneiinaa anrebpa usydaer TeOpUIO JUHEHHBIX (a 3aTeM KBaJApaTHY-
HbIX) QYHKIWI 1 JMHEHHBIX ypaBHEHUl B IPOCTPaHCTBE R™.

JIuneitapre dyakuu —310 DyHKIUN BUIA

fl@)=az,+ ...+ a,z,
Cucrema m ypaBHEHHII C 7 HEM3BECTHBIMHU 3aJa€TCH 771 JIHHEHHBIME
ypasaeruamu fi(z) =by, ..., fm(x) =b,,, nnu, B pasBepHyTOM BHIE,
1121 + ...+ A1, T, = by,
Ap1X1 + oo+ ATy, = by,

Taxum 00pa3omM, ¢ reoOMETPUIECKON TOYKH 3PEHAS TEOPUS JIMHEHHBIX YPaB-

HEHWI — 9TO ONUCAHNE IepecedeHns ceMmeiicTBa rumepiuiockocreii B R”.
Kak BBISICHUIOCH CPDABHHUTEIBHO HEJABHO, OOJIBIIYIO POJIb B MPAKTHAYIE-

CKOII KHW3HH HUrPAIOT 3aJa9d C AUHEUHDIMU HEPAGEHCMEAMU CIIEIYIOIIEro
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BUJA: HAUTU MUHUMYM JUHEHHON dyHKIUU
folz)=ciz, + ...+ cox,
IIPU yCJIOBUAX
file)=anz + ...+ apmz, <b;y, 1<i<m.
Takue 3a/1a91 HA3BIBAIOTCA 3aJa9aMU AUHETH020 NPOPAMMUPOSAHUSA.

Tabmuma A= ............ = (ai;)1<i<m Ha3BIBACTC MaMpuyel pas-
1<jsn

aml ... Amn
Mepa m Ha 1 (WIm m X n).
MaTpubl MOXKHO IIE€PEMHOXKATH IO CJIEAYIOMIEMY IpaBUIy: ecan A =
n
= (aij)lgigwh B= (bjk)1<jgn, To AB = (Cik)lsism, Cik = Z aijbjk-
<j<n 1<k<s 1<k<s

Marpuna COCTOUT W3 M CTPOK, KAXKIYH U3 KOTOPBIX MOXKHO HHTEp-
[IPEeTHPOBATH KAaK 7-MEPHBIA BEKTOD-CTPOKY, W 71 CTOJIOIOB, KAaXKIBII 3
KOTOPBIX MHTEPIPETUPYETCS KAaK M-MEPHBIN BEKTOP-CTOJIOEII,

Ocoby10 poJib Cpeu MaTPUILL, UIPAIOT KBAAPATHBIE MATPULIBI — MATPUIIbI
pasMepa n X n.

Beoimmcannyo Bbllte cucTeMy m ypaBHEHUI ¢ 7 HEU3BECTHBIMU MOYKHO
3amucaTh COKpAaIeHHo B Buge Ax = b, eciiu BeKTOpPBI & u b m306pa3uTh B
BH/JIe BEKTOPOB-CTOJIOIOB, WJIK MATPUIL pa3mepa m X 1.

C maTpunaMu CBA3aHbI ABa Ba KHEWIINX MOHATHS: ONPEICAUMEAd U PAH2.

<k<s j=1

O6a oHu uMeET reoMerpuveckoe TojikoBanue. Haunem ¢ onpemesuresis.

Onpeaenurenn u 00 beMbI

IIpencrasum nmapasuienorpamm AgA; A; As Ha mwIockocTu B BEKTODHOM
BHﬂe.ﬂ})MeCTI/IM HavaJj0 KOOpAuHaT B TO4Ky Ay m obosnaumm a' = AgAj,
a? = AyA,. Torna BepmmMHAMHE TapaJuIeorpaMMa ABJISIOTCS HAYaJI0 KOOP-
IUHAT U TPH TOYKM, COOTBETCTByIomme BeKTopaM a', a®? u a' + a?, a cam
HapaJuIejorpaMM COCTOUT U3 TodeK T = \ja' + A,a?, 0 < \; < 1. Anajoruy-
HO, APAJUIEJIENINIIE ] B TDEXMEPHOM IIPOCTPAHCTBE (€CJIN HAYAI0 KOODIMHAT

3
HNOMECTUTH B OJIHY M3 €r0 BEPIINH) COCTOHT U3 TOUeK » . h;a’, 0 <A; < 1. Bee

=1
9TO O4YeHb JIerKO 00o0Imaercs Ha k-MepHBIN ciydgait. s sToro momectum

. —_—
CHOBa HAYaAJO KOOPJAWHAT B TOYKY Ay W pacCMOTPUM BEKTODHBI a' = AgA;.
k
MHOXKeCTBO «KOHIOB» BEeKTOPOB . t;a’, 0 < t; < 1, Ha3bIBaeTCA N-MEPHULM
i=1
napaasesenunedom B R™.
B Tom citygae, Korma BeKTOpBI { ¢’} | B3AMMHO OPTOTOHAJIBHBL, TAPAJLITE-
Jierune | Ha3blBAETCH NPAMOY20AbHbM. JIJIMHBI BEKTOPOB a', ..., a™ Ha3bl-
BalOT JJIMHAMU pebep mapaJuresnenurena. | [paMoyToJbHbIH TapaJlIeIenuIe]
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¢ paBHBIME pebpaMu HA3bIBAOT KYybom. OObEM €UHUIHOIO N-MEPHOIO KY-

6a IIPUHUMAETCA O6I)I‘*IHO 3a €AUHUIY, 1 UCXOAd U3 3TOTO0 CTPOUTCA Teopud
Mephl B TPOCTpPaHCTBe R™.

Jamnm ompepesienne k-MepHO# T'paHM 7-MEDHOTO MapaJlIe/IeIuie a

B R". Haumem ¢ (n — 1)-meproit rparm. ['mnepmiockocts 11" maspBaroT

CUIEPILIOCKOCTHIO TPAHK 1I-MEPHOI'O [apaJiie-

’ sgenunena M" CR"™, ecau M™ nexur «1o oguy
cropory» ot II"~! u mepeceaerne M" ¢ I1"~*
1 sBysiercs (n — 1)-MepHBIM IapaJlleseuejoM

Z (cm. puc. 1.14).

IlepeceyeHne TIHIEPIIOCKOCTH TPaHH C
N-MEpHBIM MapaJjuesenumneaoMm M™ Ha3bIBa-
Puc. 1.14 for (n — 1)-MepHOH TPaHBIO NapaJIIesIenuIIe-
na M™. Jlga n-MepHOro mapaJsuIesenunena
n
X + 3 t;a* rpanb pazmeprocTu 1 — 1 cocrout u3 BekTopos X +ea” + > t;a,

=1 1#k
rmee=0mm 1, 0Lt <1,

Takum obpasom, (n — 1)-mMepHas TpaHb N-MEPHOTO MAPAJLIEJIEIUIIEA
sBsierca (n — 1)-mepHBIM mapasuiesenmnenom. Ilosromy (n — 2)-mepHyto
IPaHb MOXKHO ONPEIETUTh KaK (1 — 2)-MepHyIo rpaHb ero (n — 1)-mepHoit
rpaHw, # T. 7. HyJbMepHBIE TDaHA HA3BIBAIOT 6EPUWUHAMU, 8 OTHOMEDPHBIE —
pebpamu.

Hus n-meproro napasienenunena (n — k)-MepHas Ipadb COCTOUT W3

KOHIIOB BEKTOPOB
k
X = E Sjamj + E tial,
j=1

iFEMY .My

HOITOMY KOJMIEeCTBO (N — k)-MePHBIX TPaHell 1n-MePHOTOo HapaJlIeel e/

2k( n )
PaBHO o k
Teneps onpenenum 0b6sem NaApasLesenunedd.

BepneMcs Ha KOpOTKoe BpeMs Ha Hallly 3HAKOMYIO €BKJHJIOBY ILIOC-
KOCTh. Bbibepem opToroHa/bHYIO J1€KapTOBY CUCTEMY KOOPJMHAT 1 PACCMOT-
pum napasutenorpamm ABCO (cwm. puc. 1.15), mOpoKeHHbIH BeKTOpamMu
ay = (a11, @21) 4 ay = (a1, Ggo). Beraucaus mwiomanp Tpeyronapauka OAC u
YIBOHUB Pe3yJIbTAT, HOIYyYAM, 9TO ILIOMAb MapaJjuIeJorpaMMa PaBHA

Q12022 + ((111 - a12)(a21 + a22) — Q11021 = G11Q22 — Q12021

Tounee roBopsi, WIOWIA/AL NAPAJIIEJOrPAMMA PAaBHA TOMY YHCJLy LIPHU Ta-
KOM PAaCITOJIOKEHUU BEKTOPOB G W (o, KakK Ha puc.1.15. B obmem ciaygae
WIOMAb TMapAJIJIeIOrPaMMa PaBHA |a11 Gy — dg1G12]-
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CocraBuM u3 CTOJOIOB KOODAMHAT BEKTOPOB () U Gy Marpuimy A=

. (au a12)
a1 a/’

O ajz2 a11—ai2

Puc. 1.15.

a1l @12
a1 a2
BAIOT YHUCJIO (11dgy — G12031. DTO YHCJIO MOXKHO HA3BATH OPUEHIMUPOSUH-
HOU NAOWAdvI0 napassesoepammae. OpueHTAIMS APAJIIETOrPAMMA 33,/1aeT-
Cd yKa3aHWEM HallpaBjieHus 00xoia ero BepiiunH. V3MeHeHue opueHTanuun
mapaJjiieJIorpaMMa [PUBOAUT K M3MEHEHUI) 3HaKa OPUEHTUPOBAHHON ILJIO-
maau (cMm. puc. 1.16). Onpenennrens marpunsl A obosnavator det A wnam
a1 a2
a1 a2
pOXKIeHHbIe MaTpUBl 00padytoT rpynmy GL(2, R).

Ompenenum Tenepb 00beM TPEXMEPHOTO MAPAJLIIEIENNIEa, TOPOKIEH-
HOro BeKTopamu {a;, ay, az} (cm. puc.1.17). Haqaem ¢ HEOpuEHTHPOBAHHOTO

Onpedeaumenem Ui demepmunanmom MaTpusl A = ( ) Ha3bI-

. Marpuny A HasbiBaroT HeBBIPpOXKAeHHOI, eciu det A # 0. HesbI-

C B C O
. / ]
o A B A “ ey
Puc.1.16 Puc. 1.17

obbema. Ero moxHO ompenenurs dopmynoir V =hS, roe S — miomans
rpanm {a;, s}, a h — JyIMHA TPOEKIMHM BEKTOPa (3 HA HOPMAJb K ILJIOC-
KOCTU 3TOi rpanu. llepelimeM Temepb K ONPEIEJEHUI0 OPUEHTUPOBAHHO-
ro oobema V(ay, as, az) mapajejienunena, MOPOXKICHHOIO BEKTOPAMU
ay, Gy, G3. DTO OIpEIEJEHNEe IOJKHO OBITh COIJIACOBAHO C (hOpMyJIOit
|V (a1, as, as)| =h|S(a,, as)|. Onpememam aucmo V(ay, ay, as) caenyrommym
YeTbIpbMA CBOﬁCTBaMH:

V(.o aipr-..) ==V (.., a;...);

V(. ha...)=N\V(...a;...);
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N V(..aig+b...)=V(..a;...)+V(..b...)

4) V(ey, e, €3) =1, tme e; = (1, 0, 0), e = (0, 1, 0), e3 = (0, 0, 1).

CaoiicTBo 1) cormacyercs ¢ onpe/ieJieHneM HeOPHEHTAPOBAHHOTO 00beMa,
TaK Kak

h1523 = h2513 = h3512~

CaoiicTsa 2) 1 4) 0co06BIX KOMMEHTAPHEB He TPEGYIOT, a CBOWCTBO 3) ciiemyeT
W3 TOTO, YTO MPOEKIHsI CyMMBI JIByX BEKTOPOB HA HEKOTODBIN €IMHUIHBIN
BEKTOP PaBHA CyMMe UX HPOEKIHi (IpU 3TOM NMPOEKIUH GEPyTCs ¢ yIeToM
3HAKa).

IIpoBepum cHadasma, 9TO CBOWCTBA 1)—4) OJHO3HAYHO ONPEHEJIAIOT
dynxumo V(ay, as, as). CpoiicTBa 2) m 3) NOKa3bIBAIOT, ITO

V(E a;1€4, E a;2€;, E akBGk) = E aila’jQGkSV(eia €5, 6k)~
i j k

4,k

CsoiicTo 1) mokassiBaer, 4To Benudusa V(e;, e;, €;,) paBHa £V (ey, e, €3),
€CJIA IUCIIa ¢, J, k Pa3JIMIHbl, U PaBHA HYJIIO, €CJIM CPEIU 9uCes i, j, k eCThb
omuHaKOBbIe. [Ipm 3TOM 3HaK + Gepercs B TOM Ciydae, KOTJa Jjis Ipe-
obpazosanms Habopa (i, j, k) B HaboOp (1, 2, 3) Tpebyercss weTHOE UMCIIO
TpaHCIO3UIUi (IIepecTaHOBOK Iap COCETHUX JIEMEHTOB), & 3HAK MUHYC Oe-
peTcs B TOM CJIydae, KOrja TpeOyercs HedeTHOe IHCJI0 TPAHCIO3HITAA.

IIpumenenue coiictBa 4) 3aBepmaer Boraucsenue Gyakuua V(aq, az, as).
B pesynbrare momygaem

V(ala ag, (13) = Z(_1>caila’j2ak37

3
ik
dbyukuua V(a,, as, as), onpenenentas 3o bopMyIIoi, IelCTBUTEIBHO YI0-
BJIETBOpsAeT cBoicTBaM 1)—4), T.e. 3TH CBOHCTBA HENPOTHBOPEYUBBL U OJ-
HO3HAYHO onpenendaoT dyHrmuoo V(a,, as, az). CoracoBaHHOCTL CBOWCTB
1)—4) ¢ dopmymoit V = hS npusomut k Tomy, uro |V (a, as, as)| coBnamaer
C HEOPUEHTUPOBAHHBIM 0O'HEMOM I1apaJlilesIenuilesa, I0POKJIeHHOI0 BeKTO-
pamu ay, dg, ds.

Oupenenenue. Opuenmuposarnvim obsemom V(a, ..., a,) mapasie-
JIETIATIE A, TOPOKIEHHOTO BEKTOPAMH 1, . . ., (,, B IPOCTpaHCTBEe R™, HA3BI-

V(al, ey an) = Z(_l)caill . ai"n7

o 1
rae (—1)° — 3HAK TOACTAHOBKHU G = (z ) Herpynuo ybemurhcsi, 9TO

BaeTCd YHUCJIO

1 ... n

i in)’ a;; — KOODJIMHATHI BEKTO-

rae (—1)° —3HaK MONCTAHOBKU © = (
pa a;.
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Yucno V(ay, ..., a,), 3amagaoe 370l (opMysIoii, HA3HIBAIOT onpede-
aumenem mampuyvs A = (ai;)1<i,j<n 1 0603naqaror det A. CoBOKynHOCTD
HEBBIPOKICHHBIX MaTpull 06padyer rpymnny GL(n, R).

IIycre by =a; m AT = (bij)1<ij<n — TPAHCIIOHUDOBAHHAS MATDHIA.
Quementamu Mmarpunbl AT A cayKaT CKaJgpHBIE TPOH3BENEHHS BEKTO-
PoB a; = (G14, - - ., Qng) B a; = (G1j, - .., Gpny;). OnpenenuTens Tol MaTPUIBL
HasbIBaIOT onpedeaumenem I'pama. OH paBeH KBAIPATY OIPEIEIUTES MAT-
punbt A, T.e. KBaapary 00beMa napaJljieelnIela, HATIaHyTOrO Ha BEKTOPbI
A1y v vy Q.

Mer pacckasanm 06 onpeaenuTensx. Temepb CKaXKeM HECKOJIBKO CJIOB O
panre marpunbl. CHagama 1aauM aarebpamaecKoe OmpeIeseHue.

IIycrs A = (ai;)1<i<m — MaTpuma pasmepa m x n. Ounpegemurens mMar-

Sisn
PHUIBI, 3JIEMEHTHI KOTOPOIl CTOSAT HA MEepPeCeYeHu: P CTPOK W P CTOJOIOB
MaTpuibl A, HA3BIBAIOT MUHOPOM P-TO mopsiaka marpunbl A. Makcumass-
HBII TOPSAI0K HEHYJIEBOTO MUHOPA HA3BIBAIOT PaAH20M MATPHUILI. B TuHeHHON
airebpe I0Ka3bIBAETCH, YTO PAHI MaTPULBI COBHAJAET C MaKCHMAJbHBIM
9UCIOM JIMHEIHO HE3aBUCUMBIX CTOJIOIOB M MaKCAMAJIbHBIM YHCJIOM JIMHEH-
HO HE3aBUCHUMBIX CTPOK MATPHUIIHIL.

Teneps — reomerpudeckas uarepnperanus. CoorBercrsue x — Ax, rue
Z — N-MEepHBIl BEKTOP-CTOJI0EI, a A —MaTpuna pasmepa m X n, HHTepIpe-
TUpyeTcd Kak juHeiiHoe orobpazkenme m3 R™ B R™. Paur marpuis — 3To
Pa3MepHOCTH 00pa3a mpocTpaHcTBa R™ mpu 3ToM 0TOOpaKEeHMH.

W eme omHO momoyiHWTENFHOE 3aMedaHMe. MBI PacCKa3bIBAJIN MPO Be-
[IECTBEHHBIN eBKINA0B Mup. Ho MOXKHO OBbLI0 OB aHAJIOTMYHO MOCTPOUTH
KOMILIIEKCHBII Mup, 6a3upyo0muiics Ha KOMILIEKCHOM BEKTOPHOM IPOCTPaH-
cree C" co ckajsipubiM npomssesenuem (2, &) = 2,.&; + ... + 2,%,. (Bosee
TOTO, T€OPHUsI CTPOUTCH HAJ, JIOOBIM IIOJIEM, OJHAKO B OOIIEM CJIydae reo-
MeTpHYecKas HHTePIPeTalus 3aTPY/JHATEIbHA).

CuMIuIekChl U Iapbl

MuoxectBo C' B adpPpUHHOM IPOCTPAHCTBE HA3BIBAIOT SbINYKAbLM, ECIIH
BMecTe C JiroObiMu aByms Toukamu X, Y € C' 0HO COHEpXKUT U BECh OTpe-
30K XY.

Buonyxaoti oboaourxoti Touexk A, ..., Ay B adPUHHOM IPOCTPAHCTBE
HA3bIBAIOT HAMMEHbIIIEE BBIILYKJIOE MHOXKECTBO, COAEPKAIIee ITH TOIKH (T. €.
HepecevIenne BCeX BBIMYKJIBIX MHOXKECTB, COMepKAImX To9kl Ay, ..., Ay).

ITo-apyromy BBIIYKIIyIO 00OJIOYKY MOXKHO OLPEIEIUTH CJIELyOMUM 00-
pasom. PukcupyeM Tpou3BOIbHYI TOuKy O m paccMoTpuM MHOXKeCTBO C

— —
cocrosimee n3 KOHIOB BeKTOpoB M OA, + ...+ AyOAx, tme N, 20m > A, =1.
Jlerko mposepuTh, 9T0 MHOKecTBo C' He 3aBHCHT OT BhIGopa Touku O, a B
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ciaydae nByX Touek A; u A, oHO npeacrasiser coboit orpe3ok A; A,. Tenepb
y?Ke HECJIO’KHO 110Ka3aTh, 9T0 B 001eM cirydae C — BblyKJiast 000J049Ka, TO-
qek A, ..., Ay.

CoBokynHocTh TO9eK X;, 0 < i < k, B n-MepHOM a,(beI/IH_HO>M MIPOCTPaH-
CTBE Ha3BIBAIOT aPPurHo Hezasucumoti, ecin BeKTOpbl XoX;, 1 <i <k,
JnHENHHO He3aBUCUMBL. Boirykiyio obosouky n + 1 addurno HE3aBHCEH-
MOU TOYKH B N-MepHOM addOUHHOM TPOCTPAHCTBE HAZBIBAIOT 71-MEPHBIM
cumnaercom. OTHOMEPHBIH CHMILIEKC — 9TO OTPE30K, JABYMEDPHBIH — Tpe-
YTOJIbHUK, TPEeXMEpHBIH — TpeyrojbHas nupamuga. Cpeau CUMILIEKCOB B
N-MEPHOM €BKJIUIOBOM IPOCTPAHCTBE OCODO 3aMEYATENIbHBI NPAGUADHBLE
cumn.aexcol, y KOTopbIx jJymHbl Bcex pebep X, X; paBHBL

Hlapom pammyca 1 ¢ meaTpoM B To9ke O B €BKJIMIOBOM IIPOCTPAHCTBE
HA3bIBAIOT MHOXKECTBO TOYeEK, yJAajeHHbIX 0T O Ha paccTosiHue He 6oJIbIe T,
a MHOXKECTBO TOYEK, HAXOISANIUXCS B TOYHOCTH HA PACCTOSIHUY 7', HA3BIBAIOT
cepoti pamuyca r ¢ mearpom O.

Sagauu K riase 1

MHoromMmepHbIe TPOCTpPAaHCTBA

1.1. JokaKuTe, 9TO €CJIM BEPIINHBI TPEYTOJbHUKA UMEIOT PAIOHAIb-
HbIe KOOD/INHATHI, TO IIEHTD €r0 OIMNCAHHONU OKPY?KHOCTH UMeeT PAITNOHAJIb-
HbI€ KOODJIUHATHL.

1.2. Haiigure yros Mex Iy MIOCKOCTIMUI

121 + oo + a3T3 + a4 = 0, bll‘l + bQIQ + b3f173 + b4 =0

B pocTpancTse R3.
1.3. Haiinure KoopauHaThl BeKTopa B R, mapaJiiesbHOro JUHUAU Iiepe-
CedeHus MJIOCKOCTeM

a2, + asxs + a3T3 + a4 = O, blxl + bQIQ + b3l‘3 =0.

1.4. YKaxKuTe JBe JIByMepHBIE IJIOCKOCTH B R*, mepecekarommecs B 01-
HOH TOYKe.

1.5. VYkaxknTe Be CKpermuBamomuecs (T.e. He TapajuleJbHble U He mepe-
CeKaIoImuecs) qByMepHbIe IIocKocTh B R,

1.6. Touka A pacmoJioxkeHa BHyTpH cdepbl B mpocTpaHcTse R, a camo
npocrparcTBo R? momemeno B R?. Mozxkuo ju gsurats Todky A B R* Taxk,
9TOOBI OHA HH B KaKOH MOMEHT BPEMEHH He IepeceKasa cdepy, a B KOHIE
myTH oKasaJach 6bl cHOBa B R®, HO y»ke BHe paccMmaTpupaeMoii cdepbi?

1.7. B npocrpancTse R? pacrosioxkeHsbl IBe 3arenIeHAble OKPYKHOCTH
(cum. prc. 1.18 (a)). IIpocrparcTBo R* momemeno B R*. Moxkuo n omHy u3
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OKpy2KHOCTeil mepeMemaTh B R? Tak, 9T06bI OHA HE B KaKOil MOMEHT He IIe-
pecekaJia 6bl BTOPYIO OKPY?KHOCTb, & B KOHIIE KOHIIOB 00€ OKPY?KHOCTH OKa-
3aamch 661 cHOBa B R®, HO yke 6butn GBI He 3anermiens! (cm. puc. 1.18 (6))?

D) OC

Puc. 1.18
1.8. Cymma KBaIpaTOB IJINH HOPOEKIUH BEKTOPOB ay, ..., a4, € R" Ha
JIE00YI0 mpaAMYyIo ocTosiHHA. JloKaxkuTe, 9T0 Ipu HEKOTOPOM A € R BEKTODHI
Aay, ..., Aa, 0Opa3ylOT OPTOHOPMUPOBAHHBIN Oa3wUC.

1.9. a) MoxHO sm pacnosioKuTh B KyOe 9 To9ek Tak, 9TO0BI HOIAPHBIE
pPacCTOsiHUS MEXKJIy HUMHU ObLiv He MeHbiie d, riae d — ajiuHa pebpa Kyba?

6) MOKHO JI1 PACIIOJIOXKUTH B YeTHIPEXMEPHOM Kybe 17 Todek Tak, 4ro-
OBl IIOMapHBIE PACCTOSHUS MEXKIy HUMU ObLIN He MeHbIe d, rae d — JInHa
pebpa Kyb6a?

1.10. IIycts €4, . . ., €,, —OPTOHOPMUPOBAHHBIH ba3wuc, ay, . . ., @, — HEKO-
TOpbIAl HAOOP BekTOpoB. O0GO3HAYUM YroJi MEXKJy BEKTOPAMU €; U G; de-
pes3 ;. JJokaxwnure, 94TO ecau

cosay + ...+ cosa, > /n(n—1),

TO BEKTOPHI Ay, ..., 4, JAHEHHO HE3ABUCUMBI.

1.11. Tapsr paguycoB Ry, ..., R, c nearpamu A, ..., A,, B npocTpaH-
crBe R" mmeror obmyo Touky. Jlokaxkwure, 9ro eciam Touku B, ..., B,
TakKoBBIL, 4T0 |B; B;| < |A;A,|, To maps! paguycos Ry, ..., R,, ¢ nearpamu
By, ..., B,, ToXe UMEIOT OOIIyIO TOUKY.

1.12. a) B npocrpancree R?® naub! BEKTOPHI @, a3, (3, TONAPHBIE YIIIBI
MeXKIy KOTOPBIMHU He TyIbie. J{oKaskKuTe, 9TO OCH MPSIMOYTOJIBHON CACTEMBI
KOOPJIMHAT MOYKHO BHIOPaTh TaK, 9TO KOOPAUHATHI JaHHBIX BEKTOPOB OyIyT
HEOTPUIATEIBHEL.

6) B mpocrpanctee R™, n > 5, yKaxKuTe BEKTODPHI A1, ..., 45, MOIAPHBIE
yriibl Me)K,Z[y KOTOPBIMU HE TyI‘II)Ie7 HO IIPU 9TOM HEJIb34 BLI6paTb OoCH IIPpAMO-
yFOJIbHOI./,I CUCTEeMbl KOOpDJZIUHAT TaK, qTO6])I KOOPpAWHATHI JJaHHBIX BEKTOPOB
ObLIM HEOTPUIATEHHEI.
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Onpegenurenn

1.13. Jlokaxkure, 9T0 TOIKHU (L1, Y1), (T2, Yo) 1 (T3, y3) IT€KAT HA OQHON
OPAMOI TOTJa U TOJBKO TOr/A, KOTIa

r1 Y1 1
z2 y2 1| =0.
r3 Y3 1
1.14. JTokaxkuTe, 9TO
21 1 2 2 2 2\/, 2 2 2\/ .2 2 2
z2 Y2 22| < (@) + 75 +25)(Y) + Y +ys) (27 + 2+ 23).
T3 Y3 z23

1.15. IlycTs a, b m ¢ — AJIUHBI BEKTOPOB G4, G2 U G3; O, 3 U Y — yIJIBI
MEXKy BEKTOPAMU Gy U (3, G U Gz, G A Gy; V —00beM Iapaslie/enuiesa,
[IOPOXKJIEHHOTO BEKTOPAaMU a1, G U a3. JloKaxwure, 9410

V2 =a’b’c*(1 + 2 cosacosPcosy — cos” o — cos® B — cos” y).

1.16. Ilycrb @;; — ABYrpaHHBIH yros MexJy i-ii U j-ii TpaHAMH TeTpa-
sapa. Hokaxkure, 910

—1 cos@iz2 cos@i3 COSQia
cos@a1  —1  cos@a3 COS P2y
COS (31 COS (P32 —1 COS (P34
COS (P41 COS (P42 COS (P43 -1

1.17. a) [Jokaxure, aro obbem V,, cumiiekca A, ... A, 1, pacmonoxes-
HOTO B €BKJINZOBOM npocrpancrse E™, pasen hV,_,/n, roe V,_; —ob6bem
cumnsekca A ... A,, h— niuaa BbICOTHL, ONyIIeHHOM 13 BepmuHbl A, Ha
rpaib A; ... A,.

6) Hokaxkure, aro oobeM V,, cummuiekca A; ... A, ., paBeH

1
E|V(a1, ey Cl,,L)‘,

B —

rae a; = An+1Ai.
1.18. Ilycre V,, —obbem cumiurekca ¢ Bepumuamu Aq, ..., A, 11, d;; =

=|A;A;|. Jokaxure, 9ro
0 d?g d%,n+1 1
(—1)"*t d3 0 d%mH 1

V2 —_ —

n P |0 e ey
(n ) diJrl,l d%«ﬂ,z - 0 1

1 1 1
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1.19. Jan cummiekc ¢ Bepmmuamu A, ..., A, ycrs d;; = | A4,
R —pamnyc onmcanuoit cdepnl cuMmiuiekca, 1) — OnpeneinTe b u3 MpeablLy-
meit 3amaan. /lokaxxure, ITO

2 2
g d12 e d%,n+1
A d 0 d
R2:_ rIIe A: 21 2,n+1 .
oD’ T BT
2 2
dut1n dng1o - 0
1.20. Jokaxwure, 9yro Touku Ay, ..., A, , npocrpancrsa R™ jiexkar Ha

ommoit (n — 1)-mepHO#i cdepe nin B ONHON TMHIEPIIOCKOCTH TOT/A M TOJBKO
TOT' /1A, KOIAa

0 diy ..o diage
d3, 0 ... dinis|_ 0,
di+2,1 di+2,2 . 0
rae di; = |AiA;|.
1.21. a) Cdepsr pagmycoB 7y, ..., 7,41 B R"™! momapro Kacaiorcs apyr

apyra BHemHUM obpasoMm. /lokakure, 9T0

(54t = )2—( (Gt )
" — =n 7’% ’r‘i+1 .

6) Cdepsr pammycos 71, ..., 7,1 B R™™ 06pasyoT ApyT ¢ ApyroM OmuH
u ToT Ke yroua ¢. Jlokaxure, 91O

1 1 \2 1 1 1
(Et L) oo D)y L),
r1 Tn41 Cos @/ \Tq Th+1

(Yrnom mexy cdepamu ¢ mearpamu O u Oy, HEPECEKAIOMUMUACT B TOY-

Ke A, HasbIBaioT yroa Mexnay Bekropamu AO; u AO,.)

1.22. Janmer gucna d;; > 0, roe 1 <4< j <n+ 1. Jokaxwnre, uro B R”
cymecrByer cuMmiutekC A; ... A, ; ¢ namHamu pebep d;; TOrma H TOJIBKO
Torma, Korma mpu Bcex k=2, ..., n+ 1 muaa maroboro HabOpa pa3iAIHBIX

TO4YEeK Ail, ey Aik BBINIOJIHAETCA HEPABEHCTBO
2o diiy - dzﬂk 1
di2i1 0 .. diQik 1
(D)% o >0
2 2
dikil dikiQ 0 1
1 1 ... 1 0

(Mubivu ciioBamu, npu Beraucienun obbema cumiuiekca A, ... A;, 1o dop-
MyJie U3 3a1a9u 1.18 mosydaeTcs MOIOKUTEIBHOE IHCIIO. )
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T'eomerpusa cuMmniekca u Kyoa

1.23. Haiinure yros Mmexmay asyms (n — 1)-MepHbIMU rPaHAME OPABUIIb-
HOTI'0 M-MEPHOT0 CUMILIEKCA.

1.24. B npocrpancrse R?" 1! pacnosoxen (2n + 1)-mepnbiii Ky6 Tak, 410
KOOPJIMHATHI BCEX €0 BEPIIUH — IeJjible Yncia. Jlokaxkure, 9410 JyimHa pedpa
Kyba — meJjoe 9uco.

1.25. /lokaxkuTe, 9TO CyIIECTBYeT NABYMEpPHAs ILJIOCKOCTH, IT€PECEKAr0-
as 9eThIPEXMEPHBI CUMILIEKC, HO He [E€PECEKAOIIasi HU OJHOIO U3 €ro pe-
6ep.

1.26. Jlokakure, 9TO CyIIECTBYET CEUIEHHE N-MEPHOTO Kyba JIByMepHO
ILTOCKOCTHIO, SIBJISOIIEECS MPABUIIBHBIM 27-yTOJIBHUKOM.

1.27. a) lokaxkure, 9T0 4epes J00yI0 BHY TDEHHIOI TOYKY TPEXMEPHOTO
Kyba MOYXKHO MPOBECTH JABYMEPHYIO IJIOCKOCTB, MEPECEKAOIIYI0 BCe pebpa
Kyba BO BHYTPEHHIX TOYKax (T.e. HE B BEDIIUHAX).

6) Hokaxkmre, 9TO [epe3 JOOYI BHYTDEHHIOI TOYKY 7-MEPHOTO Ky-
6a MOXKHO TPOBECTH TPEXMEPHYIO IJIOCKOCTD, HepeceKaronyo see (n — 1)-
MEepHBIE TPaHU Ky0a BO BHYTPEHHHUX TOYKAX.

1.28. Cummiekc ¢ Bepumaamu Aj, ..., A, | Ha3BIBAIOT 0OPMOYEHMPU-
YeCKUM, €CJIM €ro BBICOTHI IIEPECEKAIOTCS B OJHOM Touke. Jlokarkure, 9TO
CHUMILJICKC 4dBJIA€TCA OPTOLEHTPUYECKUM TOI'/ZIa U TOJIBKO TOrda, KOr'Za BbI-
IOJIHAETCSA OJHO U3 CIIEJYIOIMX yCI0BuH.

a) Ilpu ¢ # j, 4, j # 1 Benuuuna (A, A;, A A;) He 3aBUCHT OT i | j.

6) Ilpu monapHO pa3iudHbIX 4, j, k, | pebpa A;A; u A, A; opTOroHaIBHEL.

B) Omaa u3 (n — 1)-MepHBIX TpaHeil ABIAETCA OPTONEHTPUIECKAM CHM-
IIJIEKCOM, IIPUYeM BBICOTA, OIIyIIEHHAasd HA Hee, IONAJAeT B OPTOIEHTP.

r) Ilpu nomapHO pasaudHbIX i, j, k, | BBIIOIHSAETCS COOTHOIIEHHE

AA? 4 A A2 = AA2 4 ALA? = AN+ AGAL. (1.1)

1) CymecTBYIOT TaKue 9UCHA g, - - ., Gny1 € R, a0 A; A% = a; + a;.

e) CymecrByer Takas Touka A, (OPTOLEHTP), UTO IPHU MOMAPHO Pa3-
JIMYHBIX 1, j, k, | Bomosaserca coornomenue (1.1). Ilposepere, uro B 3TOM
CiIy9ae CyIIeCTBYIOT TaKUe YUCHA Qg, . - ., Unptq € R, 9TO AiA? =a; + a;; 3R
YUCIIa, YI0BJAETBOPSIOT COOTHOIIEHUIO

agt+...+a,;, =0.

1.29. Ilycrs A;...A, .1 — OPTOUEHTPUYECKUN CHUMILIIEKC C OPTOIEH-
tpom H u nenarpom onucanuoit cdepst O. Hokaxure, 910

—

— —
OA1+..+OAn+1:(n—1)OH.



I'imaBa 2

A dduaHBIT MUp

AddunrHOE TPOCTPAHCTBO COCTOUT U3 TEX K€ TOYEK, YTO U EBKJIMJIO-
BO, HO B HeM oOmmpHee rpymmna mpeodbpasosanuii. [eomerpusa addurHOrO
Mupa OegHee, YeM reoMeTpPHus €BKJIMI0BA MHUPA, HO U B HEM HMEIOTCS BaXK-
Helimre 00bEeKThI: 9TO MUP JIMHENHBIX YDABHEHUH, TUHEHHBIX HEPABEHCTB U
BBIIYKJIOCTH. Kak U B mpeapLayeii riaBe (DaBHO KaK M BO BCEX IOCIJIELYIO-
mux), Mbl HA9HeM C npocreiimux abGUHHBIX IPOCTPAHCTB — OJHOMEPHOIO
¥ JIBYMEPHOTO, T. €. adpduHHON mpsaMoit n adpHUHHON MIOCKOCTH.

§2.1. AbdurHag npsaMasa U IJIOCKOCTH

Apudmernueckas moaesb adppuHHON IIPAMON

Mopenbio addUHHON NpPAMO SB/IETCs, KAK U B €BKJIMIOBOM CIIydae,
npamas R. [eomerpudeckn adbuHHYO IPIMY0 MOXKHO MBIC/IUTH KAK HEN3-
rubaeMblil CTepPKEeHb, KOTOPBIi, OMHAKO, MOXKHO PAaCTATHBATH.

Broibepem Ha 3TOM CrepkHE TOUKY, 0003HaunM ee (), BbIOEPEM I10JI0XKU-
TeJIbHOE HAIlPaBJIEHNe, MACIITad M MOJIYyYNM BO3MOXKHOCTB KaXKIOW TOYKE
npsmoit X HOCTaBUTH B COOTBETCTBHE ee KoopamHaTy . lloka Bce Kak B
eBkmnoBoMm ciaydae. Ho B adpdburHOM ciryuae macmTad He (DUKCHPOBaH,
PaCCTOSHUS HE BBONATCS, JOIYCKAIOTCSA BCEBO3MOXKHBIE TOMOTETHH (PACTS-
JKEHISI WIN CKaThs B JII000e IMCII0 Pa3) € MEHTPOM B JE00O0H Touke. JTO
3HAYMT, 9TO NpeobpasoBanus adduHHON npsiMoit nmetor Bux T’ = oz + 3,
a#0, a, B € R. Tax omucsiBaeTcsa Mozens abdunnoit npamoit. Ha addumnoit
[pPSMOIi, KAK MBI CKa3aJjId, PACCTOSHUE HE BBOJIUTCS, HO OIPEIEJIEHO IOHSI-
THE npedeavhozo neperoda: lim X, = X, ecau B HEKOTOPOH KOOPAUHATHOMN

n—o0

cucreme , — & (z, 1 £ — KoOpAuHATHL ToueK X, u X ); pe3yJbTaT HE 3a-
BHUCHUT OT BBIOOpaA CHCTEMBI KoOpauHAT. Takum obpasoM, adduHHAS MPsAMas
HE UMEET METPUYECKON CTPYKTYPBI, HO UMEET TOMOJOTUIECKYIO CTPYKTYDY.

Apudmerndeckas moaesib adpPUHHOM IMJIOCKOCTH

Mogenbro addUHHONE MIOCKOCTH CIy?KUT, KAK U B €BKJIAIOBOM CIIydae,
npocrparcTBo R? ymopsimogennasbx nap (7, T3) BEMECTBEHHBIX IHUCENI. JTO
TOYKU. A uUX COBOKyIHOCTH — caMa adpduHHaAA ILIOCKOCTh. Hapsamay ¢ Tod-
KaMHU MMeeTCsl BTOpOil BakHeHmmii 06bekT — npsivble. 910 (Kak u paHee)
JINHUU YPOBHs JINHEWHBIX (DYHKIUH UJIM MHOXKECTBA TOYEK, Y/I0BJIETBOPSIO-
MUX YPaBHEHUAM G,T; + AyTy = b, rrie a? + a2 # 0. JIpnxenusvu acbduaHOM
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ILJIOCKOCTH Ha3bIBaIOT B3aHMHO O/IHO3HAYHLIe 0ToOpaskenus R? Ha cebs, ume-
Omue BU/L f(3317 352) = (alll‘l + @12%2 + Q1, A21%1 + G22T2 + (12)-

Te cBoiicTBa reomerpudeckux (GUryp, KOTOPbIE COXPAHSAIOTCH OpH ad-
(GUHHBIX TPe0OPA3OBAHUIX, HA3BIBAIOTCA apdurtvimu ceoticmseamu. K amc-
sy adDUHHBIX CBOICTB OTHOCATCS: MAPAJLIEIBHOCTD MPSIMBIX; BBIILYKJIOCTD
duryp; oTHOIIEHEE, B KOTOPOM TOYKA JEJIUT OTPE30K; CBOMCTBO OBITH Meaua-
HOIT TPEYTOJIbHUKA; OTHOIIIEHUE JJINH OTPE3KOB, JIE2KAIUX Ha ITapaJijIe/IbHBIX
OpAMBIX, W T.II.

JI:000#1 TpeyroJbHUK SBASETCS 00pa30M MPABWIHHOTO TPEYTOJbHUKA
npu HekoTopoM adduaHOM mnpeobpazoBanuu. llodTomy ecim HyKHO mO-
Ka3aTh Kakoe-T0 addUHHOE CBOICTBO TPEyroJbHHKA, TO €r0 JOCTATOYHO
I0OKa3aTh [JId KAKOrO-TO OJHOIO TpeyrosbHuKA. Hampumep, odeBumHO,
9TO MeIauaHbl IIPAaBUJIBHOI'O TPEYrOJIbHUKA II€PECEKAI0TCA B OILHOI‘/’I TOY-
Ke W JeJSTCS 9TOH TOYKOM B oTHOmmeHnH 1 : 2. 3HAYUT, MeaUaHBI JIFOOOTO
TPEyroJbHUKA II€PECEKAIOTCA B ONHOI TOYKE W AeJIATCA 3TOH TOYKOH B
oTHOMmeHnu 1 : 2.

AbcrpakTHOe onpenesnenne apPUHHOIO N-MEPHOrO IPOCTPAHCTBA OBLIO
IaHO B 1epBoii ryase. Ecium cunenmann3upoBaTh 9TO OUPEE/IEHHe Ha JBY-
MEpHBII Cjydail, TO KaK pa3 W MOJYYUTCS TPOHKa, COCTOSINAs U3 TOYEK,
BeKTOpoB U3 R? 1 omepaluy MpUIOKEHNs BEKTOPa K TOUKE.

Tak onuceiBaerca apudmerndeckas monesb addburaol reomerpuun. Ca-
MO 2K€ 3TO IOHATHE BO3HUKJIO IIOCJIE MOSBJIECHUS YPJIAHTEHCKON IPOrPaMMBbl
Kaneiina.

B addunHoil reomerpun KIIFOUEBYIO POJIb UIPAOT aAPHUHHBIE MHO2000-
pasus. Ha IUTOCKOCTH 9TO TOYKH, MPsIMBIE W BCHA ILIOCKOCTh. B dukcupo-
BaHHOI cuCTeMe KOODAWHAT TOYKHU — STO HAPBL (T, Ty), IPAMbBIE 3aJa0TCA
YDaBHEHHEM G,Z; + ATy = b, a3 + a3 # 0, u npu STOM UpAMBIE, 3aJAHHBIE
9THM yPaBHEHUEM U yPaBHEHUEM Aa,T; + AayTs = Aby, A # 0, — coBIAIAIOT.
Ormerum, uyro sobas npsimas jgenut adpduuHyio miockocts A? Ha Tpu ya-
CTH — JIB€ OTKPBITHIE MOJIYIIOCKOCTH U CaMy MpsiMy0. B KoopauHaTax OHH
3aJAI0TCA TaK: A1X1 + Aoy > b, 1% + asxy < b m a2, + axx, = 0. Jlobas
TOYKA IPUHAJIEIKAT OTHOMY U3 STHX TPEX MHOXKECTB, U ecjiu X IPUHA/JTe-
2KUT [IEPBOI MOJTYILIOCKOCTH, & X, — BTOPOIi, TO 0Tpe30K X; X, 00s3aTe/IbHO
repeceder MpsIMYyI0, PA3/Ie/sIOnLyo 00e HOJLyIIIIOCKOCTH.

Ilepexommm K ABYM OCHOBHBIM TEOPHUSIM — JIMHEHHBIX YPABHEHUN U BHI-
MYKJIBIX MHOXKECTB.

JIuHeilinble ypaBHEHUS HA ILJIOCKOCTU

Hamra mess — onmcaTh MHOYXKECTBO PEIIeHni CUCTEMBbI YPaBHEHII

ai1171+ai2$2:bi7 1<i<N.
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Onno Takoe ypaBHeHHe 3amaer npamyro. Crenyomasa m BakHeWmas CTy-
IEeHb — JIBa YPaBHEHUA C ABYyMiA HEN3BECTHBIMMU:

1171 + G12T2 = by, (2 1)

2171 + G22T2 = by. '
Or6pocum cayuaii, xorma BCe a;;, b; paBbl Hymo (rTorpa Jrobas mapa
(21, ) — pemennme). Kaxmoe u3 3TuX JByX ypaBHEHHW 33/aeT IPAMYIO.
BosMoxkuBI Tpu BapuaHTa: Ju6O ITH MPsSIMbIE COBIIQJIAOT, JIUOO HE MMEIOT
00X TOYEK, OO0 MEPECEKAIOTCS B OTHON TOYKE.

Teopema 1 (0 permeHnEm CHCTEMBI IBYX yPABHEHHUII C [BYMs HEM3BECT-
BeIME). Jas moz2o wmobv cucmema (2.1) umena pewenue, Heobxodumo u
docmamouno, wmobov. aubo mpotky (a1, aia, —by) u (@ay, Gog, —by) ObL-
AU NPONOPYUOHAALHL, AUGO onpedeaument cucmembvr det A =det(a;;)1<i j<2
6o omauven om nyas. Bo emopom caywae pewenue cucmemos (2.1) edun-
CMBEHHO U 3a0aemcs PoPMYAAMU

r _detA1 r _detAz 20e A, — (b1 a12> A, — (a11 bl)
17 det A 727 detA’ 7 \be a2/’ 7?7 \aa be

(dopmynsr Kpamepa).
Teopemy 1 moxkHO nepedopMyaIupoBaTh TaK: JJI TOIO 9TOOBI CHCTEMA,
(2.1) GpuIa paspemmMoii, HEOOXOANMO U JOCTATOYHO, YTOOBI DAHT MATPUIIbL
_ (an a2

an ) COBIIQIAJI C PAHIOM PACIIAPEHHON MATPHIIBI
21 22

A — (an a2 *b1>
az aze —ba)’

Eciu panr marpunst A paBeH AByM, pellleHue €JUHCTBEHHO U 33aeTCst hop-
mynamu Kpamepa.

HokazaTenbcTBo. lamum nBa pemreHns — ajredpandeckKoe u reo-
MEeTPHYECKOe.

Aunzebpauneckoe pewenue. [JomuOXKMM nIepBoe ypasHerue B (2.1) Ha aqg,
BTOpPOE — HA (12 U BbIYTeM u3 nepsoro Bropoe. Ilomydnm

(auazz - 012021)151 =102 — b1ayo.

Amnangormaso
(auazz - a12a21)x2 =bya1; — baay;.

3uauur, eciau det A = a11a95 — A12G9; 7# 0, TO perneHus BbIpazKaiTca (op-
ail ~_ a2

mysnamu Kpamepa. Eciu ke det A =0, To — = —=, u JjIg CyII[eCTBOBaHUS
a1 a2

pellleHns ypaBHEHNST HEOOXOIUMO U JJOCTATOYHO, YTOOBI 9TO OTHOIIEHNE PaB-

1
HAJIOCh OTHOMIEHHIO o=, HTO 1 TPebOBAJIOCH.
2
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T'eomempuueckoe pewernue. MHOrme KpacuBble W Ba)KHbIE [€OMETPHYe-
ckre (aKThl BHIHBI KaK ObI Cpaldy, HAJI0 TOJBKO HAPHUCOBATH YEPTEK WU
MPOU3HECTH COKPOBEHHOE CJI0BO: «cMOTpH!». Tak u 31ech. Bcmomunm: ompe-
JeJnTeJIb MATPUIbl €CTh IIOMAJb IlapaJiiesiorpaMMa, IIOCTPOEHHOrO Ha
BEKTOpaX, 337aBaeMbIX ee crojbmamu. Temeps dopmyna Kpamepa memo-
CPEeJICTBEHHO CjenyeT U3 puc. 2.1, HajO TOJBKO BHUMATEJIHHO IIOCMOTPETH
Ha HEro0 W IPOJyMaTh HPUBEIEHHbIE 101 HuM (opmyibl. Tak — cmorpu!

b+a?

T2a

1

cl=ria

Puc. 2.1

Sanmmrem paccMaTpUBaeMyIO CHCTEMY YPaBHEHUI B BALE T a’ + T2a> =b.

Torma

. SOCI(Cl+a2)a2
Ty = S )
0al(al+a?)a?

b
SOEI(EI+(12)(12 = SOb(b+a2)a2 = det( ! alz) =det Ay,

by a2z
det A;
SOal(a1+a2)a2 =detA — I, = m O

Caenctue 1. /J[se pazauwhvie nepeceKaouuecs npamole nepecerarom-
cA 68 00Ot mouKe.

CaencrBue 2. Yepes a106y10 mouky nporodum poeHO 00HA NPAMAL,
NAPAALEALHAA 0GHHOT NPAMOT.

CnencrBue 1 HemocpeicTBeHHO BbiTeKaeT u3 Teopembl 1. Jlokarkem
cnencreue 2. Ilycrs ayx; + apxy =b — upsamas n (&, &) — Touxa. To-
rIa a1T; + aaXe = a18y + ax&y — npaMad, mapaJjielibHas IaHHOW, W eciin
a)x, + ayr, = b — HekoTOpag Apyras npsaMas, IapajjielbHas TaHHOM, TO
mo TeopeMe 1 MBI mosmydaeM a) = Aai, G5 =Ada, T.e. b =Na,&; + Aasls,
mo3ToMy 00€e IpsiMble COBIIAIAIOT.

Jlis 3aBeplieHUs TEOPUU JIMHEHHBIX YPABHEHUIN OCTAJIOCh PACCMOTPETH
cay4qaii cemeiictsa {a;1 21 + a9y =b;, i € J}, cocrosmero u3 Gosee 1em qByX
YDPaBHEHHIL.
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BosmoxkHO, Bce mpsMble, 33/1aBaeMble YPABHEHUSIMU CEMEICTBa, COBIIA-
JIAIOT. DTO IPOU30UIET B TOM U TOJBKO TOM CIydae, KOoraa (a1, i, —b;) =
=Ni(a11, @12, —b1). Bo3MOXKHO, BCe mpsiMble TPOXOAAT UePe3 OAHY TOUKY.
biajz — bj ai2
D710 DyJeT B TOM M TOJBKO TOM CJjy4Yae, KOrJa BeJMYMHbl — I~
a;1a52 — A;1442

bj a1l — bz‘ aj1 . .
—————" He 3aBUCAT OT BbIOOpA ¢ U j. B ocranmpbHBIX ciiydasx «pere-
;1052 — Q51032
HEEeM» Oy/eT IIyCTOoe MHOXKECTBO.

OTMeTI/IM, 9TO MBI JOKAa3aJIn CJIeAYIOH.LHﬁ pe3y.HI)Ta,TZ peH_IeHI/IeM CUCTEMBI
JMHEAHBIX paBeHCTB sBJseTcs abdUHHOE MHOXKECTBO (ILyCTOe MHOXKECTBO,

TOYKa, IpAMad UJIN BCA I'IJIOCKOCTI)).

Breinykiias reomerpusi Ha NJOCKOCTH
¥ Teopus JIMHEMHBIX HEPABEHCTB

[TonsiTue BBIYKJIOCTHU IOBUJIOCH B AHTUYHbIE BpeMeHa — APXUMe/| BJIaJIesl IOHATUEM
BBINYKJIOH moBepxHocTH. Ho Teopust BeImyKIIBIX duryp pommmacs numsb B XIX B. Teopuro
BBIIYKJIbIX I10BepxHOCTeil pasBuiu Komwu, Basmke, I'. Beitinp u gpyrue. Hagana reopuu
BBINYKJIBIX (puryp O6b1au pa3paboransl B KoHre XIX—nagame XX B. Munkosckum. IIpu-
MEepHO TOIJia 2Ke BBISCHIJIACH CBA3b M€OMETPHH BBHIIYKJBIX (PUIYp C TeopHeil JTHHEeHHBIX
HepaBeHcTB. Ho TOuYHas MareMarmdecKas TeOpHUsl TAKHX HEPABEHCTB ObLIa IOCTPOEHA
JIHIIb B KOHIE TPHALATHIX—HadaJle COPOKOBBIX rooB XX B.

Hanomuum: muokectBo C' B addUHHOM TPOCTPAHCTBE HA3BIBAIOT BbI-
[yKJIBIM, €CJIM BMeCTe C AByMs Todkamu X u Y, eMy [IPUHA JIEXKAIIUMH,
Bech orpe3ok XY npunagiaexnt C.

Ha addunnOil miockocTn onpe/ie/ieHO TOHSATHE TPEAETIBHOTO IePEeX0/Ia;
X, — X, eciu B HEKOTODOH CUCTEME KOODIAUHAT X, — X1, Lpa — Ly, TIAE
L1, Ty — KOOPAUHATHI TOUKU X, X1, Ty —KOOPAUHATHI TOYKHU X . flcHO, 9TO
OT CHCTEMbl KOODJIMHAT Ipejesl He 3aBUCHUT. DTO npeBpammaer abuHHyO
[JIOCKOCTDH B TOIIOJIOTUYECKOE IIPOCTPAHCTBO, W, 3HAYUT, B HEM OIIPE/IEIEHbI
IIOHATUA «HEIIPEPbIBHOCTU», «OTKPBITHIX» 1 <<3a,MKHyT])IX>> MHO>KECTB.

MuoxecTBo C' Ha3BIBAETCA 3GMKHYMBIM, €CJTA OHO COIEPIKUT CBOU IIpe-
JenbHbIe TOYKU. VIHBIMU CJI0BaMU, €CJIU MOCIEI0BATEILHOCTD ToUeK X; € C
cxomuTes K Touke X, o X € C.

MHuoxkecTBa, JOMOJHATEIbHbIE K 3aMKHYTHIM, HA3bIBAIOTCI OMKDbITbL-
mu. Bor apyroe onpenenenne. MuoxectBo C' Ha3bIBA€TCsi OTKPBITHIM, €CJIN
(B HEKOTOPO! KOODAMHATHOI cucTeMe) BMecTe ¢ TOUKoi A = (ay, as) OHO
npu HekoTopoM 7 > 0 CcomepKUT Bech OTKpHITHIH Kpyr {X | (z; —a;)? +
+ (z2 — a2)? < r?}.

Bunyxavim 3amvikanuem MHOXKecTBa C' HA3BIBAETCS [IEPECEYEHHE BCEX
BBIITYKJIbIX 3aMKHyTLIX MHO2KECTB, COAepzKallux C

ﬂHHeﬁHbIMH HEepaBeHCTBaMu C ABYMA IIEPpEMEHHBIMU HA3BIBAIOTCA HEPa-
BEHCTBA BHJA (1%1 + oo < b (i > b, mim < b, mam > b). 3aMeHol 3HaKa
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BCce MOXKHO cBecTd K < u <. B arom myHkTe Oynem paccMaTpuBaTh, Kak
MPABUJIO, HECTPOrME HEPABEHCTBA, <.

OjHa U3 HAIUX Tejieil — OmrcaTh MHOYXKECTBO PEIIeHU! CHCTeMbI JITHE-
HBIX HEPABEHCTB (14T + Uoq s <Dy, A€ A, rne A — HEKOTOpOe MHOXKECTBO HH-
JeKCOB. MHOXKECTBO (X1 + dsZo <b—3T0 3aMKHYTas ITOJIYIJIOCKOCTh. TakuM
06pa30M, MBI XOTHM OIHUCATH [I€PECEYEHNE 3AMKHYTHIX HOJIYILIIOCKOCTEH.

TeOpI/IH BbIITYKJIbIX MHO2KECTB U TeOopud .HI/IHGﬁHbIX HEPaBEHCTB OIIUpPa-
FOTCS Ha CJIEIYIOIINE JIBE TEOPEMBI OTIEJIMMOCTH.

Teopema 2 (mepBasi TeopeMa OTIEJMMOCTH Ha IutockocTn). Henycmoe
sonykaoe (ne obasamesvro damrnymoe) muoocecmso C 6 apdunmol naoc-
Kocmu mootcho omdeaums om mouku A, emy ne npunadaescawets (m. e.
nposecmu npamyro max, ¥mo C aencum yeauxom 6 00not 3amKHymot no-
aynaockocmu, a A — aubo 6 dpyzot omxpumot, Aubo Ha camoli NPamoL).

Teopema 3 (BTOpasi TeOpeMa OTAEIUMOCTH Ha IIOCKOCTH). Bunykaoe
samrnymoe (nenycmoe) mnoocecmso C 6 addunnoti naockocmu moocHo
cmpozo omdeaums om mouku A, emy ne npunadaescawet (m.e. moorc-
HO mposecmu npamyro max, ymo C 6ydem aesxtcamv 6 00HOU 3aMKEHYMOU
noaynaockocmu, a A — e dpyaoti omrpumo).

Jlaanm aHaJIUTHIeCKoe JOKA3aTeIbCTBO TEOPEMBI 3 U HAOPOCOK TeOMeT-
PUYECKOTO J0KA3aTeIHCTBA TEOPEMBI 2.

Jloka3aTesbCTBO TEOPEMBI 3 OMMPAETCS HA M3BECTHYIO TeopeMy Beiiep-
mrpacca: Henpepovishas gynryua na R? docmuzaem na ozpanusennom 3a-
mMEHRYMOM nodmmuoorcecmee R? ceoeti nuoicneli epanu. B mamem ciydae B
KadeCTBe HENPEPHIBHOM (DYHKIINNA BO3bMEM PACCTOsHUE 10 (DUKCHPOBAHHON
TOYKH.

dokazareabcrBo Teopembl 3. Ilo ycmoBuro muOXKecTBO C Hemy-
CTO, II09TOMY B HEM MOXKHO BbIOpaTh HEKOTOPYIO TouKy Y . [Iycre C —mepe-
cegenne MHOKkecTBa C' U 3aMkHyTOro mapa B pammyca |AY'| ¢ nearpom A.
MuoxectBo C'} 3aMKHYTO U OIrPaHUYEHO, I0ITOMY 110 Teopeme Beiftepurrpac-
Ca PacCTOsSHUE OT TOUYKH A /10 TOUeK MHOXKeCTBa C)] IOCTUraeT MUHUMYMa B
umekoTopoii Touke O € C. Ilpu 5TOM MUHMMAJIHLHOE PACCTOSTHAE OT TOYKU A
1o rouek muOxKecTBa C' Toxke pasHO |AO|. HelicrBurensno, eciu Z € C' u
Z ¢ Cy, To Z nexwmr BHe mapa B, nosromy |AZ| > |AY| > |AO|.

Bruibepem nekaproBy cucremy koopaunar ¢ HadasoMm B Touke O. [Tycrs
(a1, as) — xoopmuaarsr Touku A. ITokaxkeMm, 4To mpaMasd T,d; + Toay =0
CTPOTrO OTAENAeT TOUKY A oT MHOXKecTBa C, T.€. 2101 + 2205 < 0 1y1s 10601
rouku Z = (z, zp) € C. lIpegnonoxum, aro Z € C' u z,a1 + z2a, > 0. Muo-
skecTBO C' BBIIYKJIO W COAEPKUT TouKH Z = (21, 25) m O = (0, 0), mosTomy
OHO cozepuT Toukn Z; = (tz;, tz;) npm 0 < t < 1. Kpome Toro,

|AZ,|?=(a1—tz1)*+(as—t25)? =a’+a5—2t(a1 21 +as2,) +1° (23 +22) <al+al
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a1z1 + az22
22 + 22
JexRuT Omxke K Touke A, uem Touka O. Ilomydeno mpoTuBopedne. O
Hab6pocok mokasarennbcTrBa TeopeMmbl 2. KEcim mHOXKECT-
Bo (' jieXXUT Ha MPSMOii, TO BCE MPOCTO: cama mpsaMas — uckomasa. Ecau C
He JIEXKWUT Ha IPAMOI, OHO 00JIaaeT «BHYy TPEHHUME» ToIkamu (Touka X € C
HA3bIBAETCs BHYTPEHHEN, €CJIN CYIECTBYET OTKPHITOE MHOXKECTBO, COIEPXKa-
Iiee 9Ty TOUYKY ¥ comepxKareecs B C'). 1o mepBoe, 9TO HAJO JT0KA3ATh.
3areM BO3bMEM BHYTPEHHIOI TOUKY X MHOXKecTBa C, pacCMOTPHUM Mpsi-
MYI0, Ipoxodniyo depe3 A u X, u HaYHEM <«BpAIIATh» ITY NPAMYIO BO-
Kpyr A, 10 Tex mop MOKa Ha IOBEPHYTOM Jiyde He Oy/leT «B IEpPBbIA pa3»
BHyTpeHHuX To4eK u3 C. (Ha,qo OIIPEJEIUTh, YTO ITO 3HAYUT — «BPAILATH»

mpu 0 <t <2 . CuremoBarennsro, npu maabix t > 0 Touka Z, € C'

U 9TO TO 3HAYWT — «B NEPBBIA pa3».) Halinennas npavas Gyner mckomoi
(z 9T0 HyKHO 0GOCHOBATB). O
9TO0 I0KA3aTENIHCTBO MOXKeT OBITh (DOPMAJIIM30BAHO, HO TOIIA PUIETCS
BBOJUTH KOODJMHATHI U HOJIH30BATHCS TEOPEMaMH MaTEMATHIECKOrO0 aHa-
sau3a. Ho oHO Besp 10CTATOYHO HAMISAAHO U yOEeIUTeIbHO — He TaK JIu?!
A Teepb OIUIIEM PeImeHudA CUCTEMbI JUHEHBIX HEPaBEHCTB.
Teopema 4 (onucanne CHCTeMBI JUHEHHBIX HEPABEHCTB HA IJIOCKOCTH).
Pewenuamu npousdeosbHbT CUCTEM HECTPORUL AUHETHBIT HEPABEHCTNE A6~
ASNOMCA BVINYKABLE 3AMKEHYMBLE MHONCECTNEA, U MOADKO OHU.
Iloka3zaTeabCTBO. BblI0 00bsICHEHO, YTO JOCTATOIHO OPATH JIMIIH
mepasencTsa <. Ilycrs

141 + Aoy Lo g bm7 o e A7 (2.2)

— HEKOTOpasl CHCTeMa HeCTPOruX HepaBeHCTB. llycte Touku (z, 2p) u
(2}, x},) ymoBnersopsroT BceM HepaseHcTBaM. Torma Touka (tx; + (1 —t)z},
tzs + (1 —t)z}) ynosiersopseT BceM HepaBeHCTBaM u3 cucremsl (2.2). Kax-
Jl0€ HEPABEHCTBO ONMCBHIBAET 3AMKHYTYIO IIOJIYILIOCKOCTb, & II€pecedeHue
3aMKHYTBIX MHOXKECTB 3aMKHYTO, 3HAUUT, cHcTeMa (2.2) ONUCHIBAET HEKO-
TOpPOE 3aMKHYTOE BBIIYKJIOE (MOXKET ObITh, IyCTOE) MHOXKECTBO.

Ilycte Temeps C' — HEKOTOpPOE 3aMKHYTOE€ BBIMYKJIOE MHOXKECTBO. Ec-
ma C coBnagaer co BCell MIOCKOCTHIO, To C' €CThb pelmeHne HEPABEHCTBA
0z, 4+ Oz, < 0. ITycrs C' e coBuauaer co Bceli m10ckoCcThIO. Torma Haiiaer-
ca rouka X ¢ C'. Ilo BTopoit TeopeMe OTIeJUMMOCTH CYIIECTBYeT 3aMKHYTast
HOJIYILUIOCKOCT, comepxKarmasa C.

PaccMoTpuM Temeps mepecevenne 6cer 3aMKHYTHIX MOJIYIIIOCKOCTEH, CO-
nmepxkamux C. OHO mpezacrapisieT COHON HEKOTOPOE 3aMKHYTOE BBIITYKJIOE
muoxkectBo C’, comepxkaiiee C. Eciau nomycrurh, 9T0 CyIIECTBYeT TOYKA
ZeC\C (r.e. Ze€C' u Z ¢ C), MBIl cpa3dy ke NPUXOAUM K HPOTHUBODE-
910, IPUMEHUB CHOBA BTOPYIO TEOPEMY OTIEIMMOCTH U IIOCTPOUB IIOJIY ILJIOC-
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KOCTbh, comepxkantyio C u He comepxamryto Z. Urak, C' ecrb mepecederue
3aMKHYTHIX [OJIyIIJIOCKOCTEH, a 3HA4NT (B HEKOTOPOIT CHCTEMe KOODIMHAT) —
penenune CuCTeMbl HECTPOTHUX JUHETHBIX HEPaBEHCTB. O

B sTom cocTonT ,I[BOI‘/,ICTBGHHOG OIIMCaHHW€ BBIIIYKJIOCTH: BBIIIYKJIO€ MHO-
KECTBO €CTh OObEIMHEHHE CBOUX TOYEK U IMEPECEUEHME COIAEPIKAIIUX €ro
OJIYILIOCKOCTEI.

WNcropudyeckuii kommeHTapuii. Teopema 0 TOM, 9YTO Kark/0€ BBIILYKJIOE MHOXKe-
CTBO €CTb IIepecedeHne IOJIYIJIOCKOCTeH, U ee 00ODIIeHNe Ha N-MEPHBII Cirydail IpuHaI-
nexar I'. MunkoBCcKOMY.

TI'epman Munxosckuti (1864—1909) — 3amedaTenbHbI HEMENKHNA MaTeMaTunk u pu-
3UK, OOUH u3 6imxkaiimux apyseii laBuma 'unpbepra. [locTponn Havaa TeOpun BBIILYK-
sbix MHOKeCTB (B KHHUre «[eomerpus ancen», 1896). Unen reomerpusanum peann3oBas B
dusuKe, 1aB reOMeTPHIECKYIO0 HHTEPIPETAINIO CIIENNATIbHON T€OPUH OTHOCHTEIBHOCTU U
BBeJif YEeThIPEXMEPHOE NPOCTPAHCTBO C runepbosindeckoil merpukoii (06 3ToM peub Bie-
penu). Ilpenonasan B yHuBepcurerax KémurcGepra, Bepnmnua, Lljopuxa n IerTumHrena.
Opaum u3 ero crygenToB B Lljopuxe 6pw1 Ditamreitn. Tor me npounssen na MunkoBCKOTrO
GOoJIBIIOrO BIEYATIIEHAS, IOKA3AJIC €My MeAIuTeNbHbIM TyrogymoM. ([losesHo mmers B
BHJY, UYTO He BCe JIOAH, KOTOPBIM CY2KJeHO YTO-TO CAeslaTh B HayKe, OJIICTAIOT Ha CeMH-
Hapax M OJMMIINAJ(AX.)

Havana Teopun JMHEeHHBIX HepaBeHCTB ObLIN 3ajoxkeHbI Takxke B XIX B. (Pypbe),
3aTeM MHOroe 6b110 caenano B Hagane XX B. (Base-Ilyccern, Boporoii, I'. Beiinb u npy-
rue). Ho ocoGeHHOro pasBuTHS 9Ta TEOpPHs [JOCTHIJIA B COPOKOBBIE rompl XX B. HOCIeE
roro kak Kanropoeuuem y nac (B 1939r.) n Kynmancom B CIIIA (B Hagase COPOKOBBIX
rozos) GbLIa yCTaHOBJIEHA IPUJIOKAMOCTD TEOPHU K 9KOHOMHYECKHM IIpobseMaM. 3a 9TO
uM B 1975 r. 6112 npucyzkaena HobeseBckas mpemMusi IO SKOHOMHYECKAM HAyKaM.

N eme omua BaxKuBI DAKT JIOCKOH BBIMYKJIOW T€OMETPUN XOTEIOCH ObI
Ha3BaTh: TeopeMy MUHKOBCKOTO O KPAHUX TOIKAX.

Touka X, npunasgyexamas MEOXKecTBY C, Ha3blBaeTCd Kkpatinet, eCiu
OHA He HABJIZETCS BHYTpPEHHEN TOYKOW HUKAKOTO OTPe3Ka C KOHIAMU, MPH-
HayiexKamuMu MHEO2KecTBY C.

Teopema 5 (MunkoBCKHit). Boinyrioe 3aMEHYMOE 02DAHUNEHHOE NAOC-
KOE MHOHCECTNBO ECMD BHINYKAOE 3AMBIKAHUE CBOUL KPATHUL TOYEK.

HamoMmumM: BBITTYKJIOE 3aMBIKaHHE — I€pecedeHne BBITYKJIBIX 3aMKHY-
TBIX MHOYKECTB, COAEPKAIIUX JAHHOE.

HdokazareabcTBo. Jamum cHawgansa reoMeTpmdecKoe ITOKA3aTEIb-
CTBO 9TOil TeopeMbl, a moToM opmamdyeM ero. s MHOXKeCTB Ha IIps-
MOU TeopeMa O4YeBHUIHA: BBIMYKJI0€ 3aMKHYTOE OTDAHUIEHHOE MHOYKECTBO
Ha MPAMOU — 3TO OTPE30K, KpailHWe TOYKU — ero KOHITBI, a CaM OTPE30K —
UX BBIIYKJIas 060I09Ka (COBIAJAIOMA C BBILYKIIBIM 3aMbIKAHIEM ).

IIycts MHOXKECTBO 1I0CKOE. BO3bMEM €ro BHYTPEHHIOIO TOYKY, ITPOBEIEM
9epe3 Hee MPAMYH0 W HAYHEM €€ JBUTATH MaPAJUIENbHO (B OFHY CTOPOHY)
BILJIOTH JI0 TOTO <ITOCJIEIHEr0» MOMEHTA, KOT/Ia IPAMAas HAYHET «Che3’KATh
CO MHOXKeCTBa». B 3ToT «mociiemauii>» MOMEHT npsiMas emre Oymer mepe-
cekarbca ¢ C' mo oTpesKy, a camMo MHOXKecTBO (' OyIeT JieKaTh MO OIHY
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CTOPOHY OT 3T0i1 psimoii. HeTpymHO NOHATB, 9TO KOHIBI 9TOr0 OTPE3Ka 0y-
ayT Kpaitaumu gy C, T.e. MHOXKeCTBO KpaiiHux Touek Henycro. [lycrs C' —
BBIITYKJIast 000I09IKa MHOXKeCTBa KpaiHux Todek. Ecim C' ve coBnagaer ¢ C,
BosbMeM TouKy X € C\C', ormenum ee or C’ u GymeM ABUTATH Ty NPAMYIO
«B CTOPOHY X » CHOBA JI0 «IIOCJIEHEr0» MOMEHTA, B KOTODBI OOHADY XKUTCS
eme onua Kpaitass rouka C'\ C’, XOTd BCe OHU COZEPIKATCA 110 IOCTPOCHUIO
B C'. IlporuBopeune n0Ka3bIBaeT TEOPEMY. O

ITpoeenem dopmammsanuio sToro paccyxaeans. Puxcupyem (Ai, Ao) #
# (0, 0) u Beibepem Touky A = (a;, a,) € C, aya xoropoii Bequuunna f(X) =
=Mz + A2, MuHEMaNbHA (Takas Touka A cymecTByer mo Teopeme Beii-
epmrpacca). Ilepecegenme mpsimoit Az + Aoy = f(A) ¢ mmoxecrBom C
BBIIIYKJIO, 3aMKHYTO U HEILyCTO: OHO COEPKUT TOUKy A. DT0 03HA4Yaer, 410
nepecevenne — HeKOTOPHIH orpe3ok ST (mmm omma Touka, T.e. S =T = A).
Hoxkazxkem, uro T — Kpaiiagsa Touka MHOXKecTBa C'. IIpenmomoxum, aro T —
cepenuna orpeska Y Z, rue Y, Z € C. Torna 2f(T) = f(Y) + f(Z), upuaem
1), £(2) > F(A) = £(T). Tostony (V) = f(Z) = f{A), me. ¥, Z €[S, T].
Ilonygaeno mporuBopedme. Takmm 0Opa3oM, MHOKECTBO KPAHHUX TOYEK
HEILyCTO.

IIycts C’ — BBIMyKJI0€ 3aMbIKaHME MHOXKECTBa KpalHUX Todek. fcHo,
gro C’ C C. IlpexnomnoxumM, 410 cymectByeT Touka B = (by, by) € C\C".
CormnacHo BTOpPOil TeOpeMe OTIEINMOCTH CYIIECTBYET TaKasl IPSMAs [T +
+ o®e = b, 9TO Wby + Pabs > b m i 2y + Yotz < b mina mx06oit Toukm (X4, o) €
€ C'. Beibepem Touxy A € C, mus xoropoii Benmmanaa g(X) = @12 + Woia
makcumanbHa. C ompoii croponst, g(A) > g(B) > b, nosromy Ha npsMoO
1%y + o2 = g(A) Her Touek MHOKecTBa C’. C Ipyroit CTOPOHBI, Ha 9TOMH
npsMoii ecTh Kpaitaue Touku muoxkecTBa C. Ilosydyeno mporuBopedne.

OcuoBHas Teopema adduHHOI reomerpun

Canenytomee yTBep:KI€HNE B CBSI3U C €T0 BaXKHOCTHIO (M HETPHBUAIBHO-
CTBIO) 9aCTO HA3bIBAIOT 0CHOBHOT Meopemol aPPunnoll 2eomempuu.

Teopema. ITycmos 63aummo 00nosnaunoe omobpascenue f: R? —R? ma-
K0BO, “MO ECAU MPU TMOYKY AEHCAM HA 00HOT NPAMOUT, Mo ur 06pasv
mootce aesicam wa 00noti mpamot. Toeda f — addunnoe npeobpasosarue.

ILokazareubcTso. [Ipexie Bcero 3amerum, uro npeobpasosanue f
B3aUMHO OJHO3HAYHO 0TODPAXKAET JIO0YI0 IPSIMYI0 Ha HEKOTOPYIO IPIMYIO.
HeticrBurenbHo, myctb A; u B — 00pa3bl AByX pa3indYHBIX TOYeK A u B.
Torma obpa3s m0boit Touku npsmoit AB jmexut Ha npamoit A, B;. Ocraercs
JI0Ka3aTh, 4To ecau C} —rTouka npsamoii A; By, To ee npoobpas C jexur Ha
npsimoit AB. Tlpennonoxum, aro Touka C' He nexut Ha npamoit AB. Torna
npsimbre AC m BC' pasnuanb, a ux o6passl jexar Ha npamoit A, B;. Ilycts
X — mpomn3BoIbHAS TOYKa IJIOCKOCTH. [IpoBemem depe3 X mpsaMyio, mepece-
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karorryto upambie AC u BC' B paznunusbix Toukax A’ u B’. O6passl Touek
A" m B’ nexar ma npsamoit A; By, mostomy 06pa3 Toukm X TOXKE JIEKUT
Ha npamoit A; B;. 9To NpOTUBOPEYUT TOMY, 9TO 00pa3oM oToOparKeHus f
CJIyKUT BCS TJIOCKOCT.

Urak, nycts [: R? — R? — B3auMHO 0ofHO3HAUHOE OTOOparkKeHHe, Iepe-
BoJIgIIEe JIIOOYIO IPSIMYI0 B HEKOTOPYIO MpsiMyo. Byznem mociiejoBaTenHO
JTOKA3bIBATh CBOMCTBA 9TOTO 0TOOPAaKEHNUsI, UCIOJIb3Ysl KaXKIbII pa3 TO, 9TO
OBLIO JTOKA3AHO HA MPEABIAYIINX Iarax.

ITar 1. OTrobpaxkeHne f mepeBOIUT IMapaJlIe/IbHBIE IPSIMBIE B TapaJ-
JIeJIbHBIE TIPSIMBIE.

B camom zeste, 06pa3sl IByX HENEPECEKAIONUXCS MPSIMBIX HE MOIYT IIe-
peceKaThCs BCJIEJCTBUAE B3AMMHOM OJTHO3HAYHOCTU OTOOpaKeHus f.

ITar 2. KoppekrHo oupeseieHo jeificrBue f Ha BEKTOpax, T.€. €CJ/n
— — — ——

AB=CD,t0 A,B,=C,D,,rtne A,, By, C;, D; —obpassi Touek A, B, C, D.

B tom ciyuae, korna Touka C' He jiexkuT Ha npsamoii AB, moydaem ma-
pasresiorpamm ABDC, Tounee roBops, Be Mapbl TaPAJIJIEIbHBIX MPIMbBIX.
Corstacao mary 1 aTu aBe mapbl NapaJjulesbHBIX MPSIMBIX HEPEXOJAT B IBE
naphbl MapaJuie/bHbIX NpsaMbiX. Kcim xe rouka C' jaexur Ha ) Hpﬂi())f/’l AB, To
BBIOEPEM BCIIOMOTATEIbHYIO Mapy Touek X u Y Tak, uro XY = AB, npuuem
TouKa X He JIeXKUT Ha npaMoit AB.

B pmanpmeitmmem Gymem paccMaTpuBarh f Kak OTODparKeHWE BEKTOPOB.
Tpebyerca nokasarb, 9T0 f — JMHEHHOE peobpa3oBaHUe.

ITar 3. Orobpaxenue [ nepeBOAUT HYJIEBOI BEKTOD B HYJIEBOU BEK-
TOP.

9T0 cileayeT U3 B3aUMHON OJHO3HAYHOCTH OTOOpazkeHus f.

ITar 4. Cupasenmnuso paBercrso f(a+b) = f(a) + f(b).

MoKHO CYHTaTBh, ITO a=AB u b= BC. B taxom caygae f(a+b)=

— — — —
= f(AC)=A,C, =A,B, + B;C, = f(a) + f(b).

ITar 5. Cupasenmuso paerctso f(ka)=kf(a) upu k € Q.

IIpu HarypansaOM N corsacHo mary 4 noaydum f(na)= f(a+...4+a)
= f(a)+ ...+ f(a) =nf(a). Kpome Toro, f(na)+ f(—na)= f(na —na) =

m
= f(0)=0. Ina k = > DA€ 71 M 7 — LEJIbIe TuCIIA, N0y daenm

nf(%a) = f(ma) = mf(a),
re. f(ka) = = f(a) = kf(a).

s HempepbIBHOrO oTobOpakeHus f JIOKA3aTesIbCTBO TEOPEMBI 3aBEp-
LIEHO, IIOCKOJIbKY JiF000e unciio k € R MOXKHO npub/in3uTh panuoHaIbHBIMA
quciaamu. Ho eciiu He TpeboBaTh HENPEPHIBHOCTU 0TODPaXKeHus f, TO camas
TPYy/JIHAsS 9aCTh JTOKA3aTeJbCTBA TOJbKO HAUMHAETCH.
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Ilycts a = OA ub=0OB — 6asucumie BekTOphL. [Ipu orobpakenuu [ oHu
MEPEXOIAT B BEKTOPBI @) = OTle u b, = O, B,. Bosbmem Ha npambeix OA
u OB toukn X u Y coorBercrBernno. OHu mepexondaT B TOUku X; U Y,
smezkamue Ha npambix O;A; u O;B; COOTBETCTBEHHO. DTO 03HAYAET, ITO
f(za)=¢(x)a; u f(yb) =(y)b,, rue ¢ u ) —HexoTOpBIE IPEObPa3OBaHMsT R.

IMar 6. Cupasennuso pasercrso ¢(t) = §(t).

— — — —
B camom gene, ecmm OX =tOA u OY =tOB, to npamere XY u AB
MapaJUleIbHbI, a 3HAYUT, IpaMbie XY, u A; B, ToXe mapaJjijie/ibHbBI, T. €.

¢(t) = b(t).

Mer pokasamum, aro f(za + yb) = ¢(x)a; + ¢(y)b,. Ocraerca noxasars,
aro ¢(z) =z gua Bcex x € R. Hanomunm, aro ¢(r) =2 upm x € Q cornacuo
mary 5. ITosromy mocrarodno mokasars, 4ro ecaum & < Yy, 10 @(x) < @(y).

IMar 7. Ilpu Beex z, y € R cupaseqnuso paseHcTBO Q(xy) = ¢(2)¢(Y).

Paccmorpum nponoprimonasbHbE BEKTOPH xa + yb n La+b. Ux o6
passl ¢(z)a; + ¢(y)b = cp(g)al + b, TOXKE MTPOMOPIUOHAJBHBI, TOITOMY

cp(£> = & B gacraoCTH,

N e _ 1 z\_ o) _
o) =5 =aw ™ (57) =5y —e@ew.

IMMar 8. Ecm z <y, To ¢(z) < ¢(y).

Cornacro mary 4 nomygaem ¢(y) =@y —z +x) = o(y — =) + ¢(x). Io-
STOMY JOCTATOYHO IPOBEPHTH, 4TO ecil t =y — x> 0, To ¢(t) > 0. Ioo-
JKATEJHHOE YUCJIO0 ¢ MOXKHO IIPEJICTaBUTh B BUje t = s2, rae s € R, mosTomy
¢(t) = (¢(s))* > 0.

JloKka3aTeabCTBO TEOPEMBI 3aBEPIIIEHO. O

Canencreue. [Tycmv 63aummno o0noznaunoe omobpasicenue f: R? — R?
nepesoodum A0y 0KPYACHOCTIL 8 HEKOMOPYo okpyochocmv. Tozda [ —
agpunroe npeobpaszosarue.

HdokaszaTenbcTBo. IIpeobpasopanne f~ ! mepeBomuT JrOObIE TpU
rouku f(A), f(B), f(C), nexamue ma oquoOl nmpamoii, B Tpu Touku A, B, C,
Jiexkanue Ha ofgHoi upsimoit. eficrsurenbno, eciim rouku A, B, C' He jiexar
Ha OJHOW UPSMOI, TO OHM TOIAPHO PA3jIMYHBI U Yepe3 HUX MOXKHO IIPO-
BeCTH OKPYKHOCTb. ITosTomy rouknu f(A), f(B), f(C) momapao pasnudsbl
U JIeXKaT Ha OfHON okpyxkHOCTH. CJIeI0BATENIBHO, 3TH TOYKHU HE JIEXKAT Ha
onHoit npsamoit. Takum ob6pasom, npeobpasosanue ! adpdunnoe, a 3HAIUT,
npeobpaszosanue [ roxe adduHHOE. O

OcHoBHasi Teopema adGUHHON reoMeTpun 03HAYAET, YTO i HOJHOIO
ormmcanns ad@UHHON MIIOCKOCTH JOCTATOYHO YKa3aTh MHOXKECTBO TOYEK,
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MHOZKECTBO MPSIMbBIX U JIJIsl KaXKJOU IMaphl IPIMbIX YKa3aTh TOUYKY UX [Epe-
cedenns (ecam oHHM mepecekarorcs). KoHearno, Takoil cnmcox Heo603puM m
BO MHOIHX OTHOIIEHHUSIX MeHee ymobeH, 4eM apudMeTHIecKas MOAeIb ad-
dunHOl mIockocTu. Ho 3TOT CHHMCOK maeT BO3MOKHOCTB IPYTOTO MOIAXOIA
K T€OMEeTPHUU — AaKCHOMATHIECKOro. A MMEHHO, Hy»KHO yKa3aTb HabOp ak-
CUOM, KOTOPBIH OJJHO3HAYHO 33JA€T MHOXKECTBO TOYEK U HPSIMBIX, & 3aTEM
13 3TUX AaKCHOM (B KOTOPBIX y4Y9aCTBYIOT TOJIBKO TOYKH, IIPDAMbIC M TOYKHN
nepecedyenud HpHMbIX) MO2KHO BbIBOAUTH TE€OPEMBI.

AdbuaayI0 TIOCKOCTH MOXKHO ONPEIE/IUTh HE TOJIBKO Hal MojeM R,
HO ¥ HaJ, OPOU3BOJILHBIM IOJIEM (U JaKe HaJ HEKOMMYTATHBHBIM TEJIOM —
0o 3TOMy HOBOAY CM., Hanpumep, [A3]). B sTom ciaywae Bce mokasaren-
CTBO OCHOBHOI TeopeMmbl adGUHHON reoMerpuu, 3a NCKJIOYEHHEM Inara 8
(n mara 5 mysa nmoseil HeHyJIEBOW XapaKTEPUCTHKM), OCTAeTCs 0e3 m3MeHe-
Huit. B wacrHOCTH, M1 addUHHOrO MPOCTPAHCTBA HAJ, MOJEM KOMIIJIEKC-
ubix ynces C aHaJOrm9HBIM 00PA30M MOXKHO NMPUATH K MPEOOPA3OBAHUIO
¢: C— C, obmamaromemy cremyromumu cBoiicTBamu: @(zy) = @(2)o(y)
¢o(z+y)=0¢(x)+¢(y). Taxue npeobpasoBanusa HA3BIBAIOT ABTOMOPdHU3IMaMU
nosisz C. Mbr ybeaunuch, 9ro y nojisd R ecTh TOIBKO TOXK/IECTBEHHBIN aB-
romopdusm. Ho y mosst C aBromopdusmos muoro. IIpaBma, HempepbIBHBIX
aBTOMOPMU3MOB TOJIBKO /1B (TOXKIECTBEHHBIN aBTOMODPMI3M U CONPSIYKEHIE
z+— Z). Ho eciin e Tpe6oBaTh HENPEPHIBHOCTH, TO MOXKHO IIOCTPOUTH ABTO-
mopduszm ¢: C— C, mepeBonsamuit 1060€ JaHHOE TPAHCIIEHIEHTHOE 9UCJIO B
J060€ IPYroe TPAHCIEHIEHTHOE YUCJI0; MOXKHO TAKKE OCTPOUTH aBTOMOD-
dusm, nepeBoaAmmil JAHHBIN KOPEHb HENPUBOAUMOrO MHOrowIeHa Hag Q B
060 Apyroii KopeHb 3TOro MHorowieHa. ([loKa3aTelbCTBO CM. B KHHTE:
H. Byp6axku. Anrebpa. MHOro4/IeHBI, TIOJIsT U YHOPSIOYEHHBIE T'DYIIIHI,
ri. IV, § 6, npenmoxenne 3.)

§2.2. Adbdunnoe npocrpancTBo. Teopust JIUHEITHBIX
YPaBHEHUII U JNHEUHbIX HEPABEHCTB

Onpeneinenne n-mepaoro adpGuUHHOrO IpocTpaHcTBa OBLIO JAHO B TiI. 1.
Kak 310 HU yauBUTE/IBHO, LIEPEXOJ OT JIBYMEDHOI'O K 7-MEPHOMY CJIydato
He TpeOyeT MPUBJIEYEHNS HUKAKUX HOBBIX HIEH M TpeOyeT JIMIb HECKOJIb-
Kux cyioB komMeHTtapus. ChopMynupyem n-mepHble anajgoru TeopeMm 1—5b
[PEJIIIECTBYIOMUX [IyHKTOB.

Teopema 1'. /[aa mozo umobwv, cucmema YpasHeHud ¢ N HEU3BECTHHLMU

a1 + ..+ a1, = by,
.................. (2.3)
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bviaa pazpeusuma, HEoO6ToduMo u docmamouHo, wmobv, pare mampuuys, A =

ail ... Qin
=] ... cosnadan ¢ parz2om pacwupennoﬁ MaAMPUYbL
an1 Ann
a1 ain b1
A’
an1 Ann bn

Ecau pane mampuyor A pasen n, mo pewenue cucmemvs (2.3) eduncmesento
u 3adaemcsa popmyaamu Kpamepa

B det A;

2de A; noayuaemcs u3 A samenoti i-20 cmoabuya na cmoabey c60600HBLT
YAEHOB.

IlepBasi 9acTh TEOPEMBI BHITEKAET U3 OLPEIEIEHNS PAHIA U JI0KA3bIBAET-
cs B Kypce JIMHEHOH areOpsl. Bropasi, KoTopas Tak»Ke CTPOro JOKa3bIBaeT-
cs B Kypce JIMHEHHOM ajrebpbl, IMEET M0 CYTH JIeJia Ty YKe T€OMETPUIECKY IO
HUHTEPIPeTAINo, 9TO U TeopeMa 1.

BwmecTo mpsiMoii Ha IIOCKOCTH B N-MEPHOM CJIydae pedb UIET O THIep-
ILUIOCKOCTH, 33/[aBa€MOi B KOOP/IMHATAX YPaBHEHUEM

a1y + ...+ a,x, =b.
OHa Bblze/sIeT B IPOCTPAHCTBE /Ba OTKPBITHIX [IOJLYIIPOCTPAHCTBA
ax,+...+a,x,<b umw ax;+...+a,xr, >Db.

(910 — oTKpBITEIE MHOKECTBA B A"™.)

Ilonynpocrpancrsa a2, + ...+ a,x, <buax; + ...+ a,x, > b Ha3BI-
BalOT SaMKHyTI)IMI/I HOJIprOCTpaHCTBaMI/I.

Teopema 2’ (mepBasi TeopeMa OTIEIMMOCTH B n-MepHOM addUHHOM
npocrpaHcTse). Henycmoe swnykaoe (ne 06a3amesvho 3amMKHYMOE) MHO-
orcecmso C 6 aPdurnHnom n-mepHom NpocmpaHCmMBEe MOACHO 0MICAUD OM
mouxu A, emy ne npunadaescawet (m. e. NPOBECMU 2UNEPNRAOCKOCTND MAK,
ymo C YeAuKom AexHcum 6 00HOM 3aMKEHYMOM noaynpocmparcmee, a A au-
60 6 dpyzom OMKPLIMOM, AUOO HA CAMOT 2UNEPTLAOCKOCTIVY).

TeomeTpuyeckoe [10Ka3aTEBCTBO MPOXOIUT [0 WHAYKIWH: B TPEXMEP-
HOM CJIy9ae HAJI0 <«BpAIaThb» ILJIOCKOCTh BOKPYD MPSMOM, OTIEISAIOIIEH
mwrockoe cedenne C, mpoxousinee depe3 A u BHYyTPEHHIO TOYKY MHOXKE-
crea C, u .11

Teopema 3’ (Bropas Teopema oTaemmMOCTH B n-MepHOM addun-
HOM NPOCTPAHCTBE). Bunykaoe samknymoe nenycmoe mmoocecmeo C 8
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N-MePHOM APHUHHOM NPOCTNPAHCTNBE MOHCHO CMPO20 OMOIEAUMD OM MOY-
xu A, emy e npunadaesicawet (M. e. MOAHCHO NPOBECNU 2UNEPTLAOCKOCTVD
max, wmo C 6ydem aesxcamv 8 00HOM 3AMKHYIMOM TOAYNPOCMPAHCTNEE, a
A — 8 dpyzom omrpoimom).

Jloka3areabCTBO TeOpeMbl 3’ MOYTH JOCJIOBHO COBIAJAET C JI0KA3ATE b
CTBOM T€OPEMEI 3.

Hyz>xHo BbiOpaTs B C' 1PpOU3BOJIBHYIO TOYKY Y M PACCMOTPETHh 3aMKHY-
Thiit map B pamnyca |AY| ¢ nearpom A. 3arem mHyx)HO BRIGpaTh B C; =CNB
rouky O, B Koropoii ngocruraercs muammyM bysknun f(X) =d(X, A)
ma muOxkectBe (). I'mmepnsiockocTh, mpoxonsmas depe3 Touky O mep-
meHauKyagpao mpamoir AQO, crporo ormenser Todky A or MHOXKeCT-
Ba C.

Teopema 4’ (omncanwe pemeHmii CHCTEMBI JMHEHHBIX DABEHCTB W
HepaBeHCTB). a) Pewenuem cucmemvs AUHEUHBT 00HOPOOHBIT DPABEHCTNS

n

> aix; =0, a € A, asaaemca nodnpocmparcmeo pasmeprocmu k, 0 < k <
=1

<n —1, usu sce R™.

n
6) Pewenuem cucmemo, AUHETHE 00HOPOOHBIT HEPABEHCMS Y . Qo T; < 0,
i=1
o€ A, asaaemca sunykaoil samrrymol xonyc 6 R™.

n
B) Pewenuem cucmemvs AUHETHOT HEOOHOPOOHYIT DABEHCME » . Giql; =
i=1

=b,, o€ A, asasemca apdunnoe muoscecmso pazmeprocmu k, 0 <k <
<n —1, sce R™ uau nycmoe mroorcecmso.

n
r) Pewenuem cucmemovs Aunelinoir He0OHOPOOHBIT HEPABEHCTE Y | (i Ti <
=1

< by, € A cayoicum nycmoe mrooicecmso, 6ce R™ uau suinyxioe 3amrmy-
moe nodmnooicecneo 6 R™.

31ech mMeeTcs JIAIMEL OJHO OTJIWYHE OT MJIOCKOTO CJIydas — ONWCAHUe
OIHOPOJHBIX HepaBeHCTB. HaloMHHM: KOHyCOM B JIMHEHHOM IPOCTPAHCTBE
HA3BIBAETCA MHOXKECTBO, KOTOPO€ BMECTEe CO BCAKONH TOYKOH X COIEpXKHUT
Bech qiy4a {tX | ¢ > 0}. Beimykiblii 3aMKHYTBIH KOHYC — 3TO KOHYC, SIBJISIFO-
muiica BBITYKJIBIM W 3aMKHYTBIM MHOXkKeCTBOM. Ha IIocKocTH yTBepKie-
Hue 6) BBIDOXKIAETCA: TaM BBIMYKJIbIE 3aMKHYTHIE KOHYCHI — 9TO IIPOCTO
YTJIBL

Teopema 5 (MunkoBCKHi1). Buinyk.a0e 3aMKHYMOE 02PAHUYERHOE MHO-
2AHCECTNBO 6 N-MEPHOM APPUHHOM NPOCMPAHCMEE ECTNb GLINYKAOE 3AMBIKA-
HUE CE0UT KPATHUT MOYEK.

Teopembr 4 u 5’ noka3biBarOTCH Tak ke, Kak TeopeMbl 4 u 5. Mol eme
pa3 BepHeMCd K 3TUM TeopeMaM B T 6.
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§2.3. BBeeHne B KOHEYHOMEPHYIO BBIMTYKJIYIO
reoMeTpUio

JIlemmbr Kapateomopu u Pagoua

Ilycts Ay, ..., A,, —Touku B adHUHHOM TPOCTPAHCTBE. BhibepeM mpo-
u3BoJIbHYI0 TOouky O u paccmorpuMm BekTop OA = 27\10_/12 Touka A He
3aBuCHT OT BBIOOPa Toukn O TOTIA U TOJBKO TOTAA, Korga »  A; = 1. Takum
o6pa3zom, ecu Yy A; = 1, TO KOPPEKTHO Ompe esieHa JIuHeHAS KOMOnHATAS
Togek » A A;. B Tom ciaydae, korga Bce ducaa \; HEOTPUIATEIHHBI, TOUKY
A=>"NA; Ha3BIBAOT 6bINYKAOT AUHETHOT KoMOuHayuel Todek A;. Touka
A gBjsiercd BBINYKJION JnHEHHOM KoMOuHanmeir Touek A, ..., A, Torma
U TOJIBKO TOTJA, KOrja A mpUHAJIEKUT BBIMYKJION 0D0J0YKE STUX TOUEK.

JIemma 1 (Kapareonopn). ITycms X CR™ —nenycmoe nodmmootcecmso.
Tozda a0byro mouky A, npunadaesicawyro 6uvinykaol 06040%Ke MHOIICE-
cmea X, M0dHCHO npedcmasumsb 6 eude 8bNYKA0T AUHETUHOT KOMOUHAUUY
He boaee wem n + 1 mouex mroocecmea X .

HokaszarenncTro. [lo ycmosmo A= MA;, tme D N, =1, X; =0,
=1

A; € X. Tlpu 3ToOM MOXKHO CYAUTaTh, YTO BCE UUCJA A; TOJOXKUTEIHHBI.
Ecm s<n+1, To moKa3piBaTh HEYEro, mMOITOMY OyIZeM CUATATh, UTO
—

—
s > n+ 2. B takom ciygae BekToper A, A,, ..., A A, JInHEHHO 32aBUCHUMBIL,
S B
re. y WAL A; =0, oae He Bce uncna |, paBusl Hymo. Eciun O — nmponsBoib-
i=2
S —
Hag ToUKa, TO ». v;OA; =0, tme vi = —(Yo + ...+ s) B v; = 4; 1pm ¢ > 2.
i=1

IMostomy mpum srobom ¢ € R Bemomnmsgerca paseHcTBO A = > (N +tv;) A,

i=1
npuaeM Y (A +tv;) => A, =1, Tak Kak »_v; =0.

IIpu t = 0 Bce gncaa A; + tv; MOJOKUTENBHBL, & MPA ¢ — +00 CPEIH ITUX
9UCell TOSBUTCH XOTs ObI OJTHO OTPUIATENBHOE, TIOCKOJIBKY He BCE YUCIa V;
paBubI Hyi1f0. Beibepem muanmasbaoe ¢ > 0, 171 KOTOPOro XOTs ObI OZHO U3

s
qucen \; + tv; paBHo Hymo. Torma B npeacrasiennn A =Y (A; + tv;) A; Bce
i=1
quciaa A; + tv; HeOTpULATEIbHBI, HO OJHY U3 TO4YeK A; MOXKHO UCKJIIOYUTH,
TaK KaK OHa BXOIUT B CyMMY C HYJEBBIM KO3(DMUITUEHTOM.

TToBTOPHUB TaKyr0 OMEpAIMI0 HECKOJBKO pa3, MOJYyYNM IMpEeICTaBICHUE
touku A B TpebyemoM Buze. O

JIemma 2 (Pamon). IIyemv s R™ zadanw mouku A, ..., A,, ade
s =z n+ 2. Toeda smu Mouku MONHCHO Pa3OUMD HA 080 HEMEPECEKANOULUTCH
MHOHCECTNBA TAK, YMO 8LINYKAbLE 000A0YKYU IMUL 08YT MHOdHCECTE 6YIYym
UMEMD HENYCMOE NEPECEYEHUE.
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HlokazaTeab ¢TBO. Hpn JIOKA3ATEbCTBE JIEMMBIL Kapareomopu 6b1-

JI0 TIOKA3aHO, 4TO Zv OA =0, rme Zv =0 m He BCe UmCIa Vv, paB-
i=1 i=1
Bbl Hymo. OTHeceM K IIEPBOMY MHOXKECTBY Te€ TOYKH A;, Iy KOTOPBIX

v; > 0. He Tepss obmiHOCTH, MOXKHO CYHTATh, 9YTO B IIEPBOE MHOXKECTBO

BxomaT Touku A, ..., A, a Bo Bropoe —rouku A, ..., A,. Honoxum
a=(vi+...4+v) ' >0.Y BomyKIBIX 060709€K MHOKECTB {A;, ..., A} n
{Ai1, ..., A} ecTb obmasg Touka

aviAy + ..ot avi A = (—ave ) A + ..+ (—av,) A, O

Teopema Xesutu. ITycms A — npoussoavhoe cemeticmeo undexcos u
{ X ouca — CEMETCMBO 3AMKEHYMVLT BHNYKABIE MHOACECTNE, U3 KOTNOPHLT 00-
Ho Komnaxmmno. Tozda ecau aoboe nodcemeticmso usn + 1 mHoocecms umeem
HEMYCMOE NEPECEUEHUE, TO U 6CE CEMETUCTNBO UMEET, HENYCTNOE NEPECEYEHUE.

HokazareabcTso. JJokaxeMm mHAyKIHEH M0 S, ITO 000E ceMeii-
CTBO W3 S MHOXKECTB mpu S >N + 1 mmeer memycrtoe nepecedenue. [lycrs
s =2 n+ 2 u gboe ceMeficTBO U3 § — 1 MHOXKECTB UMEET HEIYCTOEe TIepece-
genne. PaccmorpuM MHOXKecTBa X, ..., X,. Ilo mpenmomoxenuio ecan u3
3TOro Habopa MHOXKECTB HCKJ/IIOYUTDH X, TO OCTaBIIUeCS MHOXKECTBa OyIyT
uMeTh HemycToe mepecedenue. Ilycts A; — Touka m3 9TOro IepecedeHUs.
ITo memme Pamona Toukm Aj, ..., A, MOXKHO pa3bUTh Ha IBA MHOXKECTBA
TaK, 9TO BBIILYKJIbIE 000I0YKH ITUX MHOXKECTB Oy1y T mMeTh 001y 10 TOUKYy A.

IIycts 71, ..., jx — HOMEpa TOYEK IIEPBOTO MHOXKECTBA, Jri1, -- -, Js —
HOMepa TOdYeK BTOporo MHOxkecTBa. llo ompezenenmio A; € X, mpu Bcex
1 # j. ITosromy ecinu TouKa A NPUHAUIEXKUT BBIMYKJION 0DOJIOUKE TOYEK
Ajyy ooy A, o A€ Xsmpu i # iy, o i, mee A€ X, NN X, Ana-
aormaro A€ X; N...NX; ,asmaumr, A€ X;N...NX,.

JlJ11 KOHEYHOTO ceMefiCTBa BBIIYKJIBIX MHOYKECTB TeopeMa XeJTH JTOKa-
3aHa. B ciryuae beckOHETHOrO CeMeiicTBa OCTAETCs BOCIIOIHF30BATHCS JIEMMOA
0 LEHTPUPOBAHHOW CHCTEME, COIVIACHO KOTOPOH CHCTEMA 3aMKHYTBIX IOI-
MHO2KECTB KOMIIAKTa, J00as KOHEYHAs CACTEMAa KOTODBIX HMEET HEILyCTOe
repecevdenne, COEPKUT ODIIYI0 TOUKY. O

Samadm; K riase 2

2.1. OnumuTe crCTEMON TMHEAHBIX HEPABEHCTB

a) MHOXKECTBO Ty > 22 («Haarpaduk» mapabousr);

6) TpaBWJIBHBIN TPEYTONBHUK C MEHTPOM B HyJI€ W BEPINIWHON B TOYKe
(1, 0);

B) MHOXKeCTBO {(Z1, Z3) | X120 = 1, 2, 20, 25 = 0}.

2.2. Pemnre ¢ moMoIsio ad)canme peobpa30BaHUil CiieayroIme 3a-
T,
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a) Yepes KaxkIyI0 BEPIIMHY TPEYTOJLHAKA MIPOBEJIEHBI IBE MPIMBIE, JIe-
JISIIAE TPOTUBOIIOJIOXKHYIO CTOPOHY HA TPHU paBHbIe dacTu. Jlokakurte, 910
JIMarOHAJI, COCIUHSAIONINE TPOTUBOMOJIOKHBIE BEPIIMHBI MIECTUYTOJIHLHUKA,
06Pa30BAHHOrO STUMU MPSIMBIME, IEPECEKAIOTCS B OIHONW TOYKE.

6) Ha croponax AB, BC' u C'D napamienorpamyma ABC D B3g1bl TOY-
ku K, L u M cOOTBETCTBEHHO, JEJISAIUE 3TA CTOPOHBI B OJMHAKOBBIX OT-
wvomenusix. Ilycrs b, ¢, d — upsimbie, npoxozsiue depe3 Bepmusabl B, C,
D napasutesnpuo npsimbim K L, KM, M L coorBercrBenno. Jlokaxwure, 910
npsaMbie b, ¢, d IPOXOAAT Yepe3 OIHY TOUKY.

B) Han rpeyrompuuk ABC. Ilycts O —TO4YKa mepecedeHus ero MeIuaH,
a M, N u P—rouku cropoa AB, BC u CA, nensniye 3Tu CTOPOHBI B
O/IMHAKOBBIX OTHOLIEHUAX. JJokaxkure, 4ro ) — TOUKA EPECeYeHrs] MeIUaH
Tpeyrosbauka M N P.

r) Ha croporax AB, BC u C'A tpeyronsauka ABC B3sarbl Toukun M,
N u P coorBercrBenno. Jlokaxwure, aro eciu touku M, N; u P, cummer-
PUYHBI STUM TOYKAM OTHOCUTEIBHO CEPEIUH COOTBETCTBYIONIUNX CTOPOH, TO
mwromaau TpeyroibHukoB M N P u M, N, P, paBHBI.

2.3. Cropousl BeiyKIoro usgruyroabanka A BC D E napaJsuiesbHbl qua-
roransMm (AB||CE, BC|DA, u . n.). Jokaxure, aro adduHEBIM Ipeob-
pa30oBaHUEM JTOT MATUYTOJbHUK MOYKHO TEPEBECTH B MPABUJIbHBIN TATH-
yTOJIbHUK.

2.4. Croponsl Bbimykioro mecruyroiabauka ABCDEF napaJieibHbl
IPOTUBOMNOJIOXKHBIM cTOpoHaM. Jlokaxkure, uro adduHHBIM MpEeobpa3oBa-
HHUEM 3TOT HIECTUYTOJIBHUK MOXKHO II€PEBECTU B MIECTUYTOJIBHUK C DPaBHBIMU
muaronanavu AD, BC u CF.

2.5. Jlokaxkure, 9T0 JIFOOOH BBIMYKJIBINA 9€THIPEXYTOJIBHUK, KPOME TPaIe-
nun, apPUHEBIM IPeoOPA30BAHUEM MOXKHO IIEPEBECTH B YETHIPEXYTOJIbHIUK,
Y KOTOPOTrO IPOTUBOIOJIOKHBIE YIJIbl IIPAMBIE.

2.6. Ha mrockocTun JaHbl TpU BEKTOPA @, b C, mpu4aeM od + Bb +yc= 0.
JlokazkuTe, 9T0 3TH BEKTOPHI adhOUHHBIM Mpeobpa3oBaHueM MOXKHO Tepe-
BECTH B BEKTOPBI PABHOM JJIMHBI TOTJIA U TOJBKO TOTJIA, KOTJA U3 OTPE3KOB
¢ mauaamu |of, |B], |Y| MOXKHO COCTaBUTL TPeyroJIbHUK.

2.7. Jokaxnre, 9ro npu adduHHOM Ipeobpa30BaHUU N-MEPHOTO IIPO-
CTPAHCTBA COXPAHSAIOTCS OTHOIIEHUS 00beMOB Duryp.

2.8. JlokaXuTe, 9TO IUATOHAIN N-MEPHOTO MapaJlIeselnIesa Iepece-
KaIOTCSA B OJHON TOYKe W JEeJIATCH TOYKOHN MepecedeHus MOmoJIaM.

2.9. llenTpom Macc n-mepHOro cumiiekca A ... A, HA3BIBAIOT TAKYIO
Touky M, 9To

— —
MA1++MA7L+1:

a) JTokaxkuTe, 9TO [EHTP MAacC CYIIECTBYET U €IUHCTBEH.
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6) Hokaxwure, aro npu acbduHEHOM Npeo6PA30BAHAN IEHTDP MACC Hepe-
XOAMT B LEHTP Macc.

2.10. ITycrs (a,;)} —wmarpuia ¢ onpeneiureneM A # 0. Paccmorpum B
N-MEPHOM NPOCTPAHCTBe UryDPY, 3aJaHHYIO0 HEpABEHCTBAMU

|ai1331 +...+ a’in'rn| < b,

rae by, ..., b, —momoxurenpHbIe Yucia. Jlokaxxure, 970 00bEM TOM dury-
pbL paBel 2"b; ... b, /|A|.

2.11. ITlycte M, u M, — BBIIIyKJIble MHOTOYTOJIBHUKA, A U Ao — IIOJIO-
KUTEJIbHBIE YKCJIa, CyMMa KOTOpbix paBHa 1. [Tomoxum

)\1M1 =+ )\2M2 = {)\1.’1;1 + )\2$2 ‘ T S M1> To S MQ}

a) Hokaxwure, 910 A\ M, + Ay M, — BBIDYKJIBIi MHOTOYTOJIBHUK, IHCIIO
CTOPOH KOTOPOI'O HE IPEBOCXOJIUT CYMMbI YHUCEJ CTOPOH MHOIOYTOJIbHU-
KoB M, u M,.

6) IIycts P, u P, —uepumerpsl MHOrOyrosabHukoB M, u M,. lokaxure,
9TO MEPUMETP MHOrOyrojbHUKa Ay M, + Ao My, paBer A\ Py + Ay Ps.

B) Ilycte S; m S; —nmomamm muOroyromsankos M, u M,. Tokaxwure,
a0 mwiomasb S(Ai, Ay) MHOrOyrosbauKa A M; + Ay M, paBua

)\?Sl + 2)\1)\2512 + )\352,

rae Si, 3aBUCHT TOJLKO oT M; m M,.

r) Joxaxwure, ato S5 > 1/S519;, T.e. /S (A1, A2) =M/ Si + Ao/ Sy, mpu-
YeM PaBEHCTBO JOCTUTAETCS TOTOA M TOJBKO TOT/A, KOTIa MHOTOYTOJIHHHU-
ku M, u M, roMOTEeTUYIHBL.



I'imaBa 3

IIpoexkTuBHLIA MuUp

HpI/IHL(I/IH Koamau: «HpOeKTI/IBHaS{ TeOMEeTPpUuA — 3TO BCA r€OMEeTPHUA».

@D. Knetin

Cnemnaem emre onmH mar. BcmoMHEM, 9TO MBI HAYWHAJIU C JIMHEHHBIX
[IPOCTPAHCTB, I/Ie OCHOBHBIM IIPUMEPOM ObLIIO mpocTpancTBo R™, 3aTem ObI-
J10 mocTpoeno addurHOE TPOCTPAHCTBO HAJ R™ — IPOCTPAHCTBO TO4YEK 0e3
bUKCHPOBAHHOTO HadYaja KOOPAWHAT. lemeph HaM MPEICTOUT MOIMOJHUTH
adduHHOE TPOCTPAHCTBO DECKOHEYHO YIAJEHHBIMI TOYKAMU U TEM CAMBIM
[IOCTPOUTH IPOEKTUBHOE IpocTpancTBo RP™,

§3.1. IIpoekTuBHas nNpsiMas U IJIOCKOCTH

Mogenbs u HekOTOPbIE (DAKTHI F€OMETPUM IIPOEKTUBHON IIPAMO

IIpoekTUBHYIO MPSAMYIO MOYKHO MBICJUTH Ce0e KaK OOBIYHYIO MPAMYIO,
MIOTIOJTHEHHYI0 ODECKOHEYHO YOAJeHHONH TOYKOM, TaK 9TO MOIEBI0 ITPOEK-
TUBHOW NPSMOU SBJIsIeTCH IpsMasd R, momojHeHHAsT OECKOHETHO YIAIEHHON
TOYKOU ... JIBUXKEHHSME STOH IIONOJHEHHONW MPSIMON SIBJIAIOTCHA APOOHO-
JINHEWHBbIE IPeoOPa30BaHNUS.

K Tomy »xe camomy MoxkHO mpuiitm mo-gpyromy. Paccmorpum mioc-
kKocTh R? ¢ ocamu Oxy u Oz, u peamusyeM OpaMyio R Kak COBOKYIIHOCTH
rouek (x, 1), T.e. «mogaumem» ocb Ox; Ha eQWHUILY BBEpX — cM. puc. 3.1.
Torma Kaxkmoi TpsAMOii, TPOXOIAIIEN Yepe3 Ha9aJIo KO-
opauHAT, 3a HUCKJoYeHHmeM camoit ocu (Ox,, COOTBeT- T2 I(z)
CTByeT ee «cJaeny Ha Hameil npsvoit (z, 1). A ocm Ox, —t ‘
IIOCTaBUM B COOTBETCTBHE <<6eCKOHe‘IHO YAaJIeHHYIO TOY- |
Ky» Too. llpamas R, momosHeHHAs OECKOHEYHO ymajieH-
HOI TOYKOI, KaK OBLIO YK€ CKAa3aHO, U E€CThb IMPOEK-
ruBHasz mpamaz RP'. B kadecTBe IBIDKEHHH IIPOEKTHB-
HOI NpsMON BO3bMEM IIPeOOpPa30BaHMSA, UHIYIIMPOBAH-
HbI€ Ha MHO2KECTBE IIPAMbBIX l(l‘) IIPOU3BOJIBHBIM JIMHETHBIM npeo6pa30Ba—
auem R?2. TodHee, pacCMOTPHM HTPOHU3BOJIBHYI0 HEBBIPOXKICHHYIO MATPHUILY

Puc. 3.1

c d
sauuii mwiockoctu R?). Touku upsimoii [(x), coorsercrsytomue Touke (z, 1)
NpPOEKTUBHON TpsMoit, mMmetoT koopamHaThl (Ax, \). Ilom meiicTBmem pac-

(a b) (rakme Marpuipl 06padyroT rpymny GL(2, R) muHeltHbIX npeobpaso-
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CMaTPUBAEMOr0 JIMHEHHOTO IPeoOPA30BAHUS OHU MEPEHIYyT B TOYKU BUIA

a b\ (Ax\ _, (ax+Db .
(C d) ( )\) = )\(chrd) a 3Hagur, ecau cx + d # 0, Touka (z, 1) mepeiiner
ax +b

cx+d’
rouky. Kaxxgaa npamas B R?, mpoxoasamas depes Ha9aI0 KOOPIMHAT, OIIpe-

nmenserca mapoi umcen (&, &), & €R, i =1, 2, He paBHBIX OJHOBPEMEHHO
Hyso, npudeM mapel (&1, &) u (A&, A&y), A€ R, A # 0, onpenensor ox-
HY U Ty ke npamyoo. VlHade roBopsi, TOYKON MPOEKTUBHOM MPAMOM MOXKET
ciyx)uth orHOmeHune (&; :&,). DTH KOOPIUHATHI TOYEK NPOEKTUBHON mpsi-
MOM HA3BIBAIOTCA 00HOPOOHLIMU. JIBUKEeHNS 2Ke B OJJHOPOJHBIX KOOPAUHATAX

d .,
B TOYKY ( 1). Touxa (_E’ 1) mepeiizer B OECKOHEYHO y/IAJIEHHYIO

OIACBIBAIOTCA TaK:
(&1 :&) = ((@11&1 + a12%2) t (a1 + Go2x2)),  a; €R,  det(ayy) #0.

Takum obpa3oM, U MPOEKTUBHAS IPSMAasi BXOAUT B KOMIIAHHUIO T'€OMET-
puii, onuCHIBa€MbIX IPJIAHICHCKON IIPOrpaMMOii.

Ha upoekTuBHOIl npsiMoii ecTeCTBEHHBIM 0OPa30M OLPEIE/IAeTCs [IOHSI-
THE CXOAUMOCTH, U OHA MPEBPAIAETCS B KOMIIAKTHOE TOMOJIOTMIECKOE IIPO-
CTPAHCTBO, TOMeOMOP(hHOE OKPYKHOCTH (B HEM JlayKe BBOJUTCS METPHKA —
ee Mbl OIpenesuM 49yTh Jajbmie: cM. ¢. 107). Ho Takoe monsarue addun-
HOl reOMeTPUU KAaK HOHATHE <«JIEXKATh MEXKIY» B IPOEKTUBHON reOMeTpHH
OTCYyTCTBYE€T.

MO)KeT BO3BHUKHYTbH BOIIDOC: & OTKYy/Ja B Ha3BaHUN BO3HUKJIO CJIOBO «IIPDO-
ekTHBHas» (31ech — npsiMasti)? Jleso B TOM, 9TO IpyINa IPOEKTUBHBIX Hpe-
obpa3oBaHUil MPAMOIl COBIIAJAET C IPYIIION KOMIIO3HIA MPOEIMpPOBAHUN

OIHOI IIPAMOU Ha JAPYLYI0 U3 HEKOTOPOU TOY-
o ku. Onuirem, 9T0 TaKOE IPOEIUPOBAHUE.
Bospmem nBe npsivbie [ n [, Ha (eBKIMIO-
D1 1y BOIt) mwiIockocTH U Touky O BHe mpsiMbIx. IIpo-
eKIus IpsaMoii [; Ha l, u3 Touku O uzobpaxkeHa
Ay Ha puc. 3.2. Cpasy Ke 0TMETUM OJHO BaXKHOE
CBOMCTBO IIPOEIPOBAHUM.
A ;8 s Da Jlemma 1. ITyemo mouku Ay, By, Cy u D,
npamot l, coomsemcemeyrom moukam A,, By,
Puc. 3.2 C: u D; npamot l; npu mpoeyuposaruu u3
nexomopot mowku O. Tozda
|C1A1| |D1A1]  |CaAz|  |D2As|
|C1Bi1| " |D1Bi|  |C2Ba| " |D2Bal’

Iloka3zaTenbCcTBO. Bygem 0603Ha9aTh WIomans rpeyrojbauka ABC

qepe3 Sypco. Torma
|C1A1]  Soc,a, _ |OC1]|OA1]sin A1OC1  |OA;1]sin A1OC,
|ClBl| B S()CIB1 B |001| \OB1|sinBlOCl B \OB1|sinBlOCl ’
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IlosTomy

|01A1| . |D1A1| _ (‘OAl‘SiIlA1001>
|ClBl‘ ’ |DlBl| |OBl‘SiIlBlOcl

. (|OA1| sin A1O D )
’ |OBl|sinBlOD1 ’

Ilocne cokpameHus 9Ta BeJMINHA OKAYKETCs BBIPAXKEHHOI 4epe3 yIUIbI,
npuyeM sin A;OC, =sin A,OC,, u T. 1. O
Onpenenenune. Ilycrs Ha npsmoii [ yucia a, b, ¢, d aBASI0OTCS KOOPIU-
maramu Touek A, B, C, D coorBercTBerno. Bemuaumy
c—a d—a
c—b d—b

[A, B, C, D] :=

HA3BIBAIOT 060UHbBIM OMHOWEHUEM TETHIPEX TOYEK.

B nasnbrelimem Mbl 9acTo OyIeM OTOXKIECTBIATH TOUYKY A Ha mpsamoit [
C ee KOOpAWHATOU G.

Omnpenenenne. /[60lHbM 0MHOWEHUEM IETHIPEX MPSMbBIX HA I1JIOCKO-
CTH, TPOXOASAIINX 9€PE3 OHY TOUYKY, HA3BIBAIOT ABOWHOE OTHOIIEHUE YETHI-
pex TOYeK, B KOTOPBIX 3TH MPSIMbIE TIEPECEKAIOT TPOU3BOJIBHYIO IPAMYIO [.
(JIemma 1 mokasbIBaeT, 9TO 9TO ABOWHOE OTHOIIEHWE HE 3aBUCAT OT BHIOOPA
npsamoii [.)

I/I3 JIEMMbIL 1 BBITEKAIOT TPpU CJIEACTBUA.

Caexncrsue 1. Ilpu npoeyuposanuu 00rol npamot wa dpyeyro deotinoe
OMHOULEHUE YEMBLPET MOYEK COTPAHACTNCA.

OTO0 yTBEPXKIEHNE HENOCPEACTBEHHO CJIEAYET U3 JIEMMBI.

CiaencrBue 2. [Ipoexmustoe npeobpasosarue npamoti 3adaemcs 0pob-
HO-AUHETHBLM 0TNOOPAHCEHUEM.

HokazarenbcTBo. llycts ay, by, ¢c; —0Opa3sl TOUeK a, b U ¢ mpu
MIPOEKTUBHOM OTOOPaXKEHHUH, U MYCTh £ — 00pa3 TOYKY & IPU ITOM 0TOOpa-
sxennu. Torna coorHommenue [a, b, ¢, ] =lay, by, ¢1, ;] (cnexcrue 1) MoxKHO
[ePenucaTh B BUJE

c—a T—a Cc—ai T —al ar + 3

c—b'x—bicl—bl'xl—bl:xlzycc—l-?)' -

A orcroma cpa3y BBITEKAET CIEAYIONIN Pe3yJIbTarT.

Caencrsue 3. Ecau mpoexmuenoe npeobpa3osaHue mpamots umeem
mpu HENOOBUNCHDLE mo4xu, mo oHO mostcdecmeerto.

IIpoekruBHast reomerpusi Bo3Hukjaa B XVII B., u cpenu ee mepBBIX TBOPIOB OBLIN
JIIOAM HCKYCCTBA — 2KHBONKCIBI, APXUTEKTOPBI, HHTEPECOBABIIINECS IpobyieMamMu H300pa-
JKeHHsd, MepcneKTuBoil u T. n. IIpoekTuBHas reomMeTpus mepBOHAYAIBHO BO3HHUKJIA KakK

reoMeTpusi «IIPOeLUpPOBaHUi», OTCIona M Ha3paHue. lloaxoxpl, cBs3aHHBIE C APOGHO-
JIMHEHHBIME IpeoOpa30BaHUAME, BO3HUKIN B XIX B.

A Tenepb MBI B COCTOsIHUU JI0KA3aTh OCHOBHOM PE3YJIbTAT, € BOCCOEIM-
HAIOTCHA CTapble W HOBBIE MOIXOIbI.
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Teopema 1. a) Caedyrowue dsa onpedeaenusn npoexmusHozo npeobpa-
308aHua npamol sxeusasenmuv: (1) npeobpasosanue ecmv KOMNOZUYUA
npoeyuposanull; (2) npeobpazosarue ABAAEMCA OPOOHO-AUHETHBIM.

6) IIpoexmusnoe npeobpasosanue npamol 3adaemcs obpazamu mpex
movex.

Hdokazareabcrso. I3 cuexcrBus 2 semmbl 1 BBITEKAET, YTO KOMIIO-
3uIUs IPOeNUpPoOBaHuii ApobHO-mHEeNHA. Jlanee, 1pobHO-/MHEHOE 0TOOpa-
2KEHUE COXPaHsieT JBOHHOe oTHOoeHue. B camoMm jene, eciu

az; + B (oy = BB) (z: — x;)

yi:*{xi—i—?\)’ TO YT = (yxs +8)(yz; +38)°

CiieroBarenbHO, JTPOOHO-JINHEHHOE OTOOpaXKEHMe OIpeeJisieTcss 00pa3amMu
Tpex To4ek. JlokazaresbCcTBO OyeT 3aBepIieHo, ecau OyaeT MOKa3aHo, 9To
CYIIECTBYeT KOMIIO3UINS POENUPOBAHUi, mepeBodiiasd Tpu Touku A, B
u C B 3anannbie Touku A’', B’ u C'.

s moka3aTebCTBa MOCIEIHEr0 YTBEP-
XKJIeHUs MpoBeneM dYepe3 Touky A’ mps-
myto [, ornuanyro or upsmoit AA’. Ha ups-
Mmoit AA’ BosbMeM Touky O U cOpoernupyeM
u3 Hee npsamyto | Ha [” (cm. puc. 3.3). Iycrs
P — Touka mepecedenus mnpambix BB’ u
C"C". CupoerupoBas u3 Touku P mpsimyto [”
Ha [', mosyuyum tpebyemoe orobparkeHue.
(Ecm B’B” || C'C”, Hy>KHO PaccMOTpPEeTH Ia-
paJIIesIbHOE IIPOEIMPOBaHNe; eciu Todka A
mexxutr Ha [, HO He coBmagaer ¢ A’, HaIO
C/IeJIATh IPEIBAPUTENIHHO eIle OJHO IIPOelu-
poBaHme.) O

IIpeanonoxkum, 910 KaxKIA0NM UpPsAMOi T,
mpoxofgmeit depe3 Touky (O, comocTaBIeHA
HEKOTOpasl MpsMas T, MPOXOLAIas HYepe3
touky O;. CoOTBETCTBUE T — I HA3BIBAIOT
NPOEKMUBHBLM, €CITH OHO COXPAHSIET JBOWHOE
OTHOIIIEHNE JIF000M YeTBepKu mpsaMbix. VIHBI-
MU CJIOBaMU, €Cau | — IPOU3BOJIbHAS MPS-

Puc. 3.4 Mag, To oTobpazkernne X — X, rme X =x NI,
X, =2z, NI (puc.3.4), noiKHO GBITH TPOEK-
THBHBIM.

Teopema 2. ITycmb npoexkmuehoe coomeememeue T — T Makoso, 4mo
npamoti x = 00, coomeemcmeyem npsamas r1 = 010. Tozda mouxu nepe-
CEYEHUA BCET COOMBEMCMBEHHHLL NPAMBIL AEHCAM HaA 00HOT NPAMOT.
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HokazareabcTBo. [Iycts a u a;, b 1 b, —mapbl COOTBETCTBEHHBIX
npsmbrx, A m B —Toukn ux nepecedernus (puc.3.5). Ipsmas | = AB nepe-
cekaer npsamyo OO0, B Touke C. Eciu npamoit OX cooTBeTCcTByeT npsiMasi
0,X,, rne X n X; —rouku upamoii [, To [A, B, C, X|=[A, B, C, X,], a
suaqdnt, X = X;. CiiemoBaresibHO, BCe TOYKHU IIE€PECEIEHUs] COOTBETCTBEHHBIX
MPSAMBIX JIEZKAT HA MPAMOit [. O

B ycisioBun Teopemsr 2 TOYKE MOXKHO 3ame-
HUATH IPIMBIMU, & MPAMbIe — TOYKAMU. TOIHEe
rOBOPH, CIPABEIJINBO CIEAYIOIIEe YTBEPIKIE-
HUeE.

Teopema 3. IIycmv npoexmusHoe omob-
paosicerue X +— X, npamot o 8 npamyro o,
MAK060, YMO MOYKA NEPECEUEHUSA IMUT NP~
Mux nepexodum cama 6 cebs. Tozda ece nps- Puc. 3.5
Mble, COEQUHAOULUE COOMBEMCNEEHHBLE TOY-

KU, NPOTOOAM “ePe3 00HY TMOYKY.

IHokazarenabcTBo. [Iyctb Au A;, B u B, —napbl COOTBETCTBEHHBIX
TOYEK, @ U b—npoxosiue Yyepe3 HuX npsMblie, L —TOYKa nepecedeHus mnpsi-
MBIX @ U b, c— TpsiMasi, TPOXOIAINas Jepe3 TOUKY L U TOUKY mepecedeHust
OpSMBIX 0 U 0,. Ecim Touka X mpsiMoif 0 COOTBETCTBYET TOYKe X MPAMOUT
01, 10 [a, b, ¢, x] = [ay, by, ¢1, @], tme x = XL u 2, = LX,. lloaromy = = x4,
T.e. npaMag X X| NPOXoauT depe3 TOUKYy L. O

JIBoitHOE OTHOIIEHNE YETHIPEX TOYEK 3aBUCUT OT HOpsiaka Todek. Ilpm

NEPECTAHOBKE TOYEK OHO MEHSIETCS 10 JIOCTATOYHO HPOCTHIM IIPABUJIAM.
Ouerngmo, uro [A, B, C, D]|=[B, A, C, D]*=[A, B, D, C]~'. Jlerko npo-
Bepurh Takxke, uro [A, B, C, D|=1-[A, C, B, D] (3T0 3KBUBajeHTHO
pasercrBy (¢ —a)(d —b) = (c—b)(d—a) + (b —a)(d — ¢)). Paccmorpennbie
TPU [EPECTAHOBKHU TOYEK ITOPOXKJAIOT BCE OCTAJIbHBIE IepecTaHoBKU. [To-
9TOMY €CJIM JBOWHOE OTHOIIEHWE YeThIPEX TOYEK PABHO A, TO, B3fB WX B
JIPYTOM TOPSIZIKE, MOXKHO IIOJIYIUTH CJIEAYIOIINE 3HAYEHNS JBONHOTO OTHO-
merns: AN 1=, (1—=A)" 1—=A"'u (1—A"")"'. B HEKOTOpBIX Crydasx
Cpe/ii TUX IMEeCTU 3HAYEHWH MOrYT OBITH coBmajaroniue. lIpupaBHuBas A
OATU JAPYTUM 3HAYEHUSM, [OJIyYaeM CJIeYIOe BbIPOXKIeHHbIe HaOOPbI
sravennii \: {—1, 2, —=1/2}, {1, 0, oo} m {—¢, —€®}, tme e® +e+1=0.

Ecnu paccMaTpuBaTh HEYIOPSIOYEHHBIE HAOOPHI U3 Y€THIPEX TOYEK, TO
BMECTO UX JBOIHOrO OTHOIIEeHUS yI00Ho Oparh dyrkumio J(\), nHBapraHT-
HYIO OTHOCHTEJIbHO 3aMeH A Ha 1 — A u Ha A~!. B KagecTBe Takoit pyHKIMI
MOKHO HCIIOJIb30BaTh (DYHKITUIO

= e e () (5
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b0 GyHKIWH, mOJTydeHHbIe u3 J,; JUHEHHBIM Ipeobpa3oBaHUEM, HAIIPH-
Mep,

JIN+3 (P —xa+1)?

J20\): 2 = )\2(17)\)2 )
100 = B(0) — 2 = (<” 1)(;(1*_2){)% - 1/2)) _

Kaxnas u3 srux pyHKmii obrasaer TeM cBoiicrBoM, uro J(X) =J(\;) Torma
¥ TOJBKO TOrJA, KOIJa YUCI0 A IOJYIE€HO W3 A KOMIIO3HITHEH Ipeodbpas3o-
BaHmil Buma A— 1 — A m A— AL,

st uerbipex miockocteit B R3, umeromux oburyto npsmyto, deotitoe om-
HOWeEHUE MOYKHO OIPEIETINTh KaK JBOMHOE OTHOIIEHHE YeThIPEX IPSIMBIX,
[IOJIy YEHHBIX TIPU TIEPECEYeHNN JAHHBIX IJIOCKOCTEH TPOU3BOJIBHOM TLII0CKO-
creio. s ro60it apyroi cekyImeil mI0CKOCTH ABOMHOE OTHOIIEHUE OyIer
TeM ke caMbIM. JlefiCTBUTENBHO, IyCTh JBE CEKYIIHe ILJIOCKOCTH Iepece-
KAIOTCs 110 HEKOTOpOoil upsimoit [. Torma ajs obenx CEKyImmx ILJIOCKOCTEM
JIBOITHOE OTHOIIEHUE OyeT PABHO JBOMHOMY OTHONIEHHIO TOYEK, B KOTOPBIX
npsMast | mepecekaeT JaHHBIE IIOCKOCTH.

IIpoekTuBHAdA NJIOCKOCTH

Mozkuo 6b110 6BI Cpa3y caemars mepexon or RP! k RP™ u ompenenuts n-MepHOe
[IPOeKTUBHOE IpocTpaHcTBO. Ho MbI, cenys, Bo-epBhIX, 00LIEMY 3aMBICILY, & BO-BTOPBIX,
y49HUTbIBasi KCTOPUYECKYIO POJIb UMEHHO IIPOEKTUBHOM ILJIOCKOCTH, IIOCBAIIAEM OTAEJbHbII
[IyHKT JBYMEPHOMY CIIydalo.

ITocTpoenue MpoeKTHBHOI mTocKocTH RIP? 0CyImecTBIM BeChbMa CXOIHBIM
06pa3zoM 10 oTHOIIEHHO K RIP! — IPOeKTHBHOI IPSIMOI, HOCTPOEHHOI B IIpe-
JBIIYIIEM IIyHKTE.

Monenbio TPOEKTUBHOMN ILIIOCKOCTU MOXKET CIIY2KUTh COBOKYIIHOCTH BCEX
npsambix B R3, npoxojsiux yepes Hayasi0 KOOPAMHAT, /1€ ABUKEHUSIMU AB-
JIAIOTCA BCe HEBBIPOXKIEHHBIE JIMHelHbIe Tpeobpasobanud R? B cebs.

Torpa ka0l npsAMoii, TpoxXoAsdmiell Yepe3 HA4aJI0 KoopAuHAT (Kpome
OpPSMBIX, JIeKamUX B IIOCKOCTH OX1T;), COOTBETCTBYET €e CJIef] HA ILJI0C-
koctu T3 = 1. IIpsambiv ke, jexkamuM B mrockoctu Ox 12y, CONOCTABUM IO
0OECKOHEYHO yJIaJIEHHON TOYKE, M COBOKYITHOCTh ITUX OECKOHEYHO YAAJEHHBIX
TOYeK HA30BeM OeckoneuHno Yoarennol npamod.

Kazxxmaa npamas B R3, mpoxondmas depes HadaI0 KOOPAXHAT, OMPeIes-
eTcd Tpolikoit aucen (&1, &a, &3), &; €R, ¢ =1, 2, 3, He paBHBIX ONHOBPEMEHHO
mymo, npudeM Tpoiiku (&1, &2, &) u (A&, As, A3), A€ R, X # 0, onpeze-
JIAIOT OJIHY W Ty Ke npsaMyio. VlHade roBOpsi, TAaKOW MPsIMON OIMHO3HATHO
coorBercTByeT oTHOmEHHE (&) : &y 1 &3). DT KOOPAMHATHI TOYEK NPOEKTUB-
HOM IJIOCKOCTH HA3BIBAIOTCI 00HOPOOHbIMU. JIBUKeHUS Ke B OIHOPOIHBIX
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KOOpAuHAaTaX OIIMCBHIBAIOTCA TaK:

(Elizziza)H

— (1181 + @192 + 13%3) : (A2181 + A2 + A23T3) : (a3181 + G32%2 + A33T3)),

rae a;; S R, det(a/”) 7é 0.

Mpbr BKIIOUHMIN TPOEKTUBHYIO MJIOCKOCTH B 3PJIAHTEHCKYIO HIE0JIOTHIO.

C ronosoruueckoit Touku 3penus RP? — 310 coBokynHOCTh BCex mpsmbix B R3, mpo-
xopamux epes Touxy O. 1o — HeopueHTHpyeMoe MHOrooGpasue. Ilo-ngpyromy RP? za-
Aaercd CiieAyIonuMiu 3KBUBAJIEHTHBIMA CHOCO6aMI/I:

cdepa S?, y kOTOpO#i AMAMETPAILHO IPOTHBOIOIOKHBIE TOYKH UIeHTH(DHIIIPOBAHET;

KpyT, OTPAHUYEHHBIH OKPY’KHOCTBIO, ¥ KOTOPOH JUAMETPAJIHHO IPOTUBOIOJIOXKHbBIE
TOYKY UJEHTU(DUIUPOBAHBL;

nuct Mébuyca, K KOTOPOMY [0 T'PAHMUIIE IPUKJIEEH KPYT.

Kakuwue ke 06beKThI n3y4aroTcs B IpoeKTuBHON reomerpun’ [Tomumo mo-
wek (COOTBETCTBYIOMNX MPSIMBIM, HPOXOASAIIAM Yepe3 HAYaI0 KOOD/MHAT),
PaCCMATPHBAIOTCA NPAMBIE, COOTBETCTBYIONINE IJIOCKOCTAM, IPOXOIAIIIM
gepe3 Hadasio KoopauHaT. OHU ONUCHIBAIOTCH YPABHEHUSMH BHIA

1T, + Xy + azx3 = 0, (31)

rae XoTs ObI OJHO U3 YHCEeN 41, (o, 3 OTIAIHO OT HyJsd. Ilmockoctu x5 = ()
COOTBETCTBYET «OECKOHEUYHO yHajleHHas» mpsMasd. Kenn as # 0, To npaMyro
(3.1) MOXKHO «yBUIETBH»: 3TO IpsaAMas Ha IUIOCKOCTH Xz = 1, 3amaBaeMasd
ABHEHHEM
v ﬂxl + ExQ =-—1.
as as

Ha npoekTrBHOIM 1JIOCKOCTH Yepe3 JIF00bIe JBEe TOYKU IPOXOJAUT €JMHCTBEH-
Hasl IpsIMas, a JIIOOBIE IBe Pa3IMIHble IPSMBIE IePeCceKaloTCs (B IPOEKTUB-
HOM MHUp€ HeT IapaJiIeJIbHOCTH).

Cooruomenue (3.1) ompenenser IBORCTBEHHOCTH MEXKIYy NPAMBIMU H
TOYKAMHF [IPOEKTUBHON IIOCKOCTH: HpsAMOii (3.3) cooTBeTCTBYeT TOUKA, mo-
POXKIIEHHAsT NPSIMOIl ¢ HANPABJIAIOMUM BEKTOPOM (ay, Gg, a3). (O6 ol
JAPYTUX JBOMCTBEHHOCTSIX MBI MHOTO Dy/IeM TOBOPHUTH B ;LaJIbHeI'/’IHJeM.)

Kpome To4Yek m NpAMBIX B MPOEKTUBHOU T€OMETPUHN H3YUAIOT KOHUKU,
T. €. KpUBBIe, 33/1aBaeMble YPDABHEHUAMU BUIA

3
Z aljl'lfj = 0. (3.2)

3,j=1
Hanpumep, npsiMoit KpyroBoit KOHYC X3 = &3 + T3 «BBICEKAeT» Ha IFIOCKOCTH
x3 =1 okpyxuoctb z2 + 2 =1, kouyc x3 + x5 = 7 BbiCceKaeT runepboJLy
x3 — 22 =1, a KoHyC 27 — Tox3 = 0 BbICekaeT mapabory T, = x3.
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Hawm ocrasochk ckazarh HECKOJIBKO CJIOB O IPyIIIe IIPeodpa30BaHUil IPO-
eKTUBHOU mmockocTu. I1om00HO TOMY Kak 9TO OBLIO CIAESaHO JJjisi MPSIMOI,
paccMoTpuM mpeobpaszoBanns RP?, mHAyIHpOBaHHBIE NMPeOGPA30BAHMAMI
obmeit nuueiinoit rpynosl GL(3, R). /e dburypsl Ha OpOeKTUBHON IJIOC-
KOCTHU OObSABJIAIOTCA OIMHAKOBBIMU, €CJIA OHU IEPEBOJATCS OJHA B JIPYTYIO
¢ moMOmBI0 HEKoTOporo mpeobpasosanmsa u3 GL(3, R). B wacTHOCTH, Kak
JIEKO HOHSTh, OKPY2KHOCTb, ruiiep0oJia u napadoJia, ONUCAHHBIE HAMU 9y Th
BBIIIE, C IPOEKTUBHOM TOYKU 3PEHUs OJUHAKOBBI.

Teopemsn! Ilanna u de3apra

V2Ke HECKOJIBKO Pa3 OBOPUJIOCH, YTO HA MPOEKTHUBHON IIJIOCKOCTH Cy-
[IECTBYET 3aMe4YaTeIbHOE SBJIEHUE 060UCMEEHHOCNU MEHCOY NPAMBMY U
moukamu. Bo Bcex reomerpusix, C KOTOPbIMU MbI y2K€ UMEJIH €10 U Oyem
AMeTh JeJI0 B JAJbHENIEM, JBONCTBEHHOCTD SBJISETCS OJHUM U3 Hambojee
CYIIeCTBEHHBIX SIBJIEHUN; NBOWCTBEHHOCTH B MIPOEKTUBHOI r€OMETPUU UCTO-
pudecku Obi1a mepBoii. B sToM myHKTE OyZmeT paccka3aHo o AByX Hambojee
M3BECTHBIX TEOPEMAX IIPOEKTUBHOI reOMeTPHH U 00CYXK/IeHA UX JBONCTBEH-
Hasl NPUPOJIA.

IlepBriM chopmynupoBan npuanun asoiicteBerroctu [loncerte.

2Kan Buwmop IToncene (1788—1867) — dppaniy3ckuil mHKEHED © MaTeMaTuK. B cBo-
eM «TpakTaTe 0 IPpOEKTHBHBIX CBOHCTBaxX dburyp» (1822) 3amoxkui Hadasa IPOEKTUBHON
reoMeTpuH.

Eme pa3 s3rusrem Ha coorHOmenwue (3.1) npeapraymero myskTa. 113 HETO
CJIefIyeT, 94TO npsaMasi, IIOPOXKIEHHAA BEKTOPOM a = (a1, dg, a3), T. €. MHOXKE-
cTBO To4ueK B R?, mpemcraBuMbix B BUziE A(a1,as,as), ANER, omqHOZHATHO Ompe-
nenser B R® (mepnenpukynsapryo) mwiockocrs a- =11, = {z = (2, 22, x3) |
1T, + Q3o + A3T3 = O}. Ota miockocth 11, ecTh HE 4TO MHOE, KAK IpAMas
B mpoexTuBHOIT mwiockoctn RP?. O6o3nadnm ee Toii zke GyKBOii a.

C apyroit croOpoHBI, npsiMasi, MOPOXKIEHHAsT BEKTOPOM @, 33JaeT B RP?
TOYKY, KOTOPYI0 0603HaunM OykBoit A. ITomyumiock coorBercTBre A < q.
Byaem sto 3anuceiBars B Buse a = DA (upavas a apoiicTBenHa Touke A)
umu A= Da (rouka A nBOHCTBEHHA IPAMOR a); STH COOTHOLIEHWS SKBU-
BasieHTHBI, u60 D? =Id. VYcioBuMmca majiee mpaMylo, MPOXOMAILYIO depe3
roukn A u B, obosragars (AB) (mmm npocro AB), a TOUKy mepecedeHust
upaMbIX a 1 b 0603Ha9aTh (ab). Ilpu sToM Gymem roBoputs, uro npamasa AB
uHOUAEeHTH TodKaM A u B u 9to Touka (ab) MHIUIEHTHA OPAMBIM @ U b.

Jlerko nouaTh, uro npsiMas AB unnuaenTHa Touke C' TOrIA U TOJBKO
TOrJa, KOraa To4ka (ab) MHIMAEHTHA IPAMOi C.

Conocrasienne A <> 1e1aeT OYeBUIHBIM CJIEAYIOMEE yTBEPKICHHUE.

Teopewma 4 (o nsoticreerHOM cooTBeTcTBHN). [Tycms cnpasedauso Hexo-
mopoe ymeepoicderue, 8 POPMYAUPOSKE KOMOPO20 YHacmeyem KkoHpuaypa-
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YUSA MOYEK U NPAMBIT, CEAZAHHBLT OMHOWeHUeM uHyudenmuocmu. Tozda
ECAU 8 IMOM YMBEPHCICHUU NOMEHAMND CA0BA <NPAMAAS U «MOYKA», MO
HOB0€E Yymeepocoerue makoce 6ydem SepHvIM.

IIpexxne 9em mepexoauTh K OCHOBHBIM TeopemaM, ChOopMysmpyeM ciie-
MYIOIIee yTBEPKIEHUE.

JIemma 2. ITycmv A, Ay, As, A, u By, By, Bs, By — dsa nabopa mo-
wex obuezo noroscernusn 6 RP?. Tozda cywecmeyem eduncmeennoe maxoe
npoexmuswoe npeobpasosanue f: RP* — RP? wmo f(A,)=B;, 1<i<4.

Toukm {C;}} , Ha3BIBAIOT MouKaMu 00-

Wez20 MOAOIHCEHUS, €CJIA COOTBETCTBYyIOIIHE o A Ay A3

UM BEKTODBI {C;}i_, OBIAmarOT TeM CBOM-
CTBOM, 9YTO JIIOOble TPU W3 HUX 0OPaA3yIOT
6asuc. JlokazareabCTBO JJEMMBbI 2 OCHOBBIBA-
eTcd Ha mpocTefimux akTax JUHEHHON aJi-
reOpbl ¥ MPUBOAUTCS B OOIEM BHIE JJI 71
MEPHOr0 MPOCTPAHCTBA B CIIEAYIONIEM Mapa-
rpace (Teopema 2 Ha c. 77).

Teopewma ITamma. I[Tycmov damv, dse nps-
Mmoie 6 u b u no mpu mourku Ha Kasrcdol u3
nux: Ay, Ay, As ma a u By, By, By na b. Puc. 3.6
Hycms P, — mouka nepeceveHus npamoir
B, Ay u A, By, P, —mouka nepecevenus npamoir BoAs u AyBs, Py —mouy-
Ka nepecevenus npamox By Az u A Bs (puc.3.6). Tozda mouxu Py, Py u Ps
aedxcam na 00Hot NPAMOTL.

ITann Aaexcandpuiickuti — npeBHerpedeckuii maremaruk 111 Beka H. 3.

Kak u Bcakwmii comepzkaTebHbIN pe3yabratT, Teopema [lamnma moxker ObITH
JIOKa3aHa MHOTMMH CIIOCOOAMIE, U B 9TOU KHUTE Oy/1yT NPUBEIEHBI PA3JIAY-
HBIE €€ JI0Ka3aTe/bCTBa. BOT JI0Ka3aTe/IbCTBO B JyX€ TEX, 94TO MbI JIEMOH-
CTPHUPOBAJIN B MEPBO TJIaBe, KOTIa PEKJIAMUPOBAJII METOJ KOOPIMHAT.

IlepBoe gokazarTenbcTBO. Vcnonas3ys memmy 2, 0oTOOpa3uM TOY-
ku A;, Ay, By, By, B Bepmunsl kBagpara: A = (0, 0), A, =(1,0), B;=(0, 1),
B, =(1, 1). Ilycte npu srom A} = (a, 0), a B = (1, b). KoopmuraTer Touex
P!, =1, 2, 3, TpUBHAJIBHO CYATAIOTCH, U TAK K€ TPHUBHAJIBHO OOHADYKH-
BAETCs, 9TO BCE TPU TOYKHU JIEXKAT HA OTHOU MPSIMOU. O

Ipyroe moka3aTeabCcTBO TeopeMbl [lanmma MOXKHO MOIYyYHTb, BOCIIOJIb-
30BABINKCH TEM, YTO [IPOEKTUBHOE MIPEOOPA30BAHNE IPAMOM, MMEIOIIee TPH
HEIIO/IBI2KHbIE TOYKM, TOXKIECTBEHHO.

Bropoe nokaszarenncrso. Ilycrs npameie PP, u A; B, uepece-
Kaor upsimyio By Az B roukax P; u C coorsercrsentno. Tpebyercs joka3ars,
aro Py = Pj.
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Paccvorpum KOMIO3uuio mpoeKIrit
A A P
BiA; — b5 ByAs — B, A3,

rae OyKBa HaJ CTPEJIKON YKA3bIBAET TOUYKY, U3 KOTOPOU IIPOU3BOJAUTCH IIPO-
ekius. JIerko nmpoBepuTh, 9YTO TO IMPOEKTHUBHOE IPEeOOpPa30BaHME MPSIMOM
B, A; ocransier rouku B, C u A; menogsuKabiMu, a TouKky P; mepesogut
B P;. CirenoBaTeIbHO, 3TO Ipeodpa30BaHue TOXKIECTBeHHOe u Py = P;. [

A BOT yTBepKeHue, ABOMCTBeHHOE TeopeMe Ilamma.

Iycmo npamwvie a, as, as umerom obwyro mouky A, a npsamvie by, by,
bs — obwyro moury B. I[Tycmov npamas py, npoxodum wepe3 mouky nepeceye-
nus npamox (bias) u (a1bsy), po —uepes mouxu (byaz) u (bsai), ps —wepes
mouku (byas) u (bsay). Toeda npamovie p1, P U D3 UMEIOM 06WYIO MOUKY.

Tnansa va puc. 3.7, MoxkHO yOenuThes, 9T0 TeopeMa [lamma u nBolicTBeH-
Has eil TeopeMa 3KBuBajeHTHBI. OTMeTHM B 3aKJIOYeHne, 9T0 TeopeMa [lar-
& ABJIETCS YACTHBIM CIydaeM Teopembl Ilackasis, o KOTOpoil pedusb moimer
pampme (cm. c. 91).

Teopema de3apra. Ecau npamovie, nporodaujue wepe3 coomesemcmeeH-
Hole sepwub, mpeyzoavhukos A, By, C1 u As, By, Cy, nepecexaromcsa 6
00Ol Mmouke S, Mo COOMEEMCMBEHHBLE CTNOPOHDL IMUL MPEY2ONOHUKOSE Te-
DECEKAOMLA 6 MPET MOUKAT, AEHCAWUT HA 00nol npamol (puc. 3.8).

Puc. 3.7 Puc. 3.8

2Kupap [esape (1591—1661) — dbpaHmy3cKuil apXUTEKTOp, HHXKEHEP M MATEMATHK,
3aJI02KUBIINI OCHOBBI IPOEKTHBHON H HadepTaTeIbHOI reoMerpun. BBes nmonarue 6ecko-
HEYHO y[AJIEHHBIX 31eMeHTOB u mossaproctu. Vnen Jlesapra 6611 BOCIPUHATHL HE CPA3Y;
MIPOEeKTUBHAA reOMeTPHs Bo3poauiach aumb B XIX B. B rpynax Iloncene, Il Teitrepa u gp.

Teopema /le3apra, kak u Teopema Ilamma, MoxKeT OBITH JOKa3aHA CaMBbI-
MU PAa3HbIMU CHOCO6aMH. B IIEPBOM J0Ka3aTe€JIbCTBE MbL (KaK u B Teopeme
IMTanma) oro6pasnM JaHHBIE TOYKH TAaK, YTOOBI OHU 3aHSIN HAUOOJEe IIPO-
CTO€ TIOJIOXKEHHE.
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HdokazareabcrBo. Orobpa3uM OPOEKTUBHBIM Ipeobpa3oBaHUeM
touku A, A,, By, By, B BepuiuHbl KBaIpaTa

A1=(0,0), Ay=(1,0), B;=(0,1), By;=(1,1).

Torna npsmere A) B} u Al B), nepecekarorcs B 66CKOHEIHO yIajeHHOH (B Ha-
npasaennn ocu Ox,) Touke Pj, a roukn C| n Cj (o6paser Toaek C; u C.)
JIeXKAT Ha UPAMOMN, napaJsuienboit ocu Oxy; Touka S’ — OECKOHEYHO ya-
JIeHHas TOYKa 3Toil mpsamoii. [lycts P/, P, — TOUKH mepecevdeHus: MPSIMBIX
C1 A u CLA,, C1B] u C}B). Jlerko npoBeputs, uro To4ku P, u P, jgexar
HA OIHOII BeprHKaJbHOU npamoit. [losTomy Touka P; aBisierca OeCKOHEIHO
yOaneHHON TouKoi npamoil P P;, a 3HaduT, mpoobpassl Touek P), Py u Pj
JIe’KaT Ha OJJHOI MpAMOH.

Jlpyroe moka3aTebCTBO TeopeMbl /le3apra MOXKHO MOJYYUTh, BOCIIOIh-
30BaBIINCH CBOWCTBAMU IIPOEKTUBHBIX COOTBETCTBUI (Teopema 2 Ha c. 66).
Paccmorpum mpoeknuio mpamoit Ay B; Ha npamyo A, B, u3 Toukm S.
IIycts mpu sToit mpoeknuu Touka X, mepexoqur B X,. Torma coorBeTrcTBHe
C, X, — C, X, upoekrusHoe, npudem npsimas C;C5 COOTBETCTBYET NPAMOIA
C,C,. CnenoBaresbHO, TOUKH Iepecedenns npambix C1 A, u CyA,, C1 B, n
CyB,, C,P; u Cy,P; (3mech P; —Touka mepecedenus npambix A, By u A, B,)
JIe’KaT Ha OJHOI NPAMO.

Eme oxgso mokazaresbcTBO TeopeMbl Jle3apra MOXKHO IOJIyYUTb, BOC-
[OJIL30BaBIIKUCh TE€M, Y4TO ILIOCKOCTh R? pacroJioxkena B 1npocrpancTse R3.
Jeno B ToMm, uTo B R? ogeBnaEbIM 06pa3oM CrIpaBeIInBo CJIeAyIomee yTBep-
xKaeHne: nycmo naockocmu 11, u Iy nepecexarom pebpa mpexepannozo yeaa
¢ sepwunoti S 6 moukaxr Ay, By, Cy u Ay, By, Cy. To2da mouku nepeceuenus
npamoir A1B; u Ay By, BiC, u B,Cs, A,C, u A;Cy aesicam na npamoti s
nepecevenus naockocmedi 11, u Il,. CupoenupoBaB BOHUKAIOIILYIO IIPA STOM
KOH(MUrypaIuo Ha HEKOTOPYIO IIOCKOCTD, oJiyanM Teopemy lesapra. [

Kak u B ciygae teopembr Ilanma, Teopema /lesapra m mgBoiicTBeHHAs
eifi Teopema 3kBuBajieHTHHI. Kondwurypamusa [lamma cocrour m3 9 Todex
7 9 NpPAMBIX, IPUYEM KaXKIas MpaMas COJIEPXKUT TPU TOYKH, a Yepe3 KaxkK-
Y0 TOYKY mpoxonar Tpu mpambre. Koradwurypamus lesapra cocrour m3
10 Touek m 10 npsAMBIX, IpUYEM KaK/iasd HIPAMas COAEPXKUT TPU TOUYKU U
gepe3 KaXKIyK TOYKY MPOXOAAT TPU MPAMBIE.

Ha mpsamoii, nexaineil B IIOCKOCTH, MOXKHO OIIPEIETUTH ajredpanmde-
CKYIO CTPYKTYPY T€JIa WU H0Jist, 6a3upysCh JIMIIb HA P€OMETPUIECKUAX KOH-
CTPYKIMSX B [POEKTUBHOM IIPOCTPAHCTBE. DTU KOHCTPYKIIUH TECHO CBSI-
3anbl ¢ Teopemamu Jlesapra u ITanna. Tounee rosopsi, Teopema Jlesapra
obecrieunBaeT KOPPEKTHOCTH OIPEJIE/IEHUs CJIOXKEHUsI U YMHOXKEHUS, 8 TEO-
pema [lamma npuBOAUT K KOMMYTATUBHOCTH ITHX OIEDAIHil.



74 I'maBa 3. IlpoekTuBHBINI MU

Y0065l ONpeaeTuTh CIOXKEHNE U YMHOXKEHIE TOYEK IPAMOil, (puKcupyem
Ha npsimoii Touky O (Hysnesoil snemenT) u Touky F (enuHuYHBIH 271€MeHT).
Torga Touky C' = A + B MOXKHO OIPEIENATH ¢ IOMOIIBIO MOCTPOEHNS , U300-
paxkenHoro Ha puc. 3.9. Ilpu srom P — npoussosbHas Touka, PP, || OA,
AP, ||OP u CP, || BP. He3aBucumocrs touku C' or Bbibopa Toukum P
9KBHUBAJIEHTHA CJIEAYIOIIEMY YTBEPKICHHUIO: HA4 MPET NAPAAAEALHUT NP~
mox 83amo, mouku {O, A, B, C}, {P, Pa} u{Q, Qa}, npuuem OP || AP,,
0Q || AQa u PB || P4C (puc.3.10). Tozda QB || Q4C. Hns moka3arenan-
CTBa 3TOTO yTBEDPKJEHWUS HYXKHO IBazKJbl IPUMEHHTH Teopemy Jlesapra.
Cuauajyia npumenuMm teopemy Jlesapra k tpeyrojpaukam OPQ u AP,Q 4.
B pesynbrare momyanm PQ || P4aQ 4. 3arem npumennm teopemy lesapra K
tpeyrombankaM PQB u P4Q4C n momywmm QB || Q4C.

st yMHOXKEHMsI TOYEK HPAMO HyKHa He TOJIbKO To4uka (O, HO U TOY-
ka E. Ilpoussenenue C' Touek A u B ompemensercd ¢ MOMOIILIO IOCTPO-
eHnsi, n306pakeanoro Ha puc. 3.11. IIpu sTom P — mpou3BojbHAS TOYKA,
BPg || EP u CPg || AP. HezaBucumocts touku C or Bbibopa Touku P
cHOBa cBa3aHa ¢ Teopemoit /lesapra. B camom mese, mo Teopeme [le3apra
QP || QP (puc.3.12). Ilosromy, npumerus eme pa3 Teopemy Jlesapra,
nosyanMm QA || QpC, 9T0 u TPeGOBAIOCH.

P Py
O A B C=A+B
Puc. 3.9 Puc. 3.10

% ) A :
P “v
QB

O FEA B C

Puc. 3.11 Puc. 3.12

Yro ke Kacaercd KOMMYTAaTUBHOCTU CJIO?KEHUA W KOMMYTAaTHUBHOCTU
YMHO2K€HUA, TO OHU CBA3aHBI C TeOpeMOﬁ ITanma. ﬂeﬁCTBHTeJIbHO, reomMeT-
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pudecku Touku A+ B u B + A onpenensitorcsa no-passomy; Todku A - B
n B A Toxe onpenensrorcs mo-pasaomy (pmc.3.1). Ho B obomnx caywasx
no Teopeme Ilanma u3 toro, uro AP, || BPz u BP || CP,, cienyer, 9To
AP || PgC.

Puc. 3.13

§ 3.2. IIpoekTuBHOE N-MEepHOE ITPOCTPAHCTBO

HenocpencreenabiM  06001eHreEM ITOHATHII IPOEKTUBHOM MOPAMOl u
[IPOEKTUBHOM IJIOCKOCTH SIBJISIETCS [IOHATHUE T-MEPHOI'O NPOEKMUBHO20 NPO-
cmpancmea RP™.

IIpoekTuBHOE mpocTpaHcTBO RP™ nMeeT HECKOIBKO BBIPA3UTEIbHBIX HHTEPIIPETAIAN.
Ero moxxHO peanu3oBaTh KaK COBOKYIIHOCTHb BCEX LPsSIMbIX, cogepkainux 0, B mpocrpaH-

n+1
crBe R* 1, kax cdepy S™ = {a: c Rt i a:f = 1} C naeHTH(DUIMPOBAHHBIMA JHAMET-

i=1
PAJIbHO IPOTUBOIIOJIOXKHBIME TOYKAMH, K;.K npocrpancTBo R", momosiHeHHOE OECKOHEYIHO
yZJaJeHHOU THIepPILIOCKOCTbIO. B mocienHeM ciaydae MOXKHO IIPeICTaBUTBL cebe Ty 2Ke
KapTUHY, 9YTO U B OJHOMEPHOM U ABYMEDHOM CilydasX. A MMEHHO, MOXKHO PacCMOTpPETb
runepmtockocts B R* 1| 3amasaemyio ypasresnem ©,, 11 =1, i «CiIempl», OCTaB/IsIeMbIe Ha,
9TOi IMIIEPIIOBEPXHOCTH IIPSIMBIMH, IPOXOASAIIAMHE I€Pe3 Hadalo Koopausar. [IpsamMsre, e-
JKalllfe B HapaJljleIbHOM M'MIepIIOCKOCTH, IPOXOJMAINel depe3 Hadalo KOOPAUHAT, OyayT

06pa30BbIBaTh «OECKOHEYHO YZAJIEHHYIO» IIPOEKTHBHYIO IJIOCKOCTb pasmepHocTu 1 — 1.

Hamum Tognble onpenesnerns (MHAYE FOBOPS, MOCTPOUM MOJIETH 7i-Mep-
HOTO IIPOEKTUBHOTO MPOCTPAHCTBA).

Touxamu npocrpancTBa RP" HasblBaloT Takue HAOODPBL (L1, ..., Tpi1)
JIeAICTBUTENIbHBIX YUCEJI, YTO HE BCE UHUCA X1, ..., T,y PABHBL Hy/IO. [Ipn
9TOM IPOIOPIUOHAJbHbIE HAOOPHI CYATAIOTCHA dKBUBAJEHTHbIMHA. (VHBIMU
cioBaMu, TouKaMmu npocrpanctsa RP" apnarorca npambie B R™ !, npoxons-

mue 9epe3 Ha9a0 KoopauHart.) ducna &1, ..., &, HA3BIBAIOT 00HOPOOHYI-
MU KOOPOUHAMAMY TOYKH MPOEKTUBHOTO MPOCTPAHCTBA. 1IpU 9TOM TOYKHU
npocrpascTBa RP" 0603HA9AOT (21 1 T ... Tpyy)-

PaccmorpuMm B R™™ myockocts pasmeproct: k + 1, mpoxongamniyio de-
pe3 Hadajo KoopauuaT. Touku mpocrpancrea RP", coorBeTcTByoOMmuMe npsi-
MBIM, JIEXKAIIUM B 9TOH IJI0CKOCTH, 00pa3yior k-meproe nodnpocmparcmeo
B RP". IIpu srom omHOMEpPHBIE HOAIPOCcTPpancTBa B RIP™ Ha3bIBAOT NpsmbL-
mu, (n — 1)-MepHBIE — 2UNEPNAOCKOCTNAMU.
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B oxgmopommpix KOOpamHATAX Kk-MEPHBIE IOAIIPOCTPAHCTBA N-MEPHOIO
IIPOEKTUBHOTO IIPOCTPAHCTBA 33JAI0TCHA CHUCTEMOIT OTHODOJHBIX JIWHEWHBIX
yPaBHEHHIA

n+1

Z a;x; =0, 1<i<n—k, rank(a;)=n—E%k. (3.3)
j=1

VKe 0TMedasIoCh CIeAyIomIee CBOMCTBO MPSIMBIX HA MPOEKTUBHOM ILIOC-
KOCTH: Ha mpoexmuenoti naockocmu RP? awbue dse necosnadarousue nps-
MBLE NEPECEKAMCA PO8HO 8 0010l mouke. (leficTBUTENBHO, ABYM IPAMBIM
poekTuBHOM miockocry RP? COOTBETCTBYIOT jBe IuiockocTu B R3, mpo-
XOISAIINE Yepe3 HadaJi0 KOOPDAWHAT. DTU IBE ILUIOCKOCTU MEPECEKAIOTCS I10
HEKOTOPO MPSMOii, MPOXOILAINEl depe3 HadaJ 0 KOOPAWHAT, 9TO U Tpebo-
BaJIoCh.) EcrecrBennbiM 0606menneM 51oro hakTa sBISETC CJIeyFOIuii:
A100ble N 2UNEPNAOCKOCTET 68 N-MEPHOM NPOEKMUBHOM NPOCMPAHCMBE Ne-
DECEKAIOMCSA, @ ECAU IMU 2UNEPNAOCKOCTNU HATOOAMCA «8 00UeM NoavdHCe-
HUW», M.e. ecau panz cucmemvs (3.3) pasen n, Mo oHu NEpeceKarOMes 6
00HOT, MouKe.

OcHOBHBIE OOBEKTHI N-MEPHOT'O IPOEKTUBHOIO IPOCTPAHCTBA — ITO €ro
[IOJIIPOCTPAHCTBA PA3JINIHON PA3MEPHOCTH U K8aJPUKU, T.€e. THIIEPIIOBEPX-
HOCTH, 33/]aBa€Mble YDABHEHUSAMH (B OJHOPOHBIX KOODAMHATAX)

n+1
Z a;jz;x; =0. (3.4)
i,j=1

Tenepp mpunuio BpemMs CKa3aTb O IPYIIEe TPOEKTUBHBIX MpPeodpa3oBa-
auit. [logobHO TOMY Kak 9T0 OBLIO B CiIydae MPsAMOIl U ILIOCKOCTH, Ipeodpa-
30BaHUSMHU N-MEPHOI'O IIPOEKTUBHOI'O IIPOCTPAHCTBA SABJILAIOTCS PEobpa3o-
Banus obueit smueiinoi rpyunst GL(n 4 1, R), unage roopsi, npoexmueHsim
npeobpasosaruem npocrpancrsa RP" HasbiBaroT npeobpa3oBaHue, WHLY U~
POBaHHOE JHHEHHBIM IPeo0pa3oBaHHEM BEKTOPHOTO IIPOCTPaHCTBa R™TL,

Teopema 1. [Ipoexmusnoe npeobpasosarue nepesodum a06Y10 NPAMYIO
6 HEKOMOPYI0 NPAMYIO U NPU IMOM COTPaHAEM 080THOE OMHOUEHUE AOOBLT
YEMBLPET TOYUEK, AEHCAWUT HA 00HOT NPAMOT.

HokazaTeabcTso. Jlureiinoe nmpeobpa3oBanme NEPEBOIUT JIBYMED-
HOE TOAIPOCTPAHCTBO B HEKOTOPOE ABYMEPHOE MOANPOCTPAHCTBO. [TosTomy
MHIYyIIIPOBAHHOE MM IIPe0Opa30BaHue MPOEKTUBHOTO IPOCTPAHCTBA IEPEBO-
AT TPSIMYIO B MPSMYIO.

Paccmorpum geTbipe TOYKH IIPOEKTUBHOIO [POCTPAHCTBA, JIEXKAIUe Ha
onHoil npsimoii. B npocrpanctee R™ uM cooTBeTCTBYIOT BEKTODHI €1, €,
ey + Aea, e; + pes (puc. 3.14). Ilpn sTom nBOifHOE OTHOIIEHME PacCMaTPHU-
BaeMBbIX TO4YeK paBHO [0, 00, A, . JIuHeliHOe mpeoGpa3oBaHMe MEPEBOIUT
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paccMaTpuBaeMble BEKTODBI B BEKTODHI €1, €2, €1 + A€y, €1 + Ueo. IloaTomy
JIBOIHOE OTHOIIEHNE COOTBETCTBYIOIIMX UM TOUYeK ToKe PaBHO [0, 0o, A, w]. OJ
Ilepenecem Tenepb Ha RP" Teopemy o ToMm, 9TO
[IPOEKTUBHOE IIPeoOpa30BaHME IPOEKTUBHOW IIpsi-
moit RP' oxmo3Ha4IHO 3373eTcs 06pa3saMu Tpex Io-
[ApHO PAa3JM4YHbIX TO4Yek. HazoBem Touku A, ...
.y Apio € RP" moukamu obuwsezo noaosicenus, ec-
JIX COOTBETCTBYIOIINE WM BEKTODPBI G, ..., Qpyo € e2
€ Rt obmamaroT COeIyOMUIM CBOHCTBOM: JIIO-

e1tues é 1+ hes

6n1e 1 + 1 U3 3TUX BEKTOPOB 00pa3yroT ba3uc. HbI- Puc. 3.14
MU CJIOBAMH, BEKTOPHI G, . . ., A, 00Pa3yioT 6a3uc
u apypo = )\10/1 + ...+ )\n+1an+1, rae )\1 N >\n+1 # 0.
Teopema 2. ITyemv Ai, ..., Anio u By, ..., B, 2 — dsa nabopa mo-

yek obwezo noaoocenun 6 RP™. Toeda cywecmeyem eduncmeennoe npo-
exmuenoe npeobpasosanue f: RP" — RP", dan xomopozo f(A;)= B,
i=1,...,n+2.

Hdokazareabcrso. Ilycte Toukam A;, ..., A, » COOTBETCTBYIOT
BEKTODBL Gy, - . -y Qpt1, Qpio =A1G1 + ...+ Ayy1Qpi1, aTO9KAM By, ..., B, 1o
COOTBETCTBYIOT BEKTODHI b1, ..., byy1, bpyo =Wwibi + ...+ Wos1bner. Tpe-
OyeTcs [IOKa3aTh, 4YTO CyIIECTBYeT JMHEWHOoe MpeoOpa3oBanume A, s
koroporo Aa; =x;b;, i=1, ..., n+ 2, npuuem npeobpasoBanue A ompe-
JIeJIEHO OJHO3HAYHO C TOYHOCTBIO 0 HpomopruoHaabHocTu. [lpm i # n + 2
nostiockum  Aa; = x;b;, Toe ; — NPOM3BOJBLHOE HYHCJIO, HE PABHOE HYJIIO.
Yucna i, ..., Tny1 OJHO3HAYHO 3a1ar0T npeobpasosanune A. Pasencrso
Aa, 2 = Ty yob, 2 BHIIOJHSIETCS TOTJA M TOJBKO TOTJA, KOTAA T; = %xnﬁ,

i
1=1, ..., n+ 1. 910 o3HaUaeT, 9TO0 TPeOyEeMbIil HAOOD YUCEN T, ..., Tpiq
CYIIECTBYET, IPUYEM OH OIPEJEJIeH OJHO3HAYHO C TOYHOCTBHIO JIO IIPOIOP-

IIOHAJILHOCTH. O

Sagaum K riiase 3

JIBoliHOE OTHOIlIeHue

3.1. Ha npsamoit B3gThl momapHo paszawunabie Touku A, B, C, D u E.
Jlokaxxure, 94T0

[A, B,C, D]-[A, B, D, E]-[A, B, E,C]=1.

3.2. Ilycre I(t) — mpamas a;x + by = t(asx + byy). Hokaxkmre, [ro
[[(a), I(]), U(c), U(d)] = [a, b, c, d].
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3.3. Ilycrs Kaxkjas u3 4yeThipex NpAMBIX a, b, ¢ u d B R® mepecekaer
npsimbeie [, lo u l3. JJokaxkxure, 9T0 ABOWHBIE OTHOMIEHUS YETBEPOK TOYEK
mepeceveHns, JeXalluX Ha OPAMbBIX [i, [, u 3, paBHBI.

3.4. JlokaxuTe, 9TO JBOWHOE OTHOINEHWE TOYEK [EPECEYEHUSs TLIIOCKO-
creil rpaneit rerpasapa ABCD ¢ HekoTOpO# mpsiMoii [ paBHO IBOWHOMY
OTHOIIIEHUIO YEeTHIPEX ILIOCKOCTEH, MPOXOAAINX Yepe3 NPAMYIO | U BepIIu-
HBI TeTPa’dapa.

3.5. Ilycts wernipe runepruiockoctu B R™ mMeroT obimee moampocTpaH-
CcTBO pa3MepHoCTH 1 — 2. JIoKakuTe, YTO ABOHHOE OTHOIIEHNE TOYEK, B KO-
TOPBIX TpsgMasd | TMepeceKaeT 3T THIEPIIOCKOCTH, He 3aBUCUT OT BBIOODA
psaMoit [.

A pobGHo-uHeliHbIE U MIPOEKTUBHBbIE Mpeobpa3oBaHusd
3.6. /lokakure, 9TO KBaApaT HETOXKIECTBEHHOIO IPe0Opa30BaHus T —
axr +
—

cx +d
paToM mpeobpaszoBanus f(x) mogpasymeBaercs mpeobpasosanue f(f(x)).)

3.7. Jokaxkute, 94T0 11000€ HETOXKIECTBEHHOE APOOHO-THHERHOE TPE06-
pa30BaHNe C HEMOABIKHBIMU TOYKAMH @ U b MMeeT BUL

Ar — ab
T+A—a—0b

TOXKJIECTBEH TOTJA U TOJBKO Toraa, korma a + d = 0. (Ilox xBaz-

M d

3.8. IIycrb apobHO-uHEHOE IpEobpa3oBanue [ TakoBo, uTo f(a)#a u
f(f(a)) = a mna mexoroporo a. Hokaxure, aro f(f(x)) =z mua Bcex x.

3.9. Jlokaxmure, 9T0 JH060€ APOOHO-TINHENRHOE IPeoOpPa30BaHue MOXKHO
[IPEJCTABUTh B BUE KOMIO3UIWK He 60jiee Tpex IpOOHO-IHHEHHBIX Peod-
pa3oBaHUii, KBAIPAT KaZKIO0TO U3 KOTOPBIX TOXKIECTBEH.

3.10. B R? maner nonapHOo cKpenmBatoniuecs upsamele [, [, u l,. Comocra-
BuM Touke A; € [} Touky Ay, B KOTOpO# npsimas [, TepeceKaeT MmiIOCKOCTh,
cozepzKaiiyio Touky A, u npamyio [. [lokaxkure, 9T0 oTobpakenue A, — A,
npsaMoii [, B IpamMyto [, IPOEKTUBHO.

3.11. Ha mnockoctu madel Touku A, A, As, O u O'. Ona kaxpoi
[APbl PA3IMYHBIX UHIEKCOB { B j PACCMOTPHM IPAMYIO, IPOXOIAIILYI0 9epe3
04Ky nepecedenus nap upameix 4,0 u A;0’, A,0" u A;0. lokaxure, 4ro
MOJIyYeHHBIE TPU TPSIMbIe TIEPECEKAIOTCI B OIHONW TOYKE.

3.12. Ha mrockoctu mausl opsiMbie Uy, ..., l,,_; u l. Ha npsawmoii [ B3aTbI
touku Oy, ..., O,. [Ipomoizkenns: CTOPOH N-yrojbauka A, ... A, npoxoadr
gepe3 Touku O, ..., O, a BepmuHbl A;, ..., A,_| IBUXKYTC 110 IPAMBIM

li, ..., l,_1. Jokaxxure, 4TO BepIIUHa A,, IBUKETCH IIPU 3TOM 110 HEKOTOPOM
IIPAMOIi.
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Konuku n kBaJapukn

B mpenpiaymux riaBax MbI HMEJIH JI€JI0 IO IPEUMYIECTBY C JIMHEHAHBI-
MH O0bEKTaMU — JUHUAMHA U IOBEPXHOCTIMH YPOBHS JUHEHHBIX (DYHKITHM.
3xech, B 3101 riaBe, OyayT pPacCMOTPEHbI JIMHUUA U [OBEPXHOCTU yPOBHS
rkeadpamuunoir Pyrkyul. Jluaun ypoBHS Takux (YHKIWI Ha ILIOCKOCTH
HA3BIBAIOTCH KOHUKAMU, TIOBEPXHOCTHA YPOBHS B IMPOCTPAHCTBAX OOJIBIIIETO
9UC/Ia IEPEMEHHBIX — KE8A0PUKAMU.

Teopust MIOCKNX KOHWK (KOTODPBIE, KAK OyJeT MOKA3aHO, SBJISAIOTCS Ce-
9YEeHMSIMU TIPSIMOTO KPYTOBOTO KOHYCA, OTKY/a W Ha3BaHUe) ObLIa IOCTPOEHA
Anonmonvem (skuBrmmM npumepro ¢ 260 mo 190 mo H.»3.). Counnenue
Anommonns «KoHu4yeckne cedeHus » IBUJIOCH OJIHONM W3 BEPIITMH MaTeMaTH-
ku /IpeBrero mupa. g yuensrx HoBoro BpeMenn, mmoHEpOB COBPEMEHHOTO
ecrectosnanus (lamnes, Kemrepa, Twofirenca, HpoTona u ap.), Tpyms!
AnosnioHusi u U3ydYeHHbIE UM KpUBble — napabosia, runepdbosia u 3JIUIC —
SIBUJINCh OTIPABHON TOYKOU JIJIsT MCCIIeI0BaHUs 3aKOHOB IIpuposst.

1 moromy MBI epBbIi maparpad 3TOH IIaBbl MOCBSAIIAEM ITHM 3aMeda-
TEJIHBIM KPHUBBIM.

§4.1. Ilimockue KpuBble BTOPOrO IOPsSAKa

Merpudeckasi, adbdrHHasS U MPOEKTUBHAsA KJIacCuUKAIUSI
KPUBBIX BTOPOT'0 MOPS/IKa

Metpuyeckas kiaaccudukanus. llycre Oz,x, — HEKOTOpasi OpPTO-
rOHAJIbHASA CHUCTEMa KOODAMHAT HA ILUIOCKOCTH. B »TOM maparpade OymayT
UCCIIeIOBAHbI (B OCHOBHOM METPUYECKHE) CBONCTBA KPUBBIX BHIA

Q(fl;l, .’Ifg) = a/lle + 2@12$1$2 + azgxg + 2b1$1 + 2b2$2 =cC (41)

(T.e. muEMK ypoBHa KBagpaTwaabx GyHKmmi). He orpanmams ceba B 06m-
HOCTH, CIUTAEM, 49TO a1 = 0.

Teopema 1 (MerTpudeckasi KiaccuduKanus KOHUK). a) Fcau ai1aas —
2 2
. X1 T3
— a2, #0, mo xpusas (4.1) usomempuuna Aubo kpusol St 1 (ma3bI-
1 2
2 2
" . T1 T3 o .
BaeMoOH aaauncom), aubo kpusoli —; — —5 = 1 (Ha3bIBaeMoil 2unepboaoti),
ay az
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z? a2 .
AUDO Mape NePeceKaroUULCA NPAMBL —5 = —5, Aubo npedcmasasem cobot
ay az
00HY TOYKY UAU NYCTNOE MHOHCECTNEO.

6) Ecau ajjaz — a2, =0, mo xpusas (4.1) usomempuuna aubo xpu-
80t =3 = 2px, (Ha3BIBAEMOI NAPab0.40LT), AUGO NAPE NAPANNEADHYT NPAMIT
x2 =2, aubo nape causwusca npamux T2 =0, aubo npedcmasasem cobot
NYCMOe MHOHCECTNEO.

HdokaszarenbcTso. a) CoBepiuas napajiesbHbli epeHoc ) = x; +
+ a1, x5 = Ty + a2, IIOIyIAEM

/

c=Q(x1, T3) = a11 (2} — a1)* + 2a12(2, — a1) (2}, — as) + as(x), — as)? +
+2by (2] — ay) + 2by(ay, — ay) =
= a1 27 + 20157, 7 + a0y + 2(—ar1a1 — arza5 + by)T, +
+ 2(—a12a1 — agas + b))z + Q(ar, az) — 2(biay + beay).

Pemus CUCTEMY (711047 + 1200 = b17 A1201 + Qo209 = b2 1 IIOJIOKHUB ¢ = ¢ —
— Q(ay, as) + 2(byay + bya,), npuBogum npsmyto (4.1) x BuLy

Q(zh, o) = an @’ + 201277 + gy = (4.2)

Ecmu a,, =0, Bce yxke mokasano. Ecim ke 9TO 9nC/I0 HE PABHO HYJIIO,
TO COBEPIIMM IIOBOPDOT U HOBBIE IE€PEMEHHBIE ONATH ODO3HAUYUM T, T
(a me z, ). Imeem

Ty =T1C08Q + o8I0, x, = —x1sin¢ + x, cos ¢. (4.3)
Orcrona nomygaem

¢ =Q(z7, ) = Q(z1 cos P + x,8in @, —x1 sin @ + x5 cos @) M

= 22(ay; cos® ¢ — 2a15 COS P Sin @ + ag sin® @) +
+ 22,25 (ay, Sin @ cos @ + ar5(cos® @ — sin® @) — agy cos Psing) +
+ x5 (ay; sin® @ 4 2a15 Sin @ cos @ + agy cos® @) (4.4)

ail — a2
Pemus ypaBHEHUE 2— = —ctg 2cp " IIpOM3BEAsi €CTECTBEHHBIE Hpeo6—
a12

pPa30BaHUs, IIOJIyYUM BbIDAKEHUE BU/IA
2 2
xy Z3
— = =1
ay as

rae 9 =0 mwm 1, 9T0 W TOKA3BIBAET II. &).
6) Io ycmoBuio a;;as0 = ai,. domycrnm, ato a5 # 0. Torma n aq1, 1 agy
nojoxkuTeabael. CoBEpIIUB MOBOPOT

Ty = COSP — Tysing, =z sing + x,cos
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ctgo=,/ ?, JuKBUAUPyeM KO3 dunuenT npu x/l ¥ 10CJIe IPOCTHIX IIpe-
06pa30BaHHI%2HOﬂquM, qro TpeboBasiock. Eciu ke momycTuTh, 910 a1 =0,
TO, HE OrpaHWYMB CeOs B OOITHOCTH, MOXKHO CIUTATh, 9TO a1; = 0, 3HAYUT,
K03 UIUEHT IpU T, PABEH HYJIIO, T. €. Mbl CPA3y MPUXOIUM K IIEJIA. O

3ameuanue. 13 Treopemsbr 1 ceayeT, 9T0 KOHAKH JeIITCS HA, IBa KJIac-
ca: HEBBIPOXKJIEHHBIE (9TO 3JuIHIC, THHEP6oIa W mapabosa) W BBIPOKIEH-
HBIE, PACHAIAMIIIECS HA Mapy NPSAMBIX (MHOTA, BIPOYIEM, CAMBAIOIIAXCS ).
Y6eaumcsa B TOM, 9TO IS BBIPOXKJEHHOCTH KOHUWKE (4.1) Heobxomumo u
IOCTATOYHO, YTOOBI OCHOBHOU OIPEIEINTEb

ailr ai2 by
detQ = |G21 Q22 ba
bl b2 —C
ObLI paBeH HyH0. B cirydae a), Kak 9T0 Cpasy CIeAyeT U3 HAINNX BHIKJIAJIOK,
mapa MepPeceKaroIUX sl MPSIMBIX MOJIy9aeTCs TOTAa W TOJHKO TOTIA, KOTIa
cucTemMa
Q1101 + Q1200 = by,
2101 + Q2202 = an
ay bl + azbz =C
nMeeT HeHyJIeBOe pelleHne (9To BO3MOXKHO el B ToybKo ecau det @ = 0).
B ciydae 6) mapa IepeceKaromuxcs NPsIMBIX IHOJYdYaeTcs TOTJA B TOJIBKO
rorna, Korma by /y/a1; = by/y/Ga2, & 3TO W €CThb yCJIOBHE DABEHCTBA HYJIIO
OCHOBHOT'O OIPEJIEJIUTE/ISA B CIydae, KOTIA (g = /011002,

Addunnas u npoeKTUBHAA KJjacCuPUKAIIAA
IlycTts cHOBa
Q(w1, ) = a1, 23 + 20127175 + 05 + 20171 + 20,25 = C (4.5)
— KpHBasg BTOPOTo IIOpAaKa Ha adGUHHON ILIOCKOCTH, Te, KAK Mbl IOMHHAM
(cM. 1. 2), IBUMKEHWAIMU ABJIAIOTC TPOon3BoJbHBIE adduHHBIE TPeoGpas3o-
BaHHA (331, «Tz) = (0(111'1 + oo + 51, U211 + OooZ2 + 32)

Teopema 2 (adpdunnas knaccudbukanus IWIOCKUX KOHEK). a) Fcau 6
ypasuenuy (4.5) 6MoARAEMCS PABEHCME0 d11a9s — ATy 70, mo Kpusas (4.5)
aunno sxeusasenmma Aubo oxpystcrhocmu 3 + x5 =1, aubo pasrobourot
eunepboae x3 — x5 =1, aubo nape nepecexarouurca npamur r; — x3 =0,
Aub0 npedcmasasem coboli 00HY MOUKY UAU TYCTNOE MHONHCECTNEO;

6) Ecau ai1az — a3y, =0, mo xpusaa (4.5) usomempuuna aubo xkpueod
x? =y (Hasweaemoli Kanonuueckoli napaboaot), Aubo NApe NAPALALEALHHIT
npamux r3 =1, aubo nape causwurcs npamur 3 =0, subo npedcmasasem
€060l nYcmoe MHOHCECTNGO.

Hoxazarenbcrso. U3 swmnca zi/a?+ x2/a3 =1 okpyxHOCTDH
x2 + 72 =1 monyvaercs ckaTuaMu BA0Jb oceil Ox; u Oy, W aHAJOTHIHBIME
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npeobpa3oBaHUSMU IIPUXOAUM K OCTAJIbHBIM KpuBbIM Teopembl. Ho mHazmo
JI0Ka3aTh elle, YTO BCE OHU HEIKBUBAJIEHTHBI. DTO CJIEJYET U3 TOIOJIOrHYe-
ckux coobpaxkenuit. OKpyKHOCTh KOMITAKTHA, a addUHHBIE 0OTODPaKEHUS
HEIIPEPBHIBHBI, 3HAYNT, OHA, HE MOXKET ObITh SKBUBAJIEHTHA HUYEMY IPYTOMY.
l'unmepbosia cocroutr m3 ABYX KYCKOB, & OCTaJIbHBIE KPHUBBIE, KPOME IIia-
pPaJLTEebHBIX MPAMBIX, KOTOPbIe mpu a(pUHHBIX 0TOOPAXKEHUAX OCTAIOTCI
[apaJuIeJbHBIMU, CBS3HBI; TAKUM 00pa30M, u ruiepdo/ia He IKBUBAJIEHTHA
apyrum KpusbiM. CJIMBIINECS NPSIMBIE U [IEPECEKAIONTUECS [IPSAMBbIE OCTAFOT-
ca npu addUHHBIX TpPeodpa30BaHUSIX TaKUMH XK€, T.€. He MOTYT mepeiTn
IPYT B APYTra WiId CTATh MapaboJIoii. O

KpuBas Broporo mopsika B 0JJHOPOJHBIX KOOPJUHATAX 3aIUCHIBAECTCI B
BH/IE

Q(x1, T, T3) = 1175 + 20151 To + AopT5 + 3375 + 201371 T3 + 20937273 = 0.

(4.6)
Takwe kBagpaTUIHbIE (DOPMBI IIPUBOIATCS K OJHOMY U3 CJIETYIONTAX BUIOB:
i+a;—2i=0,23+23+22=0,27 —23=0, 23 + 23 =0, 22 = 0. Orcrona
CJIeyeT TaKOil Pe3yJsbTar.

Teopema 3 (mpoekTmBHas KiaccuduKamus IUIOCKAX KOHUK). Kpueas
6MopP0o20 NOPAIKA HA NPOEKMUEHOT NAOCKOCTU NPOEKMUCHO IKEUBANEHN -
Ha Aub0 oxpysicrocmu T2 + x2 =1, Aub0 Nape NEPeceRAOUUTCA NPAMDIT
x? — 22 =0, aubo nape causwuTcs nPamuz, aubo npedcmasasem coboti 00-
HY MOYKY UM NYCTNOE MHONCECTNEO.

Qaaunc, runepbosia, napaboJsa

2
. 1 Z2
Kpusas BTOpPoOro mopsgjka, H30MeTpUYHasd KPUBOI St o= 1, Ha3BI-
1 2
BAeTCs, KaK OBLIO yXKe CKa3aHO, 24auncom (camraeM, 9To a; > ag > 0),

2 2
. I T . .
U30MeTPpUYHAsA KPUBOU — — —5 = 1— 2unep50/wu, U30MeTpUYHad KPUBOI
a a
1 2

x3 = 2px; — napaboaod.
Hamnucannble ypaBHEHIS HA3BIBAIOTCA KAHOHUYECKUMU YPABHEHUAMU DJI-
JIMIICA, rnnep6om>1 n mapabosner. Toukm ¢ koopmmratamu (+c, 0) =

=(£+/a? — a2,0) HasbBalOT Porycamu muaica, (+c¢,0)=(+£y/a? —I— a2,0)—

Poxycamu tUIEpOONBI, TOUKY (5, O) — ¢orxycom mapaboOJIBI; GHCIA € =

2 a3
as
= \/1 - =, \/1 + 2, 1 Haz®BIBAIOT 2KCUEHMPUCUMEMAMY DJLIAICA, TH-
a
1 ay

a1
mepbosibl W TapaboJibl  cOOTBeTCTBeHHO. lIpsimyio x; = +— Ha3BIBAIOT
e

. p .
Jupexmpucoti JUTATICA WU TUMEPOOIBbI, IPIMYIO T = —5— Jdupexmpucoti

mapabossl. [IpsMyro x, = 0 Ha3BIBAIOT 0Cb10 NAPA6OALL.
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Teopema 4. a) OmHowenue paccmMoanuti 0m MouKy AAUNCA, 2UNepoo-
v, u napaboav, do (coomeememeyrowezo) dokyca u (coomsememeyrowet)
QUPERMPUCDHL ECTND BEAUNUHA NOCTNOAHHAA U DABHAA €.

6) Cymma paccmosnutl om mouky dasunca 00 €20 PoKycos ecmov seau-
YUHA NOCTNOAHHAA; MOOYAL PASHOCMU PACCMOARUL OM MOYKYU 2unepbosvl
00 ee Porycos ecmb 6EAUNUNA TOCTNOAHHAS.

B) Mnootcecmso { X} mouex esxaudosoti naockocmu, obaadarowux mem
ceoticmeom, wmo 0as dannolr mouky F u npamoti | omnowenue paccmos-
nus om X do F x paccmosanuto om X 0o | ecmov 6eaununa nocmosnnas,
PAGHAA HUCAY €, ECMb darunc, ecau e < 1, sunepboaa, ecau e > 1, napaboaa,

ecau e =1.
ax

HokasareanscrBo. a) Hagamem c¢ smmmnca. Ilyctes d = —. Torma
2 2 2 ¢
2 ay a; — ag
de® = — 5— = ¢, IDH 9TOM BeJIMYUHA d — PAaCcCTOgHUE OT HadaJIa
aj — a3 ay

KOODJIMHAT JI0 AUPEKTPHUCHL. IIpoBeprM, 9T0 MHOKECTBO TOUeK X = (I, ),
JUIsi KOTOPBIX OTHOIIEHWe paccrosHus 10 dokyca (¢, 0) K paccTosHUO 10
JIUPEKTPUCH] Xy = d paBHO €, T.e. MHOXKECTBO TOYeK, 3a1aBaeMbIX ypaBHe-
HEEeM (@ —c?+23
e ER e, (4.7
€CThb JUIAIC, 33JaHHBIH KAHOHMIECKNM ypaBHeHneM. Pasencrso (4.7) npm

yciaoBuu, 9TO C = d@z, 9KBUBAJICHTHO PABE€HCTBY

2 2
T7 X2 -1

d2e?  d2e2(1 —e?) ’
COBIIAJIAIOIMEMY C KAHOHHIECKAM YDAaBHEHHEM 3JIIMICA, TaK Kak d’e? = a?,
2,2 2\ _ 2
d?e?*(1 — e*) =a3.
AnanornaHO yTBEpXKIEHWE &) JOKA3BIBAETCS Uit TUnepOossl n napabo-
JIBI.
Hoxkaxxem yrBepxkaerue 6) cHoBa juig sjumunca. [lycrs Fy u Fy — boxy-
col yumanca, a Hy n Hy —upoeknuu Toukm X, jexaineil Ha 3JJIAICE, HA
JIMPEKTPUCHL. B CHITy yTBEPKIEHNS &) MOITydaeM

|F1X‘ + |F2X| = 6(‘XH1‘ + |XH2|) = 6‘H1H2| = const .

Amnanormano yTBepxKIeHEE 6) NOKA3BIBACTCS JJIS THIEPOOIIBL.
JokazkeM yTBepKA€HUE B) I dyanca. 1lycTs npamas | 3a1ana ypas-
HeHmeM I; = d, a Touka F' mmeer xoopamHath! (¢, 0). Torma paccmarpusae-
MOMY MHOXKECTBY IPUHAJJIEZKAT JIBE TOYKHU ¢ KoopauHaTamu (x, 0), yaosiie-
TBOPSAIONIUMYA yYPABHEHUIO g = +e. [JomecTum HAYAIO KOOPAUHAT IOCE-
peauHe MeXIy 3TUMu ToYKamu. Torma
det+c —de+c

1+e 1—e 0,
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T.e. c=de?. B Takom cirygae ypasHeHue (4.7) S5KBUBAJIEHTHO KAHOHTIECKOMY
YPAaBHEHHUIO JJLJIMIICA. O
Teopema 5. Ypasherus saaunca, eunepbosvs u napabosvl 6 NOAAPHLT

KOOPOUHAMAT UMEIOM, BUO
pe

r= 414—@005(9’ (48)

2de e — aKkcuenmpucumem, 6 p — paccmosrue om Poxyca 00 uUPeKMPuUCHL.
Hoka3zareanbcrBo. U3 ompe-

z2 geneHuii wm  Teopembl 4 mMmeeM

X cM. puc.4.1):

H»> o Hq ( p )

r
T _— = 67
D — T Cos
P

5 N », OTKyIa HEME/UICHHO CIIe[yeT DaBeH-
7 a creo (4.8). Cuaygan runepGosbr u ma-
paboJibl AaHAJIOTUYHBI. O
Teopema 6. Mnoowcecmeo mouer,
cymma (paswocmv) paccmoarul om

Komopur do 08y 3adannuir movex I
u Fy, — nocmoannaa eeaununa, ecmov
anaunc (2unepboaa).

Hokaszareascrso. (Jna smmnca.) [Tomecrnm Hawamo koopamHaT
mocepeauHe Mexxy Todkamu Fy u Fy, ock Ox; HampaBuM 1o 0Tpe3Ky FiFy,
a ocb Ox, —nepnerauKkyaapHo ocu Ox,. Ilycts Toukn Fy um F, mMmeT Ko-
opaunatsl (¢, 0) u (—¢, 0) COOTBETCTBEHHO, & CyMMa PACCTOAHUIN OT TOYKU
X = (xy, x,) Ha swmnce mo F; u F, pasra 2a;. Umeem

V= Fr =20 - A —
= (; —¢)® + 23 =4a’ — 4a,\/ (v, + )2 + 23 + (z, + ¢)* + 25 =
— a/(z1 + )2 + 22 =a’ + zc =
= a}(2} + 2x1c+ ) + ddal = a] + 2aiwic+ 23 =

= (0} — )} + ala; = ai(a} - ) =

Puc. 4.1.

2 2
T T3
—> (obosmauas ai = a? — c*) = —= + —= =1,
ay as
9T0 1 TpeboBaaoCh. s rumepboJIbl 10Ka3aTEIHCTBO AHAJIOTTIHO. O

Teopema 7. Cepedunv, napassesvHor Topd sasunca, 2unepbosvt u na-
paboave aestcam na 0010t npamol (6 cayuae napabosb. — napasIesbrot 0cu
napadosvt).

Hokasareanrcrso. CHOBa HpOBemeM €ro sl SJUIANCA. TOYKH
(x), ) u (), x) nepecedernns simmca (B KAHOHUYECKUX KOODIUHATAX )
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U OPAMOHU Xo = pxq + q HaligeM, PelluB KBaJpPaTHOE ypaBHEHUE

i | (pmi+q)°®
St =1
ay as
{E, ZE” 7012
IIo Teopeme Buera L G 5 1172q 5 W, 3HAYNT,
2 az +aip
dhaf _ aital | dg
2 2 q a3+ aip?’

Takum 06pa30oM, CepeIIHbI XOP7, SJIIAIICA, NAPaJLIeIbHBIX PAMOH Ty = Py,
. as
JIe2KaT Ha OPAMOH Ty = ——5 ;.
1
AnanoruyHo nocrymnaem s runepbosibl U 1apaboJibl. O

YpaBHeHUsI KacaTeIbHBIX K JUIAICY, runepbose m napabose (B KaHOHM-
9JeCKUX KOOP/JMHATAX), MPOBeJeHHBIX B Touke X = (&, &), mMeroT (Kak 3T0
M3BECTHO U3 aHAJIN3A) BUJL

Ciz1 | Som2

2 + =1 (st smnca);
T T

E;; - 2222 =1 (mna runep6osbn)
1 2

p(x; — &) =& (xy — &) (nyia mapabossr).
s snnmmnca ypaBHEHHE KacaTeabHOH MOYKHO MOJIYYIHTh W 6e3 ImpuMe-
HEeHHs aHaJh3a, BOCIOJb30BABIINCH TEM, UTO KacaTelbHad K IJLIAICY —

9TO mpsiMasi, KACAIOIIAsCI €ro POBHO B OAHON Touke. [leficTBuTeNbHO, eciiu
E% E% fE% x% I SEA Eoxo (51 - 961)2 (Ez - 272)2
a_2+a_§:1’§+§:1 a? + a2 =1, o a? + a2 =0,
nosromy (&;, &5) = (21, x2)-

U3 Buma ypaBHeHusS KacaTeJbHON K mapabojie CIIeyeT, YTO BEpIInHA
napaboiibl gBisiercd cepeaunoil orpe3ka AB, rne A —upoeknus Touku X
Ha 0Cb, a B—Touka nepecedennst ocu n KacaTebHOM K mapabose B Touke X .

Teopema 8. a) Dasunmuueckoe 3epraso obaadaem mem ceolicmeom,
YIMo NY4oK Aywel ceema, ucrodawul us o0nozo goryca, crodumcs 6 opy-
20M.

6) Hywox ayueti ceema, NAPAALEABHUT OCU NAPAOOABL, NOCAE OMPAdiCe-
HUA oM napaboavs cxodumcs 6 ee goryce.

HokasaTeascTso. a) [Iposegem kacarenpHyo B Touke X, rexkameii
Ha 3JIIAICE, U OUCCEKTPUCY KO BHEITHEMY YTJIy PH BepIinuHe X TPeyroIbHU-
ka F} X F,. Ecan 661 GuccekTpuca He COBIAJNIA C KACATEILHOM, OHA TEPECeKIa
651 3jtunc B apyroii Touke M # X. Orpasum F, oTHOCHTEIEHO ODUCCEKTPH-
cel. Ilomyunm Touky Fj. meem

|Fy\M| + |FsM| = |FyM| + |FsM| > |FyFy| = |FL X | + | Fy X,
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T.e. M JIeXKUT BHE JUIUICA — IPOTUBOPEYNE. JHAUNUT, OUCCEKTPUCA COBIA-
JIAeT C KaCaTeJbHON, M CJIEJOBATENIBHO, yroJl NaAeHus (T.€e. yroJa MexKIy
npamoit F1 X u KacaTesJbHOI) paBeH yruly oTpaxKeHus (T.e. YIULy MeXKIy
upsamoii F, X u kacaresbuoit). Takum o6pasoM, H0Ka3aHO, 9TO JIy4d, UCXO-
ngmye u3 Todkn Fy, cobepyrcea B .

6) Ilycrs Touka X mexut Ha mapabose u H — ee mpoeKnus HA TUPEKTPH-
cy. Torma |FX|=|XH| (reopema 4). IIposenem buccexrpucy yraa FXH.
Ecin ona He coBrajiaer ¢ KacaTesbHO, TO OHA IepeceKaeT napaboiy B TO9-
ke M # X. Ho rorma |[FM|=|MH|# |MH'|, tne H — npoeknust M Ha
nupekrpucy. llonyaeno nporusopeune. VI3 Hero cieayer, 9T0 yroJi mageHus
JIy9a, IapaJuIesIbHOIO OCH, PAaBEH YIVIy MeXKIy KacareiabHO# u F' X, T.e. Bce
JIy9H IMapaJiIe bHOTO My dKa cobuparorcs B pokyce, 9To u TpeboBagoch. [

O6cynum Tenepb OJHO CTPAHHOE CBOMCTBO CEMEMCTBA BCEX IJLIMIICOB.
DJLIATICHI Ha IIOCKOCTH 00pa3yIoT H-mapaMeTpHIecKoe CeMeRCTBO, ITOCKOIb-
Ky JUIsl 33IaHUS JUINIICA HYKHO 33JaTh JJINHBI IVIABHBIX HOJIyoceil a u b,
KOODZMHATEI IIEHTPA SJITHICA T T Yo, & TAKIKE YTOJI ( MEXKTy OTHO I3 IIaB-
HBIX ocell u purcupoBanHOM npsimoit. Hasoxxus Ha 9TH 5 mapaMeTpoB OZHO
orpaHudenue ¢ = b, Mbl, Ka3aJ0Ch Obl, JOJKHBI HOJIyYUTh 4-1apamerpude-
ckoe cBoiicTBO. Ho B HelicTBUTENHHOCTH MBI HOIydaeM 3-IapaMeTPUIeCcKoe
CBOMCTBO (OKPY?KHOCTB 33/IaeTCs KOOPMHATAMH IIeHTpa U paguycoM). Kak
OOBACHUATD TOT MAPaIOKC?

Camoe mOBEpPXHOCTHOE OObSICHEHHE TAKOBO: IIPU JAHHOM OIDAHUYEHUU
[IBa W3 TPEX MapaMeTpoB a, b u ¢ craHOBsTCH JUIMHEME. ITOOBI OJIyYnThH
6oJiee TiryOOKOE 0ObsICHEHUE, 3AMUIIEM YPABHEHNE DJIINIICA C TapaMeTpaMu

a, ba Loy Yo, (P:

xcosp+ ysing — xo\? —zsing +ycosg — yo\ 2
( ) +( ) =t
a b

Kpajparnynas 4acThb 3TOr0 ypaBHeHHs uMmeeT Bui, pr’ + 2qry + ry?, rue
p="0b%cos® ¢ + a®sin’ g, r = b?sin’ ¢ + a? cos? ¢ u ¢ =2 cos psin@(a’ — b?) =
= (a® — b*) sin 2¢. Jlerko nposeputrsb, uro p — r = (b*> — a?) cos 2, mosTOMY
(p—71)?+¢*>=(a® — b*)%. Takum 06pazoM, U3 YCJIOBHS a = b CIIEAYIOT Cpa3y
nBa ycaoBud: p =1 u q=0.

O1HO U3 BaXKHBIX OTIMYUl rUIEPOOJIbI OT SJLIMIICA 3aKJII0YAETCA B TOM,

T Y b
9TO y rurepOoJIbI Pl 1 ecTh acUMOTOTHI Yy = :I:Ex (acummrorsr He
AMEOT OOIMUX TOYEK C rUmepboJIoil, HO CYIIECTBYIOT CKOJIb YTOMHO DJIM3KHe
IPYT K APYTy TOYKU CUNEPOOJIbL U ACUMIITOT).

O6cynum Tenepb HEKOTOPBIE CBOCTBA rUIep00JI, CBA3aHHBIE C ACHMIITO-
TaMHU.

Teopema 9. ITycms npamas nepecexaem 2unepboay 6 mouwkaxr A u B,

a ee acumnmomv, — 6 moukaxr A, u B,. Toeda |AA,| = |BB;| (puc.4.2).
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IlokazaTeabcTso. PaccmorpuM ceMeicTBO rumepoo.t
2 2
T Y
— — 5=\ 0<A<1
a2 b2 b) ~
Cepenunbl XOpIT 9TIX rumepb0J1, mapa/UIeSIbHBIX TPsAMOil y = kx, J1exxar

. bk
Ha, IpAMOM y = —x (cM. moKa3areabcTBo Teopemser 7). Ilosromy mist Bcex
a
paccMaTpUBaeMbIX TUIIEPOOJI CePEINHBI XOP/I, JEKAIINX HA OHON IPAMOIA,
coBmagarot. VI3 aroro ceoticrsa npu A — () mosiygaem, 9TO CEpPeIuHBI OTPE3-

koB AB u A, B, coBnazmator, a 3Ha4ur, |AA,| = |BB,]|. O
Ay
B
B1
Puc. 4.2.

CaexnctBue. Ecau ompesok Ay B; ¢ KOHUGMU Ha ACUMNMOMAT Kacaem-
ca eunepboav, 6 mouke X, mo X — cepeduna ompesxa A, B;.
Teopema 10. Ilrowads mpeyzosvrura, 06pa306aHHO20 GCUMNIMOMAMU
U KacameavHrol K 2unepbose, 00na U ma dice 0As 8CET KACAMEADHHIL.
ok Yoy

Hdoxkaszarenscrso. Kacaremsnas —- — o 1 mepecekaer acum-
a

_ b _ Zo Yo -1
OTOTHI Y = £ —2 B TOYKaX ¢ KOODAUHATAMHA T1o =4 ( — £ 5 ) ITosTomy
a a

1%y = a?. fcHO TakXKe, YTO MIOIIAJL PACCMATPUBAEMOrO TPEYTOJbHUKA
IIPOTIOPITMOHATIBHA T1T5. O

Quuiunc, runepbosia u nmapadosia Kak KOHUYECKNEe CEYEHUS

Teopema 11. ITycmv npamoti kpyzosol xonyc x2 =x2 + x3 6 R® ne-
peceuen naockocmowio. Toeda ecau naockocms nepecexaem ece 06pas3yrousue
00HOT NOABL KOHYCG, MO NOAYHAEMAA KPUBAA — IAAUNC, ECAU BCe, KPOMe 00-
HOT, MO KPUBAA — napabora, a ecau oxa nepecexaem obe noav. KoHyca, mo
Kpusas — 2unepbona.

Hdokazareascrso. [Iycts P —cekymas miocKocTb, Q — IIOCKOCTD,
MPOXOIAIIAS 9€Pe3 OKPYKHOCTh KACAHUsI KOHYCa U C(hephl, Kacaromencs 00-
pa3yfomux KoHyca u miockoctu P, F'—rouka kacanus cdepst u P. lepece-
gerne P u Q ob6o3uaunm d. BosbMmeM Touky X Ha mepecevdeHnn MOBEPXHOCTH
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KOHYCa W ILIOCKOCTU P, cupoekTupyeMm ee Ha Q, NpOeKIuio 0003HaduM Y,
3areM Y crupoekTmpyeMm Ha d m npoeknmio obosHaunM Z (puc.4.3).

YronY ZX (o6o3naunm ero 3) —aro yrox mexxay Q u P. IIycts O —Bep-
muna Kouyca. Torma X O — obpasymoias Kouyca u yroja Y XO paseH yriiy
o MeXK Iy oOpasyroreii u ocbio Kouyca. Ilycrts W — rouka nepeceuenuns OX
u Q.

U3 rtpeyrombamkoB XYW u XY Z nomywaem: |[XY|/|XW|=cosa n
| XY|/|1XZ| :sinﬁ:cos(g —B) Scno, uro | X W |=|X F|, Tak Kak 3170 —Ka-
caresbHBIE K cdepe, IPOBEJEHHbIE 3 OIHOU TOYKH. B mTore mosydaem, 910
OTHOIIIEHNE PACCTOAHUM OT TOYKU X Ha KPUBOIi 10 (pUKCUPOBAHHON TOUKT F
u 10 durcupoBaHHO! mpAMOil d ecTh BenmumHa mocrostHHAadA. Cjemosa-
TEeJIbHO, 9Ta KPHWBas — 3JUIHNC, runepbosa mmm napabomna (cm. reopemy 4).
Ocraercs 3aMeTUTh, 9TO €CJIM IIJIOCKOCTH IIePeceKaeT Bce 00pasyroliue o/l
HOM IOJIBI KOHYCA, TO HOJydaeTcs OrDaHHYeHHasd KPHBasd, €CJIU BCe, KpoMe
OJTHOM, TO KpHUBas COCTOUT U3 OFHON KOMIIOHEHTHI, a €CJIM OHA IE€PECceKaeT
06e ToJIbI KOHYCa, TO KPUBasi COCTOUT U3 JIBYX KOMIIOHEHT. O

o

Puc. 4.3

Teopema 12. I[Iycmv naockocmos P nepecexaem ece obpasyrouue 0010w
NnoAbL NPAM020 Kpy206020 kowyca K u Fy u Fy, —mouku, 6 Kxomopouix enu-
carHvie 8 Konyc chepv, Kacaromes naockocmu P. Toeda cymma paccmosHu
om mouku X nepeceverus P u K do F, u F, ecmv seaununa nocmosHHas.
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Hdokazareasbcrso. Coemuaum X ¢ Bepmunoit konyca O. Ilycrs W)
n W, —rouku nHa npamoit X O, npuHaiekalue mepsoit u Bropoii cdepe co-
orBercTBerHO. Torma | X Fi|=|X W, | (Tak Kak 3To aBe KacarenbHble n3 X K
nepBoii cdepe) u | X Fy| = | X W,|. Takum obpazom, | X Fy|+ | X Fy| = |W, Ws|,
a 9TO — BeJINYUHA IIOCTOSHHASI. O

Ucropuuecknii kommenTapuii. Bakueifimne reomerpraeckue CBOMCTBA JIIUICA, [H-
ep6oIIbl ¥ 1apabouibl, BhIpaskeHHbIe TeopeMaMmu 4, 6 1 9, 6p11u u3BecTHB ANOJIIOHHO (1
naxe o Hero). Teopema 12 m mokasarenbcTBo Teopemser 11 mpuHagekaT GenbruiicKuM
MmaremaTtukaM Kerie u [lanneneny.

§4.2. HekoTopble JOIOJTHEHUS

Hagnem ¢ HEKOTOPBIX CIeACTBHII U3 TEOPEMBI O METPUYECKON KIIACCH-
dukanum KpEBBIX BTOPOro nopsaka (Teopema 1 Ha c. 79).

OG ypaBHEHUHU YETBEPTOUN CTEIEHU

Ecnu BbI Hay9nnce pemars ypaBHEHNE TPEThEH CTEMEH, TO C IIOMOIIHIO
3amevaHud Ha C. 81 JIerKo pemmTe ypaBHEHUE YETBEPTON CTEIIEHH.

JleficTBATENLHO, ITyCTh TpebyeTcs pemmuTh ypasHerme x* + ax® + bx? +
+ cx +d=0. s 317010 10CTaTOYHO HANTH TOYKHN [IEPECEYEHUs IBYX KOHUK
f=y—2*=0ug=y>+axy+ by + cx + d = 0. Touku mepecedeHns HE U3-
MEHSTCH, eCIU 3aMeHuTh KpuByio g = (0 kpusoii Af + g = 0. B Tom ciryuae,
KOTJ[a KpUBas BBIPOXKIEHHA, T.€. €€ YPAaBHEHNE PACIAIAETCA HA NBA JIMHEH-
HBIX MHOXKUTEJIsl, TOUYKH [I€PECEYECHUs JIETKO HAXOAATCH. A BBIPOXKIEHHOCTH
KOHHUKHU

g+r=9v"— M’ +azy+cr+ (b+Ny+d=0

CBOAUTCA K PAaBEHCTBY HYJIIO OCHOBHOI'O OIIDEOE/INTEJIA

7)\ 5 C
% 1 b+
c b+h —d

KOTOPBIN TIPEJICTABIISIET COOOM MOJIMHOM IO A JIWIIL TPETheH CTerneHu!

Teopema 0 KOHUKE, IIPOXOLSIIEN Yepe3 NATh TOYEK

ITokaxkeM, 4TO 0Af Mo20, 4mobv, wepe3 danHvle NAMD MOUeK HA NAOC-
KOCTU MOAHCHO OBLAO MPOBECTNU KOHUKY U NPUMOM MOALKO 00HY, He0bT0U-
MO U JOCTRAMOYUHO, WMObbL HUKAKUE YEBIPE TMOYKY HE AEHCAAU HA 00HOT
npAmo.

HeficTBUTEIHHO, YCAOBUE, YTO KOHUKA, IIPOXOINAT I€PE3 IATh TOUEK, 3a-
IINChIBa€TCd B BUJAE CUCTEMBbI U3 IIATHU .HI/IHGﬁHbIX OI[HOpOILHI)IX ypa,BHeHI/Iﬁ
C IIeCTHI0 HEM3BECTHBIMU. DTa CUCTEMA BCETIa UMeeT HEHYJIEBOEe PeIleHue.
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Ecnu kakue-To 4eThIpe TOYKH JreKaT HA OJHOU IPAMOI, TO B3AB IPOU3-
BeJleHUe JIMHEWHOU (DyHKIMH, PABHOM HYJIIO B 9E€THIPEX TOYKAX, HA JIFOOYIO
JUHEHHYI0 (DYHKIU, PABHYI HYJIO B OSTOM, MOJYyYNM IEJI0€ CEMEHCTBO
KOHUK, PDABHBIX HYJ/IFO B HAIMUX IIATH TOYKAX.

Ilycts HuKakue YeThIpe TOYKH HE JIeXKAT HA OmHOM mpsmoii. Jlokakem
€IMHCTBEHHOCTh KOHUKU. KCIIM KaKue-TO TPHU TOYKH JI€’KAT Ha OJHON Ips-
MO, TO KOHUKa 00s13aHa OBITH BEIPDOXKIEHHOH, OO HUKAKAa st HEBBIPOXK ICHHAS
KOHHUKA HE MOXKET IePEeCeKaThCs C MpsiMOil B Tpex Toykax. Ho Torma cyrme-
CTBYeT eJWHCTBEHHAas BO3MOXKHOCTH IIPOBECTU JBE IPAMBIEe Yepe3 JTaHHYIO
CHCTEMY TOYEK: OJHY MPOBECTH Uepe3 TPU TOYKH, a APYIYIO — 4epe3 Be
OCTABIIINECH.

Haxkonern, mocimennmit coygail: HUKaKue TP TOYKHU HE JieXKAT HA OIHOMN
npsamoii. JJomycTrM, 9TO CymecTBYIOT ABe pasamdHble (DPasyMeeTcs, HEBbI-
poxkeHHble) KoHUKE f =0 u g =0, mpoxoasye Yepe3 HAllld IATh TOYeK, U
paccmorpuM cemeiicTBo KOHUK f + Mg = 0. OCHOBHOII OIpeeIuTeNb 3/16Ch
OyIeT MHOTOYJIEHOM TPEThe CTEIeHN II0 A, T. €. OH 00S3aH NMeThb BEI[eCTBEH-
HBII KOPEHb, IIPU KOTOPOM KOHHUKA OKA2KeTCsl BBIPOXKIEHHON, YTO HEBO3MOXK-
vo. Teopema moka3aHa.

TeopeMa O IIyYKe KOHHUK, IIPDOXOoAdIInuX Yepe3 YeTbipe TOYKH

IIycmo nuxaxue mpu us mouex Ay, Ay, As, Ay ne aescam Ha 00HOT
npamoti. Toeda ecau f =0 — ypashenue KoHuku, nporodawet, wepe3 3mu
moyky, mo natidymes maxue wucsa h u i, ¥mo f=Ag+uwh:=Aa, a,la4, +
+wlayazla, a,, 20e Lo, 4, — mrozouaen nepeoti cmenenu, obpawarowuiics 6
HYab 6 moukar A; u Aj.

JlelicTBuTeIbHO, BO3bMEM JIIOOYI0 TOUKY As, oTimuanyto ot A, i =1, 2, 3,
4, nna xoropoit f(As) =0, m nogbepem Ay u W, Tax, aro f(As) —hg(As) —
—wh(As) =0. B cmry Teopembl 0 €IMHCTBEHHOCTH KOHUKHU byHKIms [
IPOIOPIUOHAIBHA A1 g + (1 h.

N 3agaua o 6abouke

4 B ITycmo xopdo. KL u M N npoxodam uepes cepe-
K ' duny O xopdw, AB nexomopot okpyorchocmu. Tozda
npamvie KN u ML nepecexarom npamyro AB u 6
’ moukax, pasnoydarennoxr om mouku O (puc.4.4).
M C 9T0it 3amadeil MBI yKe BCTPEYaNCh Ha C. 27.

Janum erme omHO ee perieHue.
Puc. 4.4 Yepes Troukn K, L, M u N OpoxomadaT Ciieayromme
TPpU KOHUKHN (BOCHOJ'H)3yeMCH O603Ha‘{eHI/IHMI/I upeabl-
mymeit Teopemst): oKpyKHOCTD [ =0, g =l lyn =0m h =lgnlyr =0, a
HOTOMY IO Impenplayineil TeopeMe h = Af + ug. 9To PaBEHCTBO BEPHO U JJIA
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orpaHuYeHuil yKasaHHbIX (pyHKuil Ha npamyoo AB. Beemem Ha AB Ko-
opaunary x, upuaas O 3a Hadajao KoopauHaT. Torma MOXKHO CYUTATh, 9TO
f=12*—amng=212unoromy h=bzr? — c. CiieoBaTeIbHO, KODHA yDaBHEHHS
h = 0 paBHOygaJeHbI 0T TO4KHU O.

T'unep60Jibl ¢ HEPIIEHANKYJISPHBIMU ACUMIITOTAMU

Iokaxkem cienyoiryo reopemy: Jlwobas sunepboaa, nporodauwas uepes
sepwuhv. mpeyeosvrura ABC u mouky nepecenenus e2o 6bicom, A6AAEMCA
2unep60aoll ¢ nepnerdukyAApHuMY acumnmomamy (puc.4.5).

U3 nokazaresnbcrBa Teopemsl 1 cpasy cieayer, 9ro koruka (4.1) asiser-
cs runepb0oJIoil C MEePIeH TUKYISPHBIMA ACHMIITOTAMHE TOT/IA W TOJIBKO TOT/A,
KOTIA, 11 + (9o = 0, IO3TOMY JIMHEHHAT KOMOWHAIMSA YPaBHEHUN rumepoout
C HepHeH,ILI/IKyJIHpHI)IMI/I ACUMIITOTAMU TOZXKE ABJIAETCA FI/IHep6OJIOI71 C 1uep-
MEeHIUKYJISPHBIMA aCAMIOTOTaMU. B mMydYke »Ke KOHUK, MPOXOASAIIAX Yepe3
touku A, B, C'u H, ecTb 1Be BBIPOXKIEHHbIE KOHUKH C II€PIEHIUKYyJIPHbI-
mu acuMnToTaMu: [ glecy 1 lgclapy. CaemoBaTesbHO, IO TEOPEME O IIyUKe
KOHHUK BCE KOHHKH TOrO IIy4IKa OyayT rumepboiaMu C MepHeH Ky IaPHbIMA
ACUMIITOTAMMU.

Puc. 4.5

Teopema Ilackasns
Paccmorpum mectuyroasank ABC DEF' | BepmuHbI KOTOPOTO JIEXKAT HA,
kouuke [ =0. Yerbipexyroavauku ABCD, AFED, BEFC Buucasbt B 3Ty
KOHUKY, TO9TOMY [ MOXKHO HpPEICTABUTDH B JIIOOOM U3 CJAEAYIOMIUX BUIOB:
J=Nlap lop +plap - Ipe, (4.9)
f=Xlar - lgp + p2lap - lr, (4.10)
f=Nlpp - lor +Wslpe  lpr. (4.11)
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IIpupapusas seipazkenns (4.9) u (4.10), momygaem
Mlag - lop — Melar - lgp = (HllBC - p~2lEF)lAD'

IIycre X —Touka nepecedenns nupsameix AB u ED. Torga B Touke X obpa-
nraercd B Hysb QYHKIUA Y1l pc — Yol pr, a dyBEKOUd [ 4 p B 9TOU TOYKE B HY/Ib
He oOparaercs, T.e. Todka X JIEKAT HA OPAMOH Yilpc = Uolpr. AHAIOrHY-
HO JOKA3bIBAETCH, YTO Ha NPAMOiL W1l pc = Uolpr JIEKHAT TOUKA HepecedeHnd
npaMbix CD u AF. QueBuIHO Tak»Ke, YTO TOYKA [EPECEYEHUS MPIMBIX
BC u EF nexwur Ha OpaMoit U, lpc = U2lpr. B nrore mosywaem cienyromee
yTBepxKaeHne’ .

Teopema Ilackans. Ecau mouku A, B, C, D, E u F' aeotcam na o0noti
KoHuKe, mo mouku nepeceuenus npamur AB u DE, BC u EF, CD u FA
aedcam na 00Hot NPAMOT.

Ho mnpomomxkum paccyXkaeHus pajbine. llpupaBHUBas BbIpaKeHUsI
(4.10) m (4.11), momyamm, uro TouKm mnepecedenus npambix AF m BE,
ED wu CF, AD u BC nexar Ba npamoii Yylap = pslpc. A npupasass (4.9)
n (4.11), nomyuanm, 9to Touku nepecevenns npsmbix AB u CF, CD u BE,
AD u EF nexat Ha upaMoit U,l4p = Uslgr. Jlerko mpoBepurs, 9T0 mps-
MBle Wilpc = Wolpr, Uolap = Wslpc B Yilap = Uslpr DepecekaroTca B OTHOI
rouke. B camom sieste, eciim X — TOUKa mepecedeHus MEPBBIX JABYX MPSIMbIX,
10 Wipelpe (X)lap(X) = papslpr(X)lpc(X). Coxparus na pslpce(X), momy-
anM Wylap(X) =usler(X) (Mbr HE Gymem ocTaHaBIMBATHCS HA 00CYKIEHAN
BBIPOXKIEHHOTO CIIy9asi, Korja Walpc(X) = 0).

Bynem mazwiBaTh npamoti Ilackans mecTuyroibHUKA, BOUCAHHOTO B KO-
HUKY, TIPAMYI0, Ha KOTOPOIl JIe2KAT TOYKHU MEPECeYEHNUs] AP €ro MPOTUBOIIO-
JIOKHBIX CTOPOH. IIpy 5TOM HIECTHYrOJBHUKOM MOYXKHO CUMTATh U 3aMKHY-
TYI CaMONEPECEKAOILYIOCH JoMaHyi0. JIOKa3aHHOE yTBEPXKIEHUE MOXKHO
chOpMyIPOBATD CJIELYIOMAM 00Pa30M.

Teopema IMlreitnepa. ITycmov mouxu A, B, C, D, E, F' aeocam na
00noti konuxe. Tozda npamwe Ilackans wecmuyzosvnuxos ABCDEF,
ADCFEB u ADEBCF (puc.4.6) nepecexaiomes 6 00notl mouke.

HaHOMHI/IM, 9TO IIpu A0Ka3aTeJIbCTBE STOﬁ T€OPpEeMblI UCXOAHBIMU Y€ThI-
pexyrosbaukamvu obin ABCD, AFED u BEFC. MoXKHO UCXOAUTDH TaKXKe
u3 derbipexyroiabaukoB ABFE, ABDC u CDFE. Torga mojyaum clieay-
fOllee YTBEPKICHIE.

Teopema Kupkmana. Ilpamve Ilackarna — wecmuy20ivHukos
ABFDCE, AEFBDC u ABDFEC (puc.4.7) nepecexaromcsa 6 00noti

moyke.

1C npsivoit TTackasns MbI y2Ke BCTpedasnch Ha C. 24.
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A A A
F B F B F B
E E E
C C C
D D D
Puc. 4.6
A A A
F B F B F B
E E E
C C C
D D D
Puc. 4.7.

Herpynro ybenuTbesi, 9TO JaHHBIM IIECTH TOYKaM Ha KOHUKE COOTBET-
ctByioT 60 npamerx ITackansa. [Ipn sTom kaxnaa npavada [lackansa BxoguT
poBHO B onHy Tpoiiky lllTeitHepa u Tpu Tpoiiku Kupkmana.

OO61mme xopabl ABYX KOHUK, BOIMCAHHBIX B OOHY U TY K€ KOHUKY

Teopemy 0 1y9YKe KOHUK MOXKHO IIPUMEHSTH U B TOM CJIy9a€, KOI/1a HEKO-
TOpBIE Mapbl TOYEK CJIMBAIOTCS, T.€. KOHUKH HE TOJBKO MPOXOIAT depes
JIAHHYI TOYKY, HO M KaCaloTCd JIPYr Apyra B TOH TOYKe. ITO 3aMedaHUe
[I03BOJISIET JOKA3aTh CJIEAYIOIIee yTBEPKICHUE.

Teopema 06 061X XO0pAax KOHUK. [[ycmov xonuxu I' u Ty xacaromes
6 moukar A u B, a xonuxu I' u I's xacaromes 6 mouxax C u D, npuwem 'y
u I'y umerom wemwpe obwue mouku. Toeda y xo-
nuk I'y u T'y ecmo napa obwuxr Topd, nporods-
wux wepes mouky nepecevenus npamor AB u CD
(pmc. 4.8).

HokazareabcTBo. Illyctb py =0u p, =0—
yPaBHEHUS O0IMUX KacaTeJbHBIX K KoHHKaM [ u [';
B Toukax A u B, g=0—ypaBuenue npsamoit AB. To-
rIa ypaBHeHHUs KOHUK [’ m 'y MOXKHO mpe/icTaBUTH
B BUze f=Apip; +pg° =01 fi =M\pips +pag” =0.
Jomuoxus f; Ha A/A;, MOXKHO CYUTATh, 9TO A = A, & 3Ha4ut, f; = f + ag>.
Amnanormano f, = f + fBr?, rae r = 0 —ypasrenune upsamoit C'D. Paccmorpum
ypasHerue f; — fo =0, T.e. ag® — Br? = 0. EMy ynoBieTBOpsIOT 9eThIpe 00-




94 I'maBa 4. Konmku m KBaJIpuKn

e 709Ky KoHUK ') u ['y. C Apyroit cTOpoHBL, 9TO ypaBHEHUE Pa3jIaraeTcs
B TIpom3BeeHue JuHeitHbIX ypasennit \/ag + /Br =0 u /ag — \/Br =0.
CnenoBaresbHO, mpsaMble /og + \/ﬁr =0 comep:kar obmme XOpAbl KOHUK [
uls.

fcHo TakXKe, 9TO TOYKA MePecedeHns ITUX MPSIMBIX COBIAIAET C TOIKOM
repecedenus upaMbix ¢ =0 u r =0. O

§4.3. Hekoropsble cBoOiicTBAa KBaJIpUK

Keadpuxoti Ha3piBaoT mOBepXHOCTH B R”, 3aJaHHYIO ypaBHEHHEM
Sagzix; + Y bz, +¢=0. Mp1 BHe npuBogmm Mmerpuaeckoil, abduHHOI
U OPOEKTUBHON Kiaccubukarmmii KBaJpuK (3TO OOBITHO JETAETCA B KypCax
NUHEAHON anrebphl) N PACCKa3hIBAEM 3€Ch 0 HEKOTOPBIX TE€OMETPHYECKHX
CBOICTBaX KBa/IPUK.

Ksanpuky B R® Ha3BIBAIOT KOHYCOM, €CIIA B HEKOTOPOH MPAMOYTOJILHOMN
cEcTeMe KOOpAWHAT OHa 3aJaeTcd ypaBHeHmeM ax’ + by? = 22, rme a, b > 0.
B Tom caydgae, korma a = b, KOHYC Ha3bIBAIOT KOHYCOM SPAWLEHUSA WIIH NP~
MoM KpY206bim Konycom. Touky (0, 0, 0) Ha3bIBAIOT 6epwuHoli KOHYCa, a
ock Oz Ha3BIBAIOT 0CHLI0 KOHYCA.

KBagpuky B R"™ Ha3BIBAIOT 244uncoudom, €Cid B HEKOTOPOH Ips-
2

. z1
MOYI'OJIbHOM CHCT€M€ KOODJMHAT OHa 33aJaeTCs YPaBHEHUEM (—)
ai
2
x
.+ (a—") = 1. I'umepmiockKoCTh, MEPECEKAIOIYI0 3SJLIAICOW] DPOBHO B
n

OZIHO} TOUYKe, HA3bIBAIOT KACAMEALHOU 2Unepniockocmovio (pasyMeeTcs, 3To
Olpene/ieHne COBIIAJAET C MOHATHEM KacaTeJbHOro ad@dOUHHOrO MHOr000-
pasus K 3JUIMICOULY B CMBIC/IE KJIACCHIECKOrO AHAJIM3A).

Teopema 1. Ypashenue zunepnaockocmu, Kacarou,elics 3aiuUncouda

A\ 2
Z(ﬁ) =1 6 mouxe (£4, ..., &,), umeem sud

a;
§111 Enn
=
ai a?
HdokaszarensbcTso. llycrs Trouka (24, ..., &, ) IPUHAJIEIKAT DJLIAI-

2 .
COUly U THIEpILIOCKOCTH, T. €. Z(%) =1m Z(E;f’) = 1. Torna

() D) T )
a 3Ha4UT, T; = & 5

Hna xBappukn Y a;;2,2; =0 xacarenpHas IJIOCKOCTb B TOUke (&), ...
., &,) ompezesnsiercs ypaBHeHHeM Y a,;&,x; = 0.
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X; 2

C sammmconnom » (;) =1 u OPTOHOPMHUPOBAHHBLIM 6A3UCOM €1, . . ., €,
MOXKHO CBA3aTh CI/ICTeMyZI‘I/IHepII.J'IOCKOCTef/‘I ITI; u cucremy orpeskos [OA;],
rae O —Ha4aJI0 KOOPAWHAT. A MMEHHO, TMIIePILIOCKOCTD I1; KacaeTcs sui-
COMJIa 1 OPTOrOHAJILHA BEKTOPY €;, a 0Tpe30ok [0 A;] mapajesieH BEKTODY €;,
npudeM TOYKa A; JIeXKUT Ha SJLIMIICOUIE.

Teopema 2. a) ITyemo d; — paccmosanue om Hauaaa xoopduram 0o 2u-
nepnaockocmu I1;. Tozda

&+ +d=a+.. . +d.
6) ITycmo r; — dauna ompesxra [OA;]. Toada

1 L1,
gt te=gt ot
HokasaTtenbctso. Ilycts ey, ..., €, — ODTOHOPMUPOBAHHBIH 6a3I/IC,
OTHOCHTEJIbHO KOTOPOI'O YPaBHEHHE 3JIIUIICOUIA HMeeT BU/I Z( ) =1.
Z

Torma €; =), a;;€;, rae A = (a;;) — OpTOTOHATIBHAS MATPHIIA.
a) Ilycte & — Touka mepecedenns runepmiockocreit I, ..., II,,. Torma
2 +...+d?= (& &), mosToMy HYKHO [TOKA3aTh, 9TO » &2 = a’.
VYpasuenue mwiockocru 11; umeer Buz (g;, ¢) = (g, &), T €.

A5 T4
ST,
2 (Ejv E)

(1)
C npyroit croponsl, ypasaenne miockoctu II; mveer Busn Z(ma ) =1.
K3 1
CrenoBaTesbHO,
2
n(a) @; Qig
C (65, 8)

npuaeM Z(TZ ) =1, me Y ajal, = (g;, &)? Cmemosarensno, ) ai =
i 7
=2 zaij) =Y (e, D7 =28
i J
2
6) Koner BekTopa 7;€; = ) a;;T;€; J€XKAT HA SJLIAICOUIE » (x_) =1,

Qi Ty 2
HO3TOMY Z =1, Te.
'L

CirenoBare/ibHO,

>

gﬁm| [
Il
M
S
~9m|g:m
I
K~
U



96 I'maBa 4. Konmku m KBaJIpuKn

Bameuyanmne. Teopema 2a) momyckaer cieayomyo (GOPMYyIHPOBKY:
Hauna duazonaiu npamoyzosvrozo napassesenuneda, onucanHo2o 60Kpy2
dann020 aaruncouda, He 3aBUCUM 0T NOAOIHCEHUA napassesenunedd, m. e.
BEPULUHDL BCET MAKUT NAPAALEAENUNEI08 Aedtcam Ha 00HoT cdepe.

Teopema 3. Bce ceuenus aaauncouda 6 R® napasseavnvmu naocko-
cmamu, nodobHv, dpye dpyey.

HokazaTeabcTso. MOXKHO CINTATH, 9TO yPABHEHUS CEKYIIUAX ILJIOC-
KocTeil nmeroT Buz, z = A. Torma cedenne KBaJpHKH

ar® + bry + ¢y’ +d+ (a1 + by + ¢1)z + az2> =0
[peacTaBiseT cob60il KOHUKY
ax® 4 bry + cy® + ha1x + Abyy + ash* + ;A +d = 0.

B ciygae smmnconsa 9Ta KOHAKA SABJIFETCA SJIIAICOM (€C/IU OHa HE IIyCTa
U He BHIPOXKIAETCA B TOYKY). Hampasjerne oceii 3/umiIca u OTHOIIEHAE UX
JIJIAH IIOJHOCTBIO OIPeeIaioTca KBaApaTHdHoi JacTbio ax? + by + cy?. O

Teopema 4. ITycms 0 < a < b < c. Ceuenue sanruncouda
2 2 2

T z
atEta

a b c

npedcmasasem cobot 0KpYAHCHOCMB Mo2da U MoAbKo mozda, Ko2da C(i%ymim

=1

naockocmb umeem ypasnenue /ot z\/B=NX, 2de o= = B= ik

HdokasaTensbcTso. CortacHO TeopeMe 3 JOCTATOYHO PaCCMOTDPETH
Cllydaif, KOrga CeKymas ILIOCKOCTh HPOXOJUT depe3 Hadajo KOODIUHAT.
IIpeammoio:KuM, 9TO TaKoe CedeHHe MPeICTaBIsgeT Co0OH OKPYKHOCTH pa-
nuyca 7. Torga ToYKHu 3T0H OKpYKHOCTH JexKaT Ha cdepe x2 + y? + 22 =12,
A TaK KaK 3THU TOYKMH JieKaT Ha SJIJIMIICOUJIE, OHU JIe2KaT Ha IIOBEPXHOCTU

1 1 1 1 1 1

2 2 2

T (_2 — _2) +y (b_2 — r_2) +z (C_2 — r_2) 0. (4_12)
B Tom ClIydae, Koraa KOS(b(bI/IIII/IeHTI)I opu ZEQ, y2 n 22 HEHYJIEBBIEC, IIO-

BepxHOCTH (4.12) mpezacraBnsier coboit Koryc (miam omHy Touky). ITosromy
OKPY2KHOCTH C HEHTPOM B HadaJle KOODAMHAT MOXKET JIeXKATh HA IOBEPXHO-
1

ctu (4.12) aums B TOM ciiydae, KOra OQuH U3 K03(bOUIUEHTOB

a2 20
a r
1 1 1 1
32 ;3 W 3 — -3 PABeH HYIO, & 1BA JAPYTHX HMEOT PA3/IMIHbIe SHAKIL.
YuaureiBas, uTo 0 < a < b < ¢, Haxomum 17 = b. O

JBa cemelicTBa NpsMbIX HA KBaJIpUKe

Vpasuenue kpajpuku 8 CP® moxno npusecru x suiy 2 + 2 =12 + 22.
ITocsie 3amensl ¥y 2 = 1 £ i%2, Y34 = T3 £ 14 9TO ypaBHEHUE LPHUMET BUJL

Y1Y2 = Y3Ya.
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IloBepxHOCTD Y1 Yo = Y3Y, COIEPIKUT JBA CEMENUCTBA IPAMBIX, & MMEHHO,
OpsIMBIE Y; = AY3, ANYa = Y4 W OPAMBIE Y; = WY, WYs = Y3 (IpE 5TOM MBI He
HCKJII0YaeM 3HA4YeHUd A, | = 00, KOTOPBIM COOTBETCTBYIOT IpAMBIe Y3 = 0,
y2=0mu y, =0, y, =0). JIerko mpoBepUTH, YTO HUKAKAX APYTUX IPIMBIX ITa
TOBEPXHOCTDb HE CONIEepKUT. B camoMm zejie, pacCMOTPUM MIPSAMYIO, IIPOXOIsi-
myto 1epe3 Toukm ¢ koopauaaTamu (a;) u (b;). OHa cocTont m3 TOUEK BUIA
sa; + tb;. Ilpu arom moxkHO cuyurarb, uro by = 0. Eciiu paccmarpuBaemast
IPAMAs JIEKUT HA [IOBEPXHOCTH Y1 Yo = Y34, TO JJIs BCEX S U ¢ BBIIOJIHSAET-
cd pPaBEHCTBO

(say + tby)(saq + thy) = (sas + tbs)say.

CanenosBarenbHo, b1b, =0, T.e. by =0 wm b, = 0. B ciiygae b; = 0 mosygaem
Y1 = UYs, & B cirydae by = 0 momygaeMm Ays = ys.

Yepes KaxKIyl0 TOUKY (Gy, dy, A3, A4) TOBEPXHOCTH Y;Yo = Y3y MPOXO-
JIUT POBHO OFHA IpAMad KasKJO0ro ceMeiCTBa, IOCKOJIbKY IapaMeTpPhl A H |
OIPEe/IeJIEHBl OHO3HAYHO: N\ = 4y /a3 = ay/as U Y= a,/ay = az/a,. s no-
BepxHocTH B R® 3TH npsaMble He obg3aTesIbHO BelleCTBeHHBLI. Hampumep,
DJLIUIICOU], HE MOXKET COJEPKATh BEIECTBEHHBIX IIPAMbIX.

IIpamas y; = UYs, UY2 = Ys IepeceKaeT NPAMBIE Y; = AYs, AYs =Ys4 H
y1 =Nyz, Nya =ys B Toukax A=y, 1, 4, \) m A= Ny, 1, u, \'), coor-
BercrBerHo. Orobpaxkenme A+— A’ mpsiMoii ¢ mapaMeTpoM A\ B MPAMYIO
¢ mapaMeTpoM A\’ SBJIIETCS MPOEKTHUBHBIM OTOOpArKeHMEeM, TaK KaK Iapa-
MeTp [ MOXKHO CUUTATh KOODAMHATON HA 00eux HpPsSMBbIX.

Yepes ase npsimbie y; =0, y, =0 u y, =0, y; = 0 npoxogur mesioe ce-
MeHCTBO KBaIPUK, a MMEHHO KBaJIPUKH ¥, Ys = AYsY,. HO eciim bukcupoBaTh
ele OnHy IPAMYIO Y = \Ys, Ays = y4 (A # 0, 00), TO Yepe3 ITu TpH HpsiMbIe
[IPOXOIUT y2K€ €IUHCTBEHHAS KBAJAPUKA 1Yo = Y3Y,. Jles0 B ToM, 9T0 ecin
a, b u c—nonapHo cKpeluBaolnuecs npsaMble B R3, To 4epes o6y TOUKY
A npsiMOit @ IPOXOAWT POBHO OHA NPsiMasi, EPEeCeKaIas (BO3MOXKHO, B
GECKOHEYHO YIAJIeHHON TouKe) mpsiMble b U ¢. UTOGBI HANTH 3Ty IPSMYIO,
HY?KHO IIPOBECTH ILJIOCKOCTh, CONEPKAIILYI0 TOYKY A m mnpsmyro b, u B34Thb
TOYKY II€peCedYeHns ITOHN INIOCKOCTH C IPAMOH C.

Ms1 y6equance, 970 9epe3 TPU HOMAPHO CKPEIIUBAOIINECS IPSIMBbIE IIPO-
xonuT He 6ojiee onHON KBajpuku. ITokaxkem, 4To Ji0Oble Tpu npsiMbie B R3
COJIEPIKATCs B HEKOTOPOH KBaJpHKe (BO3MOXKHO, BBIPOXKIeHHOH ). KBapuka
B R3 3amaerca koadppunuentamu npu x2, y?, 22, xy, Yz, Tz, T, 1Y, 2 & CBOOOI-
HBIM 4eHoM. [losToMy yciioBme, 9T0 KBaApuKa mpoxonauT depe3 N maHHBIX
TOY€K, SKBUBaJIEHTHO cucreMe N jimHefHbIX ypaBHeHuil ¢ 10 Hen3BeCTHBIMI.
IIpu N <9 sTa cucrema mmeeT HEHYJIEBOE PEIIEHNE, & 3HAYUT, 9€pe3 JTI00bIe
9 Touek B R?® mpoxomuT mo kpaitHeit Mepe omHa KBaaprKa. BosbMeM Ha Kaxk-
IO M3 TpeX MaHHBIX MPSMBIX MO 3 ToYKH. depe3 BeIOpaHHBIE 9 TOUYEK MPO-
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XOIUT HEKOTOpAsl KBAIPUKA. A Tak KakK 9Ta KBaIPUKA [IEPECEKAET KAKIYIO
U3 JAaHHBIX IIPDAMBIX B TPpEX TOYKaX, OHa COAEP2KUT I3TU IPAMBIEC IHEJINKOM.

Yepes T0uky (a;, Go, a3, G4) KBYIAPUKHA 1Ty = T3X, MPOXOIAT MPAMBIE
AT = 4T3, A1 Ty = A3Ty U A1To = G4T3, A% = A3T,, TPUHAIJIEIKAIIAE ITOU
kBasipuke. 11I0CKOCTB, cofepIKalas STU MpsAMble, 33JA€TCA yPaBHEHUEM
A%y + a1 T2 = a4x3 + A324. JIETKO IPOBEPUTD, 9TO KaCATEIbHAS IIOCKOCTD K
KBaJIPAKE B TOUKE (A, Ay, A3, A4) TOXKE 33J[AETCA ITUM ypaBHeHHeM. 110310~
MY KaCaTeJbHad IIJIOCKOCTH K KBa/JIPHUKE B ﬂaHHOﬁ TOYKE — 3TO IIJIOCKOCTD,
coZlepKaliias JIBe IpsMble, KOTOPBIE TPOXOAAT Yepe3 NaHHYI0 TOYKY WU IpU-
HAJ[JTEXKAT KBAJIPUKE.

Ecnu B R® 3amano 6osee Tpex NpsAMBIX, TO 3TU IpAMbIe He 0093aTeIbHO
JIeXKaT Ha ONHOIM KBaJpuke. VI3BeCTHO HECKOJIBKO TEOPEM O TOM, UTO IIOJY-
9eHHBIE OIPE/ICICHHBIM 00pa30M KOHMUTYPAINU MIPAMBIX JIEXKAT HA ONHOU
kBagpuke. K TeopemMaM TakKoro BHUIa OTHOCSTCS, HaIIPUMED, 0000INeHs Te-
opeM Ilackanga n Bpuanmona.

Onpenenenue. Ilectuyronbauk ABCDEF B R® masweiBator wecmu-
yeoavrukom Bpuarwona, eciu ero muaronau AD, BE u C'F nepecekarorcs
B 0JJHOH TOYKe (BO3MOKHO, DECKOHETHO yIAJIEHHON ).

Teopema 5. Henaockuti wecmuyzoavnux ABCDEF ¢ R? asasemca
wecmuyzoavrurom Bpuarwona moeda u moavko moeda, Koeda éce e2o cmo-
POHDBL AedHcam wa 00Hot Keadpuke.

IHoka3zaTeabcTso. IIpeamomokmm, 970 AUaroHaan HEILJIOCKOTO IIie-
cruyrosbanka ABCDEF B R® nepecekatorca B omHoit Touke. [Tokaxkewm,
aro rorga npsamas AB npunamiexur kBajgpuke, cogepxkamieit BC, DE u
AF. J1jist 9TOro JOCTATOIHO J0Ka3aTh, 4TO npaMad A B nepecekaer mpaMyro
DE (upsimbie BC u AF ona nepecekaer B To9kax B u A COOTBETCTBEHHO).
ITo ycnosuto nupsimere AD u BE nepecekarorcs, a 3Hauut, Touku A, B, D
u E nexar B ogHoit mnockocru. CienoBarenbho, npsambie AB u D E nepece-
KatoTCsA. AHAJOrnYHO J0Ka3biBaeTcs, 4ro upsambeie C'D u FF upunaiexar
paccMaTpUBaeMO KBa/IpUKe.

IIpeanosoxum Temnepb, uro npambie AB, C'D u EF npuHajjexar KBaj-
puke, conepxaireii npambie BC, DE u AF. Torma npsimasi AB nepecekaer
npamyio DE, nosromy upsameie AD u BE nepecekarorcs. AHAJIOIrMIHO 10-
kas3biBaercs, 4ro upsmbie AD, BE u CF nonapao nepecekatorcs. Ho o
YCIIOBHIO 9TU TpsSMble HE JIEXKAT B OJHON ILIOCKOCTH, a 3HAYUT, BCE OHU
JIOJIKHBI TIEPECEKAThCH B OTHOU TOYKE. O

Teopewmy [lackans MoxHO chOpMyIHPOBATE CireaytomuM obpa3om. Pac-
CMOMPUM MOYKU, 8 KOMOPLIT KOHUKA NEPecexaem CMmopoHb, Mpeyzorvhu-
xa ABC (puc.4.9). Tozda mouwku nepecenwenusn npamwz A,A, v BC, B,B,
u AC, C,Cy u AB aesrcam na 00not npsamoti. [losromy cremyromee yTBep-
KJIEHWE MOXKHO PacCMaTpUBATh Kak 0000menne Teopemsbl [lackass.
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—
A Ac Ca C©
Puc. 4.9

Teopema 6. Paccmompum mouku, 8 KOMOPLL KEAIPUKA NEPECEKAem
pebpa mempasdpa ABCD (puc. 4.10). Tozda npamwe a, b, ¢ u d, no xomo-
puim nepecexaromes, naockocmu AyA Ay w BCD, B,B.B; uw ACD, C,C,Cy
u ABD, D,D,D. u ABC, npunadaescam odnoti keadpuxe.

IokazareancTso. Paccmorpum miockocrs BC'D. CorsiacHo Teopeme
ITackansa roukun X, = B.B,NCyD,., X.=C,CyNByDyu Xqy=D,D.NC,B,
JeXar Ha oxHoi npsamoii [, (puc.4.11). Ilpsavas [, mepecekaer IpsSMyo a,
Tak Kak 00e 3Ty mpsiMble jiexkar B mwiockoctu BC' D. Kpome Toro, npamas [,
mepecekaet upsaMbie b, c u d B roukax X;, X, u X, coorBercrBeHHO. AHaI0-
FUYHO MOXKHO ITOCTPOUTD PAMBIE [y, [, 1 14, Kaxkgas n3 KOTOPBIX IEPECEKAET
upsimeie a, b, ¢ u d.

Puc. 4.10 Puc. 4.11

Tenepsb Jjierko g0Ka3arTh, 9TO HpsMbIe @, b, ¢ u d JiekaT Ha OIMHON KBaJI-
puke. B camomMm zeste, paccMOTpUM KBaJIPHUKY, COIEPKAIILYIO IPsIMbIE @, b u c.
DTa KBaJIpUKa COMEPKUT MpsaMbIe [, [y, [, u ly. dcHO TakXKe, 9TO KBaJIpuKa,

cozepIKaIasa upsambre l,, 1y, l., comepKuT npamyo d. O
Teopema 7. Buicomv, mempasdpa ABCD npunadaescam odnot xead-
puxe.

IIokaszaTeubcTso. [Lnockocru, npoxoggaiue yepes pedbpa DA, DB
u DC nepnengukynspuo rpaaasm DBC, DAC u DAB cooTBeTCTBEHHO,
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uMeroT o0y npamyo ;. (DTO yTBepXKAeHHWE SKBHBAJIEHTHO TOMY, 9TO
BBICOTHI CHEPUIECKOTO TPEYTOJIbHUKA MEPECEKAIOTCS B OTHOM TOYKE; J0-
Ka3aTeJIbCTBO CM. B perreHnn 3aaa4d 5.126).) IIpsavas [, mepecekaer BbI-
corbl, poBesennble n3 Bepmud A, B u C. Kpome Toro, oHa mepecekaer
(B Touke D) BBICOTY, IPOBEJEHHYIO U3 BepIIuHb [D. AHAJIOrMYHO MOXKHO
[IOCTPOUTD HPAMBIE [,, I, U [., KOTOpPbIE IIEPECEKAIOT BCE BBICOTHI TETPAdI-
pa. /loka3areabCTBO 3aBEPITAETCS TOYHO TaK K€, KAK U JI0KA3ATEIHCTBO
HPeJbLIYIIEN TEOPEMBI. O

Sagauu K riase 4

IIy4yok KOHHMK, IPOXOOAIMNX dYepe3 4 TOYKU

4.1. Djmnc KacaeTcss CTOpOH derbipexyrojibauka ABCD B TOYKax
Ay, By, Cy, D,. Hokaxure, aro upamele AC, BD, A,C, u B, D, nepeceka-
IOTCA B OJHOHN TOYKE.

4.2. ]Ise xouuku mmeior 4 obmumx Touku. JloKaxkure, 9TO ITH TOIKHU
JIe’KaT Ha OJHON OKPYKHOCTHU TOTIA U TOJIBKO TOT/IA, KOTIa OCH KOHUK Iep-
EHTUKYJISTPHBI.

4.3. Jlokaxxure, 9TO B JII0O0M IIyYKe KOHUK, [IPOXOIAINNX depe3 4 Toukn,
He bostee AByX mapaboJr.

4.4. JlokaknuTe, 9TO HEHTPHI KOHUK, Tpoxoadamux depe3 touku A, B, C'
u D, obpazyror xoruky I'.

4.5. JlokaxxuTe CIIEIyIOIINE CBOWCTBA KOHUKHU | W3 mpenbrayieil 3a-
agan:

a) I mpoxomuT wepes 6 cepeInH OTPE3KOB, COETMHSONIAX MAPHI JAHHBIX
TOYEK, U 9epe3 3 TOYKHU IePecedeHns IPAMbBIX, COEUHSIONIIX TaPhl JAHHBIX
TOYEK;

6) meHTp KoHuKHU [’ coBmasaer ¢ meHTpoM Macc Touek A, B, C' u D;

B) ecim D — rouka mepecedenusi BeicoT TpeyroupHuka ABC, to I' —
OKPY2KHOCTb JIEBATH TOYEK ITOrO TPEYTOJIbHIKA;

n) ecnu gerbipexyroabauk A BC' D snucammstii, To I' — runep6osa ¢ mep-
NEeHIUKYJIAPDHBIMU aCUMIITOTAaMU; B 3TOM CJ/Iyda€ OCH BCEX KOHUK IIy4dKa I1a-
paJLIeIbHbI acuMOTOTaM 1.

ITapaboJsia

4.6. Toxkaxkure, uro ¢ nomorpko romoreruu ¢ nearpom (0, 0) napabomy
4ay = 2 MOXKHO nepeBecTH B napabosy y = x>.

4.7. OkpyzKHOCTH Iepecekaer napabosy B derbipex Toukax. Jlokaxure,
9TO IEHTP MACC TUX TOYEK JIEXKUT Ha OCH MapabOJIb.
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4.8. JIse mapaboJibl, OCH KOTOPBIX IEPIEHIUKYISPHBI, [IE€PECEKAIOTCS
B 9YeThIpex TOYKax. JlOKakure, 94TO TH TOYKHU JIEXKAT HA OJHOM OKPYHK-
HOCTH.

4.9. Xopma P, P, napabossr mpoxomgut depe3 dokyc F. Jlokaxwure, 910
senuunna 1/|P,F| + 1/|P,F| ue 3aBucuT oT BHIOOPA XODJEL.

4.10. JokaxxuTe, 9TO KacaTeJIbHBIE K mapabose 4y =2? B Toukax (2¢,, t2)
n (2t,, t3) mepecekarorcs B Touke (¢ + to, tits).

4.11. N3 Toukm O nposemenbr kacarenbabie OA u OB x napaboJe ¢
dokycom F. Hokaxure, auro ZAF B =2/A0B, npudem jya OF — buccek-
tpuca yria AFB.

4.12. Jlokaxure, uro Kacareabible OA u OB K napaboJie mnepreHmy-
KyJISIPHBl TOLJIA& W TOJBKO TOTJA, KO/ BBIIOJIHEHO OJHO W3 CJIEIYIOLIIX
9KBHUBAJICHTHbBIX yCJIOBI/II'/,IZ

a) orpe3ok AB npoxomuT depes HoKyc mapabouibl;

6) Touka O JIEXKUT HA AUPEKTpUCe napaboJibl.

4.13. [Jokaxwure, 9yTo npeobpasosanue z — 2(1 — z)
HUYIHYI OKPYZKHOCTH |z| = 1 B mapaGoury.

4.14. CymecrByer jiu 1peodbpa30BaHUe IJIOCKOCTH, IIEPEBOIINEE CEMETT-
crBO mapabon T = a + by + y* B ceMelicTBO NPAMBIX?

4.15. KacarempHble K napaboJie B TOUKax d, 3, Y 06pasyioT TpeyroabHIK
ABC (puc.4.12). Iokaxure, 910

a) OmUCaHHAA OKPYXKHOCTH Tpeyroabauka ABC' mpo-
xoauT depe3 PoKyc mapaboJibl;

6) BbicoThl Tpeyrombanka A BC mepecekarmoTcs B TOU-
Ke, JIEJKalllell Ha TUPEKTPICE Mapaboib;

B) wy = 25480;

r) V/Suc + ¥/ Seca =/ Sux-

4.16. Ilpamasg | monydeHa u3 AUPEKTPUCHI MAaPabOIIbI
romoTerueil ¢ meHTpoM B hokyce mapabossr u kodbduiu-
eaToM 2. V3 rouku O npsamoii | mpoBeIeHbl KacaTeIbHbIe Puc. 4.12

~2 mepeBOIUT eIu-

OA u OB k napa6oJe. JlokaxuTe, 9T0 OPTOLEHTPOM TPe-
yroiapauka AOB ciiyXuT BepiimHa mapaboJibl.

4.17. Ilyyok mapaJuiejbHBIX JIydeil CBeTa, OTPa3sUBIIACh 0T Kpusoii C,
cxoupurcs B Touke F. Jlokaxure, yro C'— napabosia ¢ ¢pokycom F' u ocbio,
mapaJiIeIbHOM JIydaM CBeTa.

DnIic

4.18. a) Jokaxwure, 9TO I JIOGOTO0 MNAPAIIIENOrPAMMA CYIIECTBYET
DJLIUIIC, KACAIONIUICs CTOPOH MapaJuIejIorpaMMa B UX CEPEIUHAX.

6) okaxwure, 9TO IJIsi JTEOOOTO TPEYTOJBHAKA CYIIECTBYET JUINIC, Ka-
CAIOINUICS CTOPOH TPEYTOJIbHIKA B UX CEPEINHAX.
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4.19. Ilycre AA’ u BB’ — coupsizKeHHbIE AUAMETPbl JLIMICA C IEH-
rpom O. Jlokaxkure, 9T0

a) mwiomans Tpeyroabanka AOB He 3aBHCHT OT BbIOOpa COIPSI?KEHHBIX
JIMAMETPOB;

6) Besmamna |OA|? + |OB|? He 3aBECAT OT BBHIGOpA CONPSKEHHBIX IHA~
METPOB.

4.20. a) Jokaxkure, 9T0 npoekmuu (POKYCOB JLIAICA Ha BCE KACATENb-
HBbIE€ JIE2KAaT Ha OﬂHOﬁ OKPY2KHOCTH.

6) IIycts d; u dy — paccTosiHuS OT (DOKYCOB JUIMICA IO KACATEIbHOIL.
Hoxkaxwure, aro BesuauHa d;d,; HE 3aBUCAT OT BHIOOPA KACATEJIHHOM.

4.21. U3 Touku O uposenennl kKacarenabable OA u OB K sanuncy c
dokycamu F| u F,. Jdokaxure, uro LAOF, = /BOF, u Z/AF,0=/BF;0.

4.22. TTapaamesorpaMm ONuCaH OKOJIO dJumnrca. Jlokazkure, 910 1uaro-
HAJIA TapaJjijiesiorpaMMa COEPXKAT COLIPSKEeHHbIE THAMETPbI SJIJINICA.

4.23. Ilycts a u b— dpurcupoBaHHBIE KOMILJIEKCHBIE Yucia. Jlokaxkure,
4r0 npu u3MerHeHnn ¢ ot 0 10 21 ToUKY BuAa ae'? + be”? 3aMeTaloT JIIMIIC
WU OTPE30K.

4.24. Bokpyr 3//IUICa ONUCAH IPAMOYroJbHUK. JlokaxkuTe, 910 JInHA
€ro JUaroHaJIU He 3aBHCHT OT MOJIOXKEHUS MPAMOYTOJIbHUAKA.

4.25. Xopma PQ okpyxuoctu x> + y? = a® + b? ¢ nearpom O Kacaercs

2 2
DJTAIICA z—z :Z—z = 1. Hokazxkwure, aro upsimbie PO u QO couepzkar conpsi-
2KEHHBIE IUaMeTPbl SJLIUICA.

4.26. a) ITycte AA’ 1 BB’ — cOnpsizKeHHBIE THAMETDBI SJUIAICA C [EH-
tpom O. IIpoBesem depes Touky B nepnenaukysisap K upsmoit OA u orio-
UM Ha HeM otpesku BP u B(Q), pasubie O A. Jlokaxkute, 9TO rJIaBHbIE OCH
SJIIUIICA ABJISIOTCA OuccekTpucamu yrioB Mexkay npambiva OP u OQ).

6) Ha mockocTr HApuCOBaHA mapa CONPSKEHHBIX TUAMETPOB JJLIUIICA.
C moMOIIpbIo0 UPKYJIs U JIUHEHKU IOCTPONTE €ro IJIaBHBIE OCH.

4.27. Hopmasb K 3jummncy B TOYKe A mepecekaer MaJyil0 TOJyOCh B
Touke (), P — mpoeknusi IeHTpa 3JumAIICa Ha HOpMaJjb. JlOKaxKuTe, 9TO
AP - AQ = a?, toe a— Gonblnas OIyoCh.

4.28. JlokaxkuTe, 9TO BCE BINCAHHBIE B JIJIUIC POMOBI OMICAHBI BOKPYT
OZHOI OKPY2KHOCTH.

4.29. OKpyKHOCTh, HEHTP KOTOPOI JIEXKUT HA JLINAICE, KACACTC JBYX
COTIPSI?KEHHBIX TUaMeTPOB. JloKaxkuTe, 9T0 paanyc OKPYKHOCTU HE 3aBUCUT
OT BBIOOPA COMPSI2KEHHBIX TAAMETPOB.

4.30. a) U3 rouku O mposenensl Kacarejbable OP u OQ K sjmncy
¢ dokycamu F) u Fy. Jlokaxkure, 9T0

/POQ =1 — %(4PF1Q + /PEQ).
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6) Orpesok AB Bunen n3 dokycos F) n F, mox yrimamm ¢; 1 @y COOT-
BercrBeHHO. JJokaxure, 9To ¢; + ¢, = o+ B (cm. puc. 4.13).

4.31. K spnmuncy ¢ mearpom O NpOBeIeHBI ABe MapalliejbHbIE Kaca-
resbHbIE [ u ly. OKpyxHOCTD ¢ meaTpoMm O; Kacaercsd (BHEIIHAM 06pa3oM)
SJIIUIICA U TPAMBIX [y u [y, okarkuTe, 9To qnHa
orpeska OO; paBHa CyMMe IIOJyOCEH 3JLIUIICA.

4.32. OkpyxHOCTh pasguyca 7 ¢ nearpom C,
JIezKaIuM Ha, 60JIbIIEN MOJIyOCH DJLIUICA, Kaca-
eTcs JUTAICA B ABYX ToYKax; O — IEHTP 3JLIn-
ca, a u b— ero nosyocu. Jlokaxwure, 910
|Oc|2 — (a2 — bQ)(b2 — 7"2) .

b? Puc. 4.13

4.33. Tpu OKpyKHOCTH, IEHTPHI KOTOPBIX
JiezkaT Ha OOJIBIIION OCH JJUIHIICA, KACAroTCd djaunca. [Ipm sToMm OKpyxK-
HOCTB DaJpyca I, KacaeTcs (BHEIIHMM 06Pa30M) OKPy?KHOCTeH pammyca 7
u r3. Jokaxkunre, 94TO

2a2(a® — 2b%)

7'1+7"3: o

To.

4.34. Ilycte N OKpyzKHOCTEM, IIEHTPBI KOTOPBIX JI€XKAT Ha OObIION
OCH 3JIJIUIICA, KACAIOTCH IJIJIUICA U IPA ITOM OKPYKHOCTH DPajuyca T;
(2<i< N —1) Kacaercss OKPyXKHOCTe# pajuyca ;1 U T;. JJoKaxwure,
qro ecau 3n — 2 < N, To

T2n71(7‘1 + 7"27#1) = 7"n(7”n + T3n72)-

4.35. Ha xommekcHoii miockoctu gad Tpeyroibauk ABC. Ilycrs F) n
F, — dokychl 3j11m11Cca, Kacarnierocsi CrOPOH 3TOr0 TPEyroJbHUKA B UX Cepe-
muuax. Jlokaxure, aro F; u F, —KOpHU IPOU3BOIHON MHOIOYJIEHA TPETHEMN
crenenn ¢ Kopaavu A, B u C.

T'unepboJia

4.36. CTopoHBI mapaJsuiesjorpaMMa JiesKaT Ha aCUMIITOTaX, a JByMs €ro
OIPOTUBOIIOJIOZKHBIMU BEPHINHAMU CJIy2KaT TOYKa I‘I/IHep6OJII)I N TOYKa IIe-
pecedeHns acHMOTOT. JloKaxXWuTe, ITO IJIOMAJb TAKOTO MapaJsijIeJIOrPAMMa
OJlHA W Ta Ke JJI BCEX TOYEK TUIePOOJIB.

4.37. JlokaxwuTe, 9T0 ACHMITOTHI THIEPOOJIBI

ar® +2bxy +cy’ +dr+cy+ f=0

OPTOrOHAJIBHBI TOT/IA U TOJIBKO TOTA, KOorma a + ¢ = 0.
4.38. Bepmmabl TpeyroabHUKa JiexkaT Ha runepbose xy = 1. lokaxkure,
9TO €ro OPTOIEHTP TOXKE JIEXKUT Ha ITOH rumepbosie.
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4.39. Haiinure MHOXKECTBO TOYEK IIE€pECEYeHUs] BCEX Iap MEePIeHIUKY-
JIAPDHBIX KaCaTe€/JIbHBIX K FI/IHep60.He.

4.40. OxpyxHOCTH paguyca 2v/x2 + x5 ¢ menTpoM (T, T, ') Tepeceka-
er rumepbosty 1y = 1 B Touke (—1,, —7, ') u B Tourkax A, B, C. JlokaxuTe,
qro TpeyroibHuK A BC' paBHOCTOPOHHUIA.

KoHuku Kak MHOX>KeCTBa TOYEK

4.41. JTokaxKuTe, 9TO MHOXKECTBO TOYEK, PABHOYIAJEHHBIX OT JAHHON
TOYKH U JJAHHOW OKPYKHOCTH, IPEJICTABJIAET COOOM JIIUIIC, TUIepOOIy Wiin
JIyd.

4.42. JlokaxkuTe, IYTO MHOXKECTBO BCEX IIEHTPOB OKPY2KHOCTEMH, IIPO-
XOOAIIUX Y€pe3 JaHHYIO0 TOYKY U KaCalomuxCcda I[a,HHOI./,I OKPY2>KHOCTH (I/IJII/I
npsMoii), He cozepKalieil JAHHYIO TOUYKY, IPeCTaBiIsgeT co00i IUINIC Ui
runepbousy (nam mapaboury).

4.43. Ha niockoctu nasst Touku A, = (1+¢, 1+¢) u B, =(—1+t,1—1).
Onummre MHOXKeCTBO, 3aMeraeMoe Bcemu npsimbivu A, B, t € R.

4.44. Hanwr Touka O u upsimas [. Touka X aBuxkercs mo npsamMoit [.
Onuniure MHOXKECTBO, KOTOPOE 3aMeTal0T IIEPIIEHIUKYJIsAPbl K npsimoit X O,
BOCCTaBJICHHBIE U3 TOYKH X .

4.45. Tlo upsambiM [ u I’ ¢ TOCTOSHHBIMU CKOPOCTAME ¥ 7 V' JTBUKYTCS
rouku X u X'. Kakoe MHOX)ecTBO 3aMeraror mpsambie X X'7

4.46. Yepes kaxkayroo TOYKy X, JIEXKAIyl0 BHYTPH JTaHHON OKPYZKHO-
cru S, npoBoauTcs npamMas [, oprororanabHag npamoit X O, rae O — nanHas
TOYKa, He JieKalnas Ha OKpyzKHOCTH S. Omuinnre MHOKECTBO, 3aMETAEMOE
BCEMU IPSIMBIMH [.

4.47. JlokaxXuTe, 9TO MEHTPHI BCEX MPABUJIBHBIX TPEYTOJIbHUKOB, BIIU-
CAHHBIX B JIAHHYIO KOHHKY, JIE?KAT Ha HEKOTOPOIl KOHUKE.

OcHOBHBIE CBOICTBAa KBaJIpPUK

4.48. JloKaxKuTe, 9TO MPOEKIAs JF0O0r0 CeUeHns KBAIPUKH 2 = 12 + Y2
Ha MWIOCKOCTD z = () mpencraBiiseT cOO0l OKPYKHOCTh WJIA MPSMYIO.

4.49. Jlokaxkure, 4To y Jroboro konyca B R® ectb cedenue, apigromeecs
OKPY2KHOCTBIO.

4.50. a) [TokazKuTe, 9TO €CJIH [Be KBaAPHKA B R® mMmeror obmee miockoe
cedeHUe, TO Y HAX €CTh ele OJIHO 00Iee IJI0CKOe CedeHHe.

6) JlokaxkuTe, 9TO €C/IU TPHU KBIpUKA B R? mMeroT obimee miockoe cede-
HU€, TO TPH IJIOCKOCTH UX JPYTHUX IIOMAPHO OOIUX CEeYeHHUH MMEIT OOIIyIo
IPAMYIO.

4.51. a) [Qyunbl raasHbix oceil sjumiconaa B R® nonapHo pasimusbl,
O — nenTp smmncona. JJokaxure, 9To ecan TouKa A symnconsa He Je-



Sagaun 105

JKAT Ha IVIABHBIX OCHX, TO CYIMIECTBYET POBHO OIHO ILJIOCKOE CEYeHHUE, s
koToporo OA — riaBHas MOJLyoCh.

6) ILmockocts x cosa+ycosP+ z cosy =0, nue cos® o+ cos® B+ cos’ y =1,
$2 y2 22
HepeceKkaeT JLIAICOnT, — + = + — =1 mo smICy ¢ JIMHAMHA TJIABHBIX
a C
OJTyOCel 7'y U 5. JlOKazKuTe, 9TO 9UC/Ia 7'y U T's YAOBJIETBOPSIOT YPABHEHUIO

a’cos’a | b’cos’B | c’cos’y 0
a2 — 12 b2 — 2 2 _ 2 :

4.52. Paccmorpum ajuuncont B R3, nojiyueHHbIl 1pyu BpalieHuy 31U -
ca ¢ dokycamu Fy u F, Bokpyr npsmoit F) F.

a) JlokaxkuTe, 9TO JJIs CEUEHNs 9TOTO JIIMICOUIA IIIIOCKOCTHIO, IIPOXO-
nmsmeil gepe3 TouKy Fi, 9Ta TOUKa CiryKuT (HPOKYyCOM.

6) Ilycrs C' —mtockoe cedeHme JaHHOTO jummnconna. Jokaxkmre, 9To
upsambie F1 X, X € C, 0bpa3yror nupsamoil Kpyrosoit KOHYC.
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Mup HeeBKJINIOBLIX T€eOMeTPuii

B sroit riiaBe Oymer pacckazaHO O JBYX HEEBKJIAJIOBBIX M€OMETPUSX —
reomerpun Jlo6ageBckoro (Ha3bpIBaeMoil eme 2unepbosudeckots 2eomempu-
eti) n reomerpru Puvana (HassiBaemoil sasunmuueckot; zeomempuet)’. Mot
HaYHEM C IOCJIeIHell; OHa MPOIIe Jist MOHUMAHUS, H00 JIOKAIbHO (B MaJIoM)
OHA COBHAIAET C reomerpueil cdepsl, a cdepa PaCIOJIOKEHA B OOBITHOM
TPEXMEPHOM MPOCTPAHCTBE, W TEOPEMBbI C(HEPUIECKOl reOMETPUN MOKHO
TPAKTOBAThb KaK OOBIYHBIE CTEPEOMETPUIECKUE.

B reomerpun JIo6aueBCKOT0 Yepe3 TOUKY, HE JIEXKAILYI0 HA TPAMOT, MOXK-
HO IIPOBECTH MHOIO IPSAMBIX, HE MEPECEKAIOMUX Ty IPAMYy. B Teuenue
MHOT'HX BEKOB JIFOJIA HE MOTJIA CBBIKHYTHCS C TEM, YTO TAKO€ BO3MOXKHO. VM
9yAUIIOCh, 9TO ATHIA mocrynar EBkiuma o mapamiensHoctr (copmyiin-
POBaHHBI K TOMYy 2Ke EBKIMIOM IPOMO3IKO W HEYKIIIOXKe?) ABIIAETCA HA
CaMOM Jiejle TeOPEMOIi, 9TO OH CJIe/lyeT U3 OCTAJbHBIX AKCHOM. DTO OKa3a-
Jioch HeBepHbIM. OCHOBHBIE TEOPEMbI I'MIIEPOOJUYECKON reoMerpuu ObLIn
nmokazasbl Layccom, JlobaueBckum m Boiisin, a 3arem Bembrpamun, Kamm,
Kueita u Ilyankape mocTpomn ee MOJEIN, W TOTJA CaMa PEAJIbHOCTD ITOU
HEEeBKJIMJIOBON reoMeTpHH, 32 KOTOPOil 3aKpemnmioch uMs reomerpun Jloba-
9EBCKOT0, cTasia oueBugHON. 060 BCeM 3TOM U PACCKa3bIBAETCS B HACTOSIIEH
ryiase.

§5.1. OKpy2kHOCTb U AByMepHasa cdepa. OgHomepHas
U AByMepHas reoMmerpun Pumana

Okpy>xHocTs u chepa

OKpy2KHOCTb, HAPsiAy C HPSAMOIi, — CAMbIf IPUBBIYHBIA 00bEKT €BKJIN-
0BO# reomeTpuu. MBI IpecTaBisgeM ee Kak 0001, KoJieca, He MMEIOIIH
TOJIIIIUHBI, KOTOPBIA MOXKET CKOJIb3UTH CaM IO cebe mim 0TOOPaKaATHCS CaM
B ceDs «IIEPEBOPOTOM>», €CJIH 3AKPENATH ABE TOYKH, HAXOSIIAECT HA KOHIIAX
aupaMeTpa.

191u mazsanus GeuTH mpeToxKensr KiteHOM B 9pJIaHTeHCKO# mporpamMMe.

2Eciu ape mpsMble 06pasyioT HPH II€PeCedeHnH C TPeThbeil mpaMOil BHYTPEHHHE OJl-
HOCTOPOHHHE YIVIbI, CyMMa BEJIMYUH KOTOPBIX MEHbIIE [ABYX HPAMBIX, TO ITH IPSIMbIe
IepeceKyTcd, IPUYeM C TOH CTOPOHBI OT TPeTbel NPAMOil, II0 KOTOPOIl PAaCIIOJIOXKEHbI 3TH
BHYTpPEHHNE OJHOCTOPOHHUE YIJIbI.
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B nmekaprosoit Mozmenn eBKJIuAoBoi 1mockocTu R?, cocrogmieir uz To-
4gek X, IPEJCTABIEHHBIX NapaMu (I, ) BEIECTBEHHBIX 9HCEJ, OKDYXK-
HOCTh €JUHWYHOTO PAINyca C IEHTPOM B Hadajle KOODAUHAT €CThb COBO-
KyIHOCTb TO4YeK X, KOODJIWHATHI KOTOPBIX Y/IOBJIETBODSIOT COOTHOIIEHUIO
x7 + x5 = 1. Takoe MHOKECTBO 0603HAIAIOT S'. DTO MHOKECTBO CTAHOBATCS
METPUYECKUM HPOCTPAHCTBOM, €Cju B KadecrBe paccroguus d(X, Y) mex-
ny Toukamu X u Y BbIOpaTh JUIMHY KpaTdadmeil qyru, coeuHaomeil sru
TOYKH. MO)KHO OnIpeae/INTh ABU2KEHNA OKPY?KHOCTHU KaK TaKN€ B3aWUMHO OJ/1-
HO3HAYIHBIE IPe0OPA30BaHMSI OKPYKHOCTHU B cebsl, IPU KOTOPBIX PACCTOSHUS
MeKJy TOYKaMU OCTAIOTCH Hem3MeHHBIMH. K TakuM NBHKEHUSM OTHOCATCS
[I0OBOPOTHI

(@1, T2) — (21 cOS @ + Ty sing, —z; sin @ + 5 cos @),

orpaxenud (T, Ty) +— (€, —T) u ux cynepnosunuu. Herpynso nokasars,
9TO TaK ONMUCHIBAIOTCS BCE JBUXKEHUS OKPY2KHOCTH.

Ilepexomum K OOUCAHUIO ABYMEPHOM cepbl KaK reOMETPUIECKOrO 00b-
ekta. Mbr npeacraBisieMm cebe cepy Kak MOBEPXHOCTH rI00yca miid MsS9a,
He uMeromyo ToamuHbl. OHa MOXKeT CKOJIB3UTh caMa Mo cebe. DTa IO-
BEPXHOCTH MEPEXOAUT B Ce0s MPH [EHTPAJbHON CHMMETPUU W CHMMETPUH
OTHOCHTEJIFHO JIFO00H IIOCKOCTH, IIPOXOAAIIeil depe3 meHTp cdephl.

B nexapToBoii Mojenn eBKJMI0Ba TPeXMepHOro IpocTpaHcTsa R3, co-
crosnieil u3 Toyek X, MpeCTaBJIEHHBIX TPOHKamu (T, T, x3) BellleCTBEH-
HBIX 4uces, cdepa eIUHUYIHOIO PajUyca C HEHTPOM B HadaJje KOODAMHAT
€CThb COBOKYITHOCTH TO4U€K X, KOODAMHATHI KOTOPBIX Y/IOBJIETBOPSIOT COOT-
HOmIeHMIO x7 + 3 + 23 = 1. D10 MHOKeCTBO 06o3HATaOT S,

Maremaruyeckas NUCOUILIAHA, H3y9aloliasd reoOMeTpUYecKne 00pasbl,
HaxojsImecs Ha cdepe, Ha3bIBaeTCA chepuneckoli eomempuet.

OKpy2KHOCTB, 110 KOTOPO# nepecekaer cepy ILIOCKOCTh, IIPOXOIIIasi
4epe3 [eHTD chepbl, HA3BIBAIOT 0KPYHCHOCTBIO 604bW020 Kpyea (Mo 60ab-
woti oxpysrchocmvio). Chepa S? CTAHOBATCS METPUIECKUM ITPOCTPAHCTBOM,
€CJIN OIPEeeJINTh PACCTOAHNE MEXKIY PA3INYHBIMU HE NUAMETPAJIbLHO IIPO-
TUBOIIOJIOKHBIMI ToYKaMu X u Y Ha cdepe Kak IJINHY HaUMEHbIEH Iyru,
BbICEKaeMO# Toukamu X u Y Ha €MHCTBEHHOH OKPY2KHOCTHU OOJIBIIOr0 KPy-
ra, nmpoxongrieit depe3 Toukun X u Y. PaccTosgHme Mexay nmaMmerpasbHO
NPOTHBOTIOJIOKHBIMA ToYKaMu chepbl S? paBHO T.

Jpuzxenns cdepbl S? —3To TaKne ee B3aNMHO OJHO3HAYHBIE IPe0Opa3o-
BaHUs, IIPU KOTOPHIX PACCTOSHAA MEXK Y TOYKAME OCTAIOTCHA HEM3MEHHBIMI.
JBukeHusIME SIBJISIIOTCS TIOBOPOTHI HA HEKOTOPBIA yroj BOKPYT HPSMOIi,
MPOXOMAIIeil Yepe3 meHTp chepbl, U CAMMETPAN OTHOCUTEIBHO IJIOCKOCTEH,
mpoxoadamux depes neHTp cdepsl. Huke O6ymer mokazaHo, 9TO J1000e 1BU-
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KeHne cepbl ABIAETCHA CYIEePHO3UNIel CAMMETPHII OTHOCUTEIHHO IIJTIOCKO-
crefl, IPOXOAAIUX Yepe3 meHTp cdepsol.

Cdepuueckas reoMeTpuss BO MHOTOM CXOIHA C IJIAHUMETpHUEH, HO U BO
MHOroM oriimgHa ot Hee. Cdepuueckoit reoMeTpun MbI yI€IAM CIIENAATH-
HBIH maparpad.

Cdepuueckasi reoMeTpusi BO3HUKJIA €llle B aHTUYHbIe BpeMeHa. CBOMCTBa HpsSIMO-
yrojbHbIX cepudecKux TpeyrosbHukoB Obumm u3ectsbl [Itonemero. o [Itonemes code-
pHUecKoll reoMeTpHeil (Toxke s mesiell acTpoHoMun) 3aHuMalcsa Merenait. Coxparucs
ero TpakTtaT «Cdepukay, B IEPBBIX ABYX KHATAX KOTOPOI'O JOKA3bIBAIOTCS PA3INIHbIE Te-
OpeMBI 0 c(PEpUIECKIX TPEYrOJbHAKAX (B TOM 9HCJIE€ I TEOPEMBI O IPU3HAKAX PABEHCTBA
cepuIecKuX TPEyroNbHUKOB).

ITmonemets Kaasduti (ok. 100 r.—ok. 178 r.) — gpeBHerpedecKuil ydeHBIH, aBTOP
BeJImKOil KHuru «Bousbimoe maremarudeckoe mocrpoenme acrpoHomuu B XIII kHHraxs,
n3BeCTHON mox apabckum Ha3BaHueMm <«Aubmarect». B Hell Obin OnUCaHBI JBUKEHUS

miaser. [ITosemero IIPpUHAAJIE?KaT MHOTUE PE3yJ/IbTaThl IO '€OMETPUN, HAIIpDUMED, 3HaMe-
HUTad Teopema IIronemes o BumcanHOM 9eThIPEXyrOJIbHUKE.

Opna u3 xapakTepu3anuii IpPsAMOil B €BKJIAIOBOM IIPOCTPAHCTBE 3aKJIIO-
JaeTcd B TOM, 4TO JIFOOOH ee 0Tpe30K ¢ KoHnamu A u B — Kpardaiimasa u3
BCex KpuBbIX ¢ KoHmamu A u B. VImenno Ha 3TO# XxapakTepusanmyuu mpaMoi
OCHOBAHO OIIPeJiesieHne MPsAMOii (reote3mdecKoii) B HeeBKIINIOBBIX TeOMET-
pusax. Kpusyio ¢ koanamu A u B Ha3bIBAIOT 2€00€3u4eckoll, €Cliu ee JJINHA,
MeHbIIIe JJINHBI JIF00OU APYTroil KpUBOil ¢ TeMmu ke KoHmamu. Ha He3aMKHY-
TOA KPUBOU IB€ TOYKH OIPEAEJIAIOT OAWH OTPE30K KPHUBOI, & HA 3aMKHY-
TOW KPUBOM J[BE TOYKHU OIPEIE[IOT JBa OTPe3Ka KpuBOi. B cBsizu ¢ arum
HE3aMKHYTYI0 KPUBYIO Ha3bIBAIOT 2e0de3uueckoli, eciau JiI0boi ee 0Tpe30K
SIBJISETCS Te0Ie3NYIECKOM, & 3aMKHYTYI0 KPUBYIO HA3BIBAIOT 2€00€3UYECKOl
B TOM CJIy9ae, KOI/Ia CPean JIFOOBIX JBYX OTPE3KOB KPHUBOI, HA KOTODHIE €e
JIeJIAT JIBe TOYKU, OAUH OTPE30K SBJISAETCS [eOe3MIeCKOM.

BrlsicHuM, KaK yCTPOEHBI I'eojie3andecKne Ha apyMepHoit cdepe S?. ITpexk-
Jle BCero Hy»KHO CKa3aThb, 4TO Takoe jJiuHa kpusoil Ha chepe S?. Cdepa S?
pacrmofoXkeHa B €BKJIHJI0BOM IPOCTPaHCTBe R?, mosToMy Kpubad Ha cde-
pe S? aBngerca Takxe kpuboit B R3. HazoBeMm daunoti xpusoti na chepe S?
Iy 3Toi KpuBoii B R? (nymmoit kpusoit B R? HA3BIBAIOT TOYHYO BEPXHIOK
rPaHb JJIH JIOMAHBIX, BIUCAHHBIX B 3Ty KPUBYIO).

B eBKJIH,[[OBOﬁ reoMeTpun Jjid A0Ka3aTeJbCTBa TOr0, 9TO IIpAMad AB-
JISIETCS TEOIE3MIECKON, MOYKHO BOCIOJIb30BAThCS HEPABEHCTBOM TPEYTOJIhb-
Huka |AC| < |AB| + |BC|; ecim Touka B He nexur Ha orpeske AC, To
HEpaBeHCTBO crporoe. B camom nene, eciim AA A, ... A, B—npou3BojibHas
JloMaHas ¢ KOHIamMu A u B, TO U3 HEpaBEHCTBA TPEYTOJIbHUKA CJIEYET, ITO
|AB| < |AA |+ |AB| < |AA |+ |A1 Ay +|AsB| <. . < |AA |+ |41 As| + ...
... +]4,_14,| + |A,B|, npuuem ecam soMaHas HE COBIATAET C OTPE3KOM
AB, T0 X0Ts OBl OJIHO W3 YTUX HEPABEHCTB cTporoe. Takum 06pa3oM, JJIHHA
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sroboit tomanoil ¢ konmamu A u B Gosbiie mymabl oTpe3ka AB. Kpusyto
MOKHO C JIF000# TOYHOCTHIO TPUOJIU3UTH JIOMAHOMN, OITOMY JIJINHA KPUBOM
¢ koHmaMu A u B Gosbie miuabl orpeska AB. Kak Mbl cefiuac yBuanm, Ha
cepe S? reomesudeckumu 6yayT GOBIIAE OKPYKHOCTH. depes Jro0ble 1Be
HE JMaMETPAJBLHO MPOTUBOIOJIOXKHBIE TOYKH C(epbl MPOXOIUT POBHO OJI-
Ha OoJibllIasi OKPYKHOCTb, & Yepe3 JIBe JUAMETPAJIbHO IPOTUBOIOJIOKHBIE
TOYKHU CHEPHI TPOXOAUT OECKOHETIHO MHOTO OObIMEX OKPyKHOCTEH. UTO-
Ob1 OOJIbITINE OKPYKHOCTH JE€HCTBATEIHHO OBLIN Te0Je3UIeCKUMI, HEPABEH-
CTBO TPEYTOJIbHUKA JOJKHO BBITIISIAETD CJeayIomuM obpasom. Paccmorpum
KparJaiiimume yru GoabIIImX OKPYKHOCTEH, coequastommux Touku A u B, B
u C, C'u A; Torma cymMma JIMH IEPBBIX JABYX IyT HE MEHBIIE JJINHbI TPeThel
myru. A tak kak qymHa nyru AB pasma Ry (puc.5.1),

IPpUXOAMM K HOBOHM 3KBUBAJIEHTHON (hopMyanpos- A B

Ke: CyMMa JIBYyX ILUIOCKHX YIJIOB TPEXI'PAHHOTO YIJIa

HE MEHbIIIE TPEThEro IJIOCKOro yria. Jlokaxkem 3To

YTBEDXKJIEHUE JJIs HEBBIPOXKIEHHOIO TPEXI'PAHHOI'O /

yria.

Teopema 1. /[[asa a106020 mpexeparmnozo yeaa
OABC ¢ sepwunoti O 6bNOAHAEMCA HEPAGEHCTNEO
/ZAOC < LAOB + ZBOC.

HdokazaTenasbcTso. Jocrarouno paccMOTpeTh
cay4gait, korga yroa AOC maubonbmuii. B sTom ciy-
qae BayTpu yriaa AOC moxHO BbIOparh TOYKy B
tak, aro LAOB, = /ZAOB n |OB,|=|0OB|. llposenem uepe3 Touxy B,
0oTpe30K ¢ KoHIamu Ha jydax OA m OC; MoxHO cunTath, uto A u C —
KOHITbI 9TOr0 orpe3ka. U3 pasencrBa tpeyroiabaukoB AOB u AOB; che-
nyer, aro |AB| =|AB,|. Kpome toro, |AB,| + |B,C|=|AC| < |AB|+ |BC|,
nosromy |B;C| < |BC|. I3 TeopeMbl KOCHHYCOB CJIEYeT, 9TO IPH IIOCTO-
aaAbIX gymHax cropoH BO u OC pmuaa croporbt BC' MOHOTOHHO BO3-
pactaer ¢ BozpacranueMm yriia BOC. CnemoBarenbno, /B,0C < ZBOC,
a 3HAYMNT,

Puc. 5.1

LAOC = LAOB, + £B,0C < LAOB + £ZBOC. O

Cdepuueckoe HEPaBEHCTBO TPEYTOJIbHUKA IT03BOJISET JI0KA3aTh, 9TO
GoJIbIIe OKPY?KHOCTH — reofie3ndeckue Ha cdepe. (DTO T0Ka3aTEIBCTBO
JOCJIOBHO IIOBTOpAET MPHUBEIEHHOE BBINIE MOKA3aTEeJIbCTBO TOrO, UTO Ipd-
Masg B €BKJIAZOBOM IIPOCTPAHCTBE — reoje3mdeckas.) 1losromy Gosbime
OKPY2KHOCTH MBI WHOT/IA HA3bIBAEM C(PEPUIECKUMU MPIMBIMUA.

Paccrosinue mex iy Toukamu A u B cdepbt S? onpejensiercss Kak /-
Ha KparJaiiiieil Jyru 00JIbIION OKPYKHOCTH, COeauHstomeil Touku A u B.
Ormernm, uTo ceprdeckoe paccTogHre Mexay Toukamu A u B asiasgercsa
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MOHOTOHHO BO3pacTaroleil (pyHKIueil 0T eBKINI0BA PACCTOSIHAA MEXK Y HU-
mu. B gactaOCTH, chepraeckume pacCTOSHUS PABHBI TOTIA U TOJIHKO TOT/A,
KOI'Zla PaBHBI €BKJIUJIOBBI PACCTOAHULI.

Cdepunueckas 3jieMeHTapHAs r€OMETPUs

Hsi cdhepudeckoil reOMeTpUE MOXKHO OIPEIETUTh NOAAPHOE COOMEEM-
CMEue, UPU KOTOPOM KaKJO0W O0OJIbIION OKPYKHOCTHU S COLOCTAaBJIAETCS
mapa KOHIIOB amameTpa cdepbl, NePIeHIuKYIApHOro S, a KaxKJaol mape
MaMeTPabHO TMTPOTUBOMOJIOXKHBIX ToueK A u B comocraBisgercsa 6obInas
OKPYKHOCTb, JIeXKallas B MJIOCKOCTH, HepueHauKyispuoir AB. Bymem ro-
BOPHUTH, 9TO OOJIBIION OKPYXKHOCTH COIIOCTABJISIOTCS €€ NOANCHL, & Mape
JMaMeTPAIbHO IIPOTUBOIOIOXKHBIX TOYEK COMOCTABIIETCH UX NoAApa. Jler-
KO ITPOBEPUTH, 9TO €CJIH 0OJIbIas OKPYXKHOCTH S TPOXOIUT 9epe3 TOUKy A,
TO TOJITPa TOUKU A MPOXOIUT Yepes MoJIOC DOIBIToi OKpyKHOCTH S. Takum
06pa30oM, MOJIIPHOE COOTBETCTBHE MEPEBOAUT TOYKH B MPSMBIE, & IPIMbIE B
TOYKH, IPUYEM YTBEPXKIEHUE «IpaMas | COIEPXKUT TOYKY A» IepexoauT B
yTBEpKIeHHe «To4IKa [+ mexxnT Ha mpamoit AL».

Cdepuueckomy Tpeyronbauky ABC MOXHO CONOCTABATH TOJISPHBIN
emy rtpeyrosbHuk A'B'C’ cremyromum obpazom: A’ — TOT W3 TOJIOCOB
cepuaeckoit npamoit BC, KOTOPBIN JIEXKUT BMeCTe ¢ TOUKOM A 10O omHy
CTOPOHY OT 3T0i1 mpsaMoit; Touku B’ u C’ onpenensitorcd aHaaorugso. Jlerko
[IPOBEPUTH CJIEAYIOINE CBONCTBA HOJSAPHOIO TPEYrOIbHUKA:

1) ecam tpeyroasrnk A’'B’C’ monspen tpeyrombamky ABC, To Tpe-
yronbauk ABC nonsipen tpeyronsauxky A'B'C’;

2) ecmm o, B u y — yruel Tpeyronbhuka ABC, aR, bR u cR — myuHbl
ero cropor (R — pamuyc cdepsl), T0 T —a, T —b U T — ¢ — yribl HOJIAp-
soro tpeyroasauka A'B'C’; (n — )R, (r —B)R u (t — y)R — mamusl ero
CTOPOH.

Hast mokasarenascrsa cBoiictsa 1) paccmorpum meatp O cdepsr. Tak xkak
OA' L OC u OB’ 1L OC, monyaaem OC L OA'B’.

CBoiicTBO 2) cjleayer U3 TOro, 9T0 BHY TPEHHUE HOPMAJIU K JIBYTDAHHOMY
YIUIy BEJIMYIUHON 0. 00pa3yoT Mexxy coboit yroa m — o.

B cdepuueckoit reomerpun, B OTIMYAE OT €BKJIUIAOBOI, TPEYTrOJIbHUKA
C COOTBETCTBEHHO DABHBIMH yTJIaMU 00s3aTeJIbHO PaBHBI. B camom jere,
U3 PABEHCTBA YIVIOB NIBYX TPEYTOJBHUKOB CJIEAYET PABEHCTBO CTOPOH WX
MOJIIPHBIX TPEYTOJILHAKOB, & PABEHCTBO TPEYTOJBHUKOB 110 TPEM CTOPOHAM
JIOKA3bIBAETCA TOYHO TaK Ke, KAK W B BKJIMJIOBOM Cjiydae. B acraocTH, B
cepudeckoil reoMeTpUE MOYXKHO BBIYUCJIUTD ILIONIAIb TPEYTOJIbHUKA, 3HA
€ro yIJuIbl.

Teopema 2. Ilrowads chepuneckozo mpeyeoarvrura ABC ¢ yeaamu o, B
u y pasua (o + B+ 7y — n)R?, 2de R — paduyc cPepo.
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HdokazareanbcrBo. Paccmorpum cuadana cgepuueckuti 08yy2onv-
HUK, T.€. OJHYy U3 dYeTbipex GUryp, Ha KOTOpble pazbuBaiorT cdepy aBe
cdepudeckre mpsaMble.

IIycrs S(0) — maomanp cepuaeckoro AByyroabHAKA € yriioMm o. ZcHo,
BeamauHa IT0 S (o) mponoprmonasbHa o u S(n) = 2nR? (mwromans momycde-
por). Hosromy S(a) = 20R?.

ITapsr cdepuaeckux npambix AB, BC' u C' A obpasytor 12 cepuaeckmnx
JBYYTOJIbHUKOB. Boibepem u3 Hux 6 cdepuaeckux ABYyTrOJHHUKOB, COIEP-
sKamux au6o TpeyroibHuK ABC, mmbo cuMMeTpudHBI eMy (OTHOCHTENBHO
nenTpa cdepsl) Tpeyronbauk A, B, C,. Kaxnas rouka rpeyronbauka ABC
u Tpeyrojbauka A; B;C| MOKpbITa POBHO TPEMs TaAKMMH JBYYLOJbHUKAMU,
a mobast mpyrasg To9Ka Cepbl HOKPHITa POBHO OJJHAM JBYYTOJbHAKOM (TO9-
ku cheprnaeckux npsavbix AB, BC' u C'A mbr e paccmarpusaem). [Tosromy

40+ B+ )R> =4nR* + 2Sapc + 254,8,0, -

A rax kak Sapc = Sa,p,0,, Mbl mOTy9aeM Sapo = (0 +p+y —n)R?. O
Caepncreue. Cymma yza06 chepuueckozo mpeyzosvHuka 6oavue T.
Jauabt a, b u ¢ cropon cdepudeckoro Tpeyroabauka ABC cBsa3aHbI

COOTHOIIEHUSIMY, AHAJIOTMYHBIMI TEOPEMaM CHHYCOB M KOCHHYCOB JIJIsl TPe-

YLOJIBHUKOB B €BKJIMIOBON ITocKocTh. g ymobcrBa OymeM cIUTATh, 9TO

pazmyc cdepsr pasen 1. Ilycrs o, B u ¥ — yruer npu Bepmmunax A, B u C

COOTBETCTBEHHO.

sina  sinb sinc
Teopema cunycoB. Cnpasediuso pageHcmso = =

sino sinf  siny’

HokazaTenbcTBo. [Iycte O —uentp cdepbr, H — npoeknust TOIKH
A na mnockocts OBC, A, u A, —upoeknun Touku A Ha npsmbie OB u OC.
IIpu sTom Toukm A, u A, COBIamaroOT ¢ mpoeknuaMu Touku H Ha mnpsvble
OB u OC. CnenoBareibHO,

|AH| = |AyA|sinf =sincsinB, [|AH|=|A.A|siny=sinbsiny.

IMosTomy sinb:sinf =sinc:siny. Amamoruuso sinb:sinf=sina:sino. O
Ecau a maso, To sina =~ a. Illosromy cdepuaeckast Teopema CHHYCOB IpU
a, b, ¢ — 0 mepexomuT B €BK/INIOBY TEOpEMY CHHYCOB (CM. C. 22).
W3 chepmaeckoit TeopeMbI CHHYCOB cllenyeT cepmdeckas Teopema Pa-
jeca: B PaBHOOEIPEHHOM TPEYTOJIbHUKE YIVIBL DX OCHOBAHHU PaBHBI.
IlepBasa Teopema kocuHycoB. (npasedauso pasencmeo

cos a = cos b cos ¢ + sin bsin ¢ cos a.

— —

IIokazareunbcTBo. Ilyctrb O —uenrp cdepsl, e, = O0A, e, =0B n

e. = OC. Ilpoekunu BEKTOPOB €, U €. HA €, PABHBI €, COSC H €, COSb cooTBeT-
crBeHHO. [109TOMY BEKTOPHI =€), — €, COSC U U =€, — €, COS b OPTOTOHAJIbHBI
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BEKTOPY €,, MX JUIMHBI PABHBI Sinc u sinb, a yroa MexkJy HAMU PaBeH O.
CirenoBare/ibHO,

cosa = (e, €.) = (u+ e, cose, v+ e, cosb) = (u, v) + cosccosb =
=sinbsinccosa + cosbcosc. [
(12
Ecim a majio, To cosa~1 — 5 Tlosromy npu a, b, ¢ — 0 cchepuyeckas
mepBad TeopeMa KOCHHYCOB IIEPEXOIUT B €BKJHMIOBY TEOPEMY KOCHHYCOB
(cm. c. 21).
Bropasi Teopema kocunycoB. Cnpagediuso pasencmeso

cosa = —cosPcosy + sinPsiny cosa.

HdokaszaTeubcTBo. Bropas Teopema KOCHHYCOB /il TPEYIOJIbHUKA
ABC »skBuBaJIEHTHA IEPBON TEOPEME KOCHHYCOB JJIsl IIOJISIPHOTO €My Tpe-
yronbauka A'B'C’. O

IIpn ¢ — 0 BTOpas TeopeMa KOCHHYCOB IEPEXOIUT B PABEHCTBO COS O =
=—cos(B+7v), Te.a+PB+y=m

Teomerpusi n-mepHoii cdepsbl

Iyt n-mepHoit cdepbl S™ B npocrpancTse R Gosibliiie OKPY»KHOCTH
OTIPEIENIAIOTCA KaK CeUeHUs IIOCKOCTIMY, TIPOXOAAIINME Yepe3 MEeHTP cde-
peL. Herpynao y6eaurhes, 910 60sbIIIe OKPY2KHOCTH — reojie3maeckue. Pac-
crogHmE MexK Iy Toukamu A m B cdepsr onpemenseTcsa KaK JJIuHa KpaTdaii-
meit ayru OOJBIIOro Kpyra, coeauHsomeit atu Touku. s n-mepHoit cde-
PBI, TAK YK€ KaK U JJid JBYMEPHOU chephl, PABEHCTBO C(hePUIECKIX PACCTO-
SHUN KBUBAJEHTHO PABEHCTBY €BKJIMIOBBIX PACCTOSHUNA MEXKIY TOTKAMM.

B n-MepHOM eBKJIMIOBOM MPOCTPAHCTBE MOMAPHBIE PACCTOSHUS MEXKTY
n+ 2 roukamu A, ..., A, 2 CBA3aHBI ONPEIEJIEHHLIM COOTHOmMERuEM. Jleso
B TOM, 9TO PACCTOSHUS OT TOUYKH A, o 10 TOuek Ay, ..., A, onpenensror mo-
JIO2KEHNE TOYKU A7l+2 C TOYHOCTBIO 10 CUMMETPUU OTHOCUTEJIBHO IIJIOCKOCTHU
A, ... A,. Hosromy pymua orpeska A, 1A, o IPU 33JaHHBIX JJINHAX BCEX
OCTAJIbHBIX OTPE3KOB MOXKET MPUHUMATH JIWIIb JBa 3Hadenus. Jlua n + 2
TOYEK N-MepHOil cephl S™ TOXKE BBIMOIHAETCS AHAJOTHIHOE COOTHOIIECHHE.

Teopema 3. ITycmo mouku Ay, ..., A, 1o aestcam na n-meprot cgepe
paduyca 1 u d;; — pacemosnue (chepuneckoe) meorcdy mouramu A; u A;.
Tozda det(cosd;;) = 0. .

IHokazareunbcTBo. [Iycrb O —uenrp 3amannoii cdepsl, e; = OA;.
Paccmorpum mapaJesnenune s pasMepHOCTH 7 + 2, HATAHY T Ha, BEKTOPHI
€1, ..., enro. KBanpar obbema sroro napasenenunesna pases det((e;, e;)) =
= det(cos d;;).
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C Apyroit cTOpOHBI, BEKTOPHI €1, ..., €, 5 JIEJKAT B POCTPAHCTBE pa3-
MepHOCTH N + 1, 109TOMY 00bEM HATSHYTOrO HA HAX HAPAJIJIEJIENNIIe a Pa3-
MepHOCTHU N + 2 paseH 0. O

FeOMETpI/ISI PI/IMaHa, NJIN SJIJIMIITUYEeCKad reomMmerpud

PumaH, oTIpaBigsachk oT cepbl, IPeIIOKUAI PACCMATPUBATD Iy Th H3Me-
HEHHBIN TreOMeTPpUIeCKuil 00bEKT, B KOTOPOM MOXKHO BBECTHU IIOHSITHE IPS-
MO, 00JIaIaf0Iell OCHOBHBIM CBONCTBOM: 4Y€pe3 KaXK/ble JIB€ TOYKH IIPO-
XOJIUT eIUHCTBeHHad TpaMmad. OH TPEIJIOKUI «CKJIEUTh» JAAAMETPAILHO
IPOTHBOIOJIOXKHEIE TOYKH OKPY2KHOCTH S' m cdepnl S?. MoxkHO mpeacra-
BUTb 9TO TaK: B KAYECTBE F€OMETPHIECKOr0 OObEKTa PACCMATPUBAIOTCS BCE
npsIMbIE, IPOXOAAIIHE depe3 Hadaao koopauaat (B R? u B R? coorseTcTBen-
HO). STO*TO‘{KI/I. PaCCTOHHI/Ie Me)KI[y HUMU — 3TO BEJIMYUHA yI‘.Ha Me)KILy
OpAMBIME. JIBIKEHHS — 3TO IPeobpa3oBaHUA NPAMBIX IO BO3IeHCTBHEM
OPTOrOHAJBHBIX Hpeobpasosanuii B R? u B R3. B ciygae R? npsamoit B HOBo#
reOMeTPUH HA3BIBAIOT BCe MpAMble B R jrexkammue B OHOI IJIOCKOCTH, IPO-
Xondmieil yepe3 Hadato KoopauHatT. Takum o0pa3oM, 9epes JABe pa3IndHble
TOYKU IPOXOIAUT OJHA U TOJIBKO OJiHa HpsiMasi. Ho B orjim4dme oT OObIYHOMN
NJIAHUMETPHUA B TeOMeTPAN PruMaHa HET MapallIeIbHOCTH — JIIOOBIE J(BE Pas-
JIMIHBIE TPAMBIE TIEPECEKAIOTCS.

Bce 3ToO HamOMHHAET TPOEKTUBHBIE IPAMYIO H ILIOCKOCTH — TaM TOXKE
paccMaTpPHBAJIUCh COBOKYIHOCTH IpAMBIX B R? u B R3, npoxoxgamux depes
Ha4aJI0 KoopauHaT. Ho TaM 3Tu ipsiMble OCTaBJISIIN CJIEIbI Ha €BKJIMI0BOMN KO-
OpAMHATHOM TPAMO#i I TLIOCKOCTH, a 3/1eCh — Ha, OKpyKHOoCcTH S 1 chepe S2.

JIOKaJIbHO 3JLTANTHYECKAs TeOMETPUsS M30MeTPUIHa C(HEePUIECKON reo-
merpun. Ho rio6aibHbIe CBOHCTBA 3JLIUNITHYECKOH FeOMETPHH CYIECTBEHHO
OTJIMYAIOTCA OT CBOMCTB BCeX Apyrux reomerpuii. OCHOBHOE OT/IMYHE CBA3a-
HO C TeM, YTO Ha IIPOEKTHUBHOII m1ockocTu R P? eCTh HeCTATHBaeMble KPUBbIE
", B 94aCTHOCTHU, HECTATUBAEMbIEC TpeyI‘OJII)HI/IKI/I.

Onmuo w3 mHamboslee APKAX OTIMYMI 3IJUTUNITHYECKONH TEOMETPUH OT
OCTAJIbHBIX T€OMETPHil 3aKJII0YaeTCd B TOM, YTO B JJIIMITHIECKOH reo-
METPUH TPEyTOJbHUKA C COOTBETCTBEHHO PABHBIME CTOPOHAMH He BCErIa
paBHEBL. Ilo-IpyroMy 3TO CBOHCTBO MOXKHO C(OPMYJIHPOBATDH CJIEILYFONIAM
06pa3oM: H30METPHIO, 3a/IaHHYI0 Ha KOHETHOM MHOXKECTEE TOYeK, HE BCEeryia
MOYKHO TTPOJIOJIKHUTE /10 W30METPHUH BCETO TPOCTPAHCTEA.

YT06bI MOCTPOUTH IPUMED ABYX HEPAaBHBIX TPEYTOJbHUKOB C PABHBIMHU
CTOPOHAMH, PACCMOTPUM Ha, cepe paauyca 1 cepudeckuii TpeyroabHIK CO
croponamu 1t/3, n/3 u o. Takoii Tpeyromxpauk cymecrsyeT mpm 0 < o < 21/3.
IMosromy Tpeyrompruku co croponamn (x/3, ©/3, o) n (n/3, ©/3, T — &) cy-
nectBytoT npu 1t/3 < o < 21/3. Ecim o < /2, TO 9TMM TPEyroJbHUKaM CO-
OTBETCTBYIOT 3JUIMIITUIECKUE TPEYTOJbHUKK cO cTopoHamu (m/3, /3, o).
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B oM, 9TO IOy 9€HHBIE TPEYTONBHUKY HE PABHEI (T. €. He DABHBI KX COOTBET-
CTBEHHBIE YTJIbI), IPOIIE BCErO yOeanThCsS B BBHIPOXKIAECHHOM Ciiydae o= /3
(puc. 5.2). fcHO Tak:XKe, YTO B ITOM CIydae YIJIbI TPEYTOJIBHUKOB Da3jid-
JAIOTCS CJIMMIKOM CHJIBHO W ITPU MAaJiOM H3MEHEHWH yTJIA O, OHH HE CTAHYyT
PABHBIMH.

Puc. 5.2 mokaspiBaer, 9TO JUIMNTHYECKAE TPEYTOJbHUKH OBIBAIOT JIBYX
tunoB. OHu MOryT nOJIy9aThCs b0 n3 chepudecKux TPEyroJbHUKOB, CUM-
METPHYIHBIX OTHOCUTEIHHO IeHTpa cdepsr (puc. 5.2 (a)), mmbo n3 oxHOl 3a-
MKHYTO#1 6-3B€HHOI JIOMaHOI, CAMMETPUIHON OTHOCATEIHHO MEHTPa Chephl
(puc.5.2(6)). Ilepselit ciry4daii COOTBETCTBYET CTATMBAEMOl KPUBOI HA IIPO-
€KTHUBHOU ILIOCKOCTH, & BTOPOIl — HECTATMBAEMOIL.

Jpyroe orTnw4ame >MIMNTHYECKOH TeOMETPUH 3aKJII0OYAETCA B TOM, 9TO
MHO2KECTBO TOY€K, PaBHOYAAJIEHHBIX OT [ABYX JaHHbIX HECOBIAJAIOIINX TO-
9eK, COCTOUT He U3 OJHOMH, a M3 JBYX NPAMBIX (CHIEPILUIOCKOCTER B CIydae
MHOTOMEDHBIX IIPOCTPAHCTB). JlejI0 B TOM, 9TO MHOXKECTBY TOYEK, PABHO-
ymaneHsbix ot todek {A, A’} u {B, B'} (Ha /uUIMITHYECKON IJIOCKOCTH ),
Ha cepe COOTBETCTBYeT 00beIMHEHNE MHOKECTBA TOYEK, PABHOYIATEHHBIX
or Touek A m B, m MHOXKECTBa TOYEK, PABHOYJAJEHHBIX OT TO9eKk A m B’

(puc.5.3).

A B
, A B
// A
Oe=---—~ C c
B A B/ A/

(6)
Puc. 5.2 Puc. 5.3

§5.2. 'eomerpusa JlobaueBcKoro

Pasromnpasaocts reomerpuii JIobagesckoro n EBkinma crana oraeTainBo
dacHoi mociae mccaegoBanmii Komum m Kueitma 1870-x r. B 1871 r. Kureiin
TOCTPOUJI TPOEKTUBHYIO MOIEb reoMeTpun JIlobadaeBcKoro.

Mogens Kieiina reomerpun JlobayeBckoro

B mopenn Kureitna nmockocrs JIoba4eBCKOro peasmm3yercst Kak BHY TPEH-
HOCTh €JUHAIHOrO KPYTa, I/Ie TOYKAMHU IJI0CKOCTH JI06aIe€BCKOro SABJISIOTCS
TOYKH TOI0 KPyra, IPAMBIMI — XOPBI, & PACCTOSHUAE MeXIy TOYKaMu X
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u Y 3amaercs popmysioit

JAX] | [AY]|
|BX| " |BY|I

riae A u B — KoHIpBI XOpabl, Hpoxoadieil yepe3 Touku X u Y. JIprmKeHusMu
mirockocTy JI06a4eBCKOro sIBJILIOTCS IPOEKTUBHBIE IIPe0OPA30BaHMs, IIE€Pe-
BOZAIIHE KPYT B cebst (OHU Ke — IPYIa U30MeTpuii).

TouHOoe ommCcaHWe MOZENN JOJIKHO CONEPKATH CJIEAYIOIue YTBepIKIe-
HUs: BBeJeHHAd MYHKIWS d KODPEKTHO OIMPEIe/IeHa, YA0BIETBOPIET aKCHO-
MaM pPaCCTOSIHS, ¥ IPYIINA JBUKEHUN TPAH3UTUBHA.

Haunem c gokasarejbcTBa IEPBOr0 yTBEPKIAEHUS, U 3a0/HO IIOCTPOUM

d(X, V) =5|m

npsamyio JlobageBckoro.
Oupenenum paccrosiaue d(a, b) Mexxay Toukamu a u b uHTepBaia (T, Y)

dopmyuioit

d(a, b) =|In[a, b, =, yl—lln( — Z:Z)‘

JIerko mpoBepuTh, 4TO TAKOE OIPEIEJIEHIE UMEET CMBICJI, T. €.

Tr—a —aQ
AL}

r—b y—2>
B camom nmene, t —a <0, 2 —b<0,y—a>0,y—b>0. dcro Takxke, 910
d(a,a)=0mnd(a,b) — oo npm b— x u mpm b — y. Kpome Toro, d(a, b) =d(b, a),
TaK KaK

r—a y—a (xfb ) yfb)*
r—b y—b \z—a y—a
Ormernm, gto Infa, b, x, y| = —In[a, b, y, z], mosTOMY HET HEOGXOAUMOCTH
pa3/indaTh TOYKU T U Y, T.€. 33JaBaTh OPUEHTAUIO HHTEPBaaa (X, Y).
W3 roxnecrsa

(m—a ' y—b)(m—b . y—c)(w—c . y—a) 1
r—b y—a/\z—c y—>b/\rz—a y-—c
cenyer, uro +d(a, b) £ d(b, ¢) £ d(c, a) = 0. Bosnee TiarespHas NIpOBEPKa
[OKa3bIBAET, YTO €CJIA TOYKA ¢ JEKUT Mexnay a u b, To d(a, ¢)+ d(c, b) =
=d(a, b).

Paccrosiane d(a, b) He N3MeHSIETCS NPU IPOEKTHBHBIX NPEOOPA30BAHMAX
OpPAMO¥, COXPaHAIONMX UHTEPBAI (T, Y).

UaTepsan (x, y) ¢ onpeaeaeHHbBIM TaKuM 00pasoM paccroguaueM d(a, b)
HA3BIBAIOT npamol Jobauesckozo 6 modeau Kaetina. Ilpsmas JlobageBcko-

ro Majgo YeM OTJIAYaeTcs OoT mpaMoil EBkimna, Tak Kak 00e 3TH mpsiMble
n3omerpudnabl. Ho HEKOTOpBIE pa3inyansi BCe ke ecTh. lIpuBegem mpumep,

[MOKA3bIBAOIINI, 9TO IPyNIbl ABMKeHUi npsimoii JlobadeBCkOro m npsimoi
EBkinnga ycTpoeHbl MO-pa3sHOMY, XOTS U M30MOPMHBI.
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xT
Orobpaxkenne T — coxpansier mHTepBaJ (—1, 1) n nepesoguT TO9-

v+ 1
Ky O B TOYKy v. DTO OTODOparKeHHe MOXKHO Ha3BaTh CABATOM IpaAMOil Jlo-
6aueBcKOoro Ha BeKTOp v. HecmoKHO mpoBepUTH, YTO KOMIIO3UIUS CIBUTOB

HA BEKTOPBI U U Uy MPEJICTABIIAET COOOM CABUI HA BEKTOD

I e
B 1+’U1’U2.

(5.1)

Dopmyna (5.1) coBmamaer ¢ HopMyIOil CIOKEHUS CKOPOCTEH B CIIETn-
AJIbHOUW TEOpHU OTHOCUTEJIHHOCTU (B CUCTEME EJIMHUII, Jjisi KOTOPO# CKO-
pocTh cBeTa ¢ paBHa 1); Gosee moxpobGHO 3TO O6CY)RmaeTcs Ha ¢. 174—177.

Kak MBI yxke ckasajau, npamas JIo6aueBCKOro M30METPUYHA IMIPSIMOM
Eskmmna. Ho mimockocts Jlob6adueBCKOro He H30METPHUIHA EBKJIMIOBOM
mwrockoctu. Celigac MbI y2K€ TOTOBBI JaTh OIPEIEIeHUs ILJIOCKOCTH Jlo-
0ageBCKOro, TodHee ropops, modeau Kaetina mmockoctu JlobageBckoro.
Toukamu monenu KieitHa sSIBJASIOTCS BHYTPEHHIE TOYKU HEKOTOPOTO KPYTa;
FPAHUYHYI0 OKPYKHOCTh TOTO Kpyra Ha3bIBAIOT abcoatomom. Paccrosaue
MexIy TodkamMu a u b ompenensierca Kak d(a, b) maa waTepBama (z, y),
[jie & U Y — TOYKU IepecedeHns npsiMoit ab ¢ abcomroroM. 31ech Heobxoau-
MO CJI€JIATh OI'OBOPKY, CMbICJI KOTOPOIl HPOSACHUTCs 1m032k€. Mbl 10102 miim
d(a, b) =|Inla, b, x, y]|- Ho Ba camom mesie Hy?KHO CIMTATH, ITO

ﬂ@ngmmaan

Heno B ToM, 9T0 B reomerpun JIo6aseBCKOTO IapaMeTp ¢ UIPAET TAKYIO Ke
posb, KaK u pamuyc R cdepbl. Muorue dpopmysibl chepudeckoii reoMeTpun
npuobperaroT Hanbosiee nmpocroit Bux npu R = 1. Touno tak
ke, mHOrue GopMmyssl reomerpun JlobadgeBckoro mpuobpe-
TaroT Haubosiee npocToi Bu npu ¢ = 1. B ganbHeiinmem mbr
9acTo OyJeM CcuMTaTh, 9TO ¢ = 1.
Ecmu ToukM a w b pacmojioXKeHBI B TaKOM MOPSJKE,
y= * *, xak Ha puc.5.4, To Infa, b, x, y| > 0, mosTomy 3HAK MOmY-
NS B ONpeJeJIEHNH DACCTOSHUS MOXKHO ybOpars: d(a, b) =
Puc. 5.4 = %ln[a, b, z, y] (3mecy ¢ =1).
Teopema 1. B modeau Kaetina dynrxyus d ydosaemeo-
DAEM AKCUOMAM DACCTOAHUA.
HokaszaTenbcTBo. HeoTpunareJbHOCTh U CHMMETPUIHOCTH 0OCY-
)k panuch Bbime. Ocranocs fokasars, 410 d(a, ¢) +d(c, b) > d(a, b), npuaem
ec/u TOYKA ¢ He JIEXKHUT Ha OTpe3ke [a, b], To d(a, ¢) +d(c, b) > d(a, b). IIycrs
ayan ab u ba nepecekarT abCOIIOT B TOYKAX T U Y COOTBETCTBEHHO, JIy4dd
aC U ca—B TOYKAX T U Yy, dydu cb m bc — B TOUKax Ty ® Yo (puc.5.5).
Torma Touka &' mepecedeHUs XOPI T1T, U TY JIEKUT Ha OTPe3Ke b, a TOU-
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Ka Yy’ IIepecedeHus XOpI, 1Y, U TY JEKHUT Ha oTpe3Ke ay. IlycTh p — Touka
[ePECEYeHnsl IPSAMBIX T1 Lo U Y1Yz, C — TOUYKA IIEPECEYEHUS IPIMBIX DC U TY.
Touka ¢’ JeXuUT Ha OTpe3Ke [a, b].

JIBoitHOE OTHOIIEHNE COXPAHAETCA IPU MPOEKIAN p
omHOU mpaMmoii Ha apyryio. Ilostomy [a, ¢, 1, y1] =
=la,c, 2, y]m e, b, xa, o] =[c, b, ', y'] (MBI pac-
CMaTpUBa€M IIPDOCKINN U3 TOYKU P Ha HpHMyIO l‘y).

IMokaxem, wro [a,c, 2,y >[a, ¢, 2,y =
[, b, 2, y']>[¢, b, x,y]. NaBIMU cl0OBaMu, HYKHO
JI0Ka3aTh, YTO €CJIU TOYKH @, b, T, | PACIOJIOXKEHBI B
TaKOM IOPSAIKE, KaK Ha PHUC. 5.4, TO yBeJIMIeHHE OTPe3-
Ka 2y MPUBOJUT K yMEHBIIEHUIO JBOHHOIO OTHOIIEHUS

[a, b, z, y]. Bymem cauTaTh MOJOKUTEIBHBIM HAIPAB-
nerne ayda yx. Torma a1 yBeamdeHns oTpe3Ka Ty K I8¢

1
KOODIMHATE TOUKH % Hy?KHO JOGABUTD HOJIOKHTEIb-

)

HOe 9ucjo €. Bropoil koHel[ 0Tpe3ka OCTABUM IIOKA HA

mecte. JIBofiHOE OTHOIIIEHWE MPH STOM yMEHbBIIUTCHI, Puc. 5.5
TaK KakK
Tr—a r+e—a e(b—a
_ (b—a) S0

t—b z4+e—b (z—b)(z+e—b)

Jljig BTOPOro KOHIIa OTPe3Ka, JI0Ka3aTebCTBO aHAJIOTHIHO.
B pesymbrare mosydaem HEPaBEHCTBA [a, ¢, L1, yi] > [a, ¢, z,y] m
/
[C, b7 T2, 92] > [Ca ba z, y]
CremoBaTesibHO,

[CL, C, 1‘1, yl][c7 ba x27 y2] > [a/a C/, J), y][cla ba J), y] = [av b7 xa y]a
r.e. d(a, ¢) +d(c, b) > d(a, b). O

T'eomerpus JlobadeBckoro, kKak n cepudeckasi reOMeTPUsi U TeOMETPHUS
ILTOCKOCTH, IUMEET JOCTATOYHO DOJIBINYIO IPYIILY H30METPHUIA, 3 UMEHHO JIO-
O6yr0 TOYKy A MOXKHO HepeBecTH B JIOOYIO IPYTyK TOYKY B u mpu 3ToM
mepeBecTH JIF00Y 0 IPAMYT0, TPOXOSINY IO Yepe3 TOUKY A, B 06y IpsaMyo,
POXOAAIIYI0 Yepe3 ToUKy B. UTobbl J0Ka3aTh 3TO, JOCTATOYHO IIPOBEPUTD,
9TO CyLIECTBYeT NPeoOpa30BaHue IJIOCKOCTH, KOTOPOE COXPaHsieT JABOWHOE
OTHOIIIEHUE, MMEPEBOJNUT IAHHBIA KPYTr B ce0sl U MEePEBOIUT IEHTDP KPYra B
JI00YI0 IPYTYI0 BHYTPEHHIOI ToUKy B. B camoMm gene, Takoe mpeobpas3oBa-
HUe SBJIeTCS m3oMerpueil. A yig TOoro 4Tobbl mepeBecTH JII0OYI0 MPAMYO
B JIFODYIO0 APYryIo npsaMmyro, MoxkHO ToukKy A mepeBectu B nentp O Kpyra,
a 3arem 104Ky O nepesecru B Touky B. IIpu sroMm Jit00y10 npsiMmyro, mpo-
Xousiyo yepe3 To4Ky (), MOXKHO IIOBOPOTOM II€PEBECTH B JIFOOYIO JAPYIYIO
IPSAMYI0, POXOIANIYI0 depe3 Touky O.
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Teopema 2. Cywecmsyem npeobpasosarue NAOCKOCMU, KOMOPOE CO-
Tparnsem deotlinoe omuowerue, nepesodum JanHbil Kpy2 6 cebs u nepeso-
Jum €20 YEHMP 8 NPOU3BOALHYIO BHYMPEHHION MOYKY, M. €. 2pYnna 06u-
orcenuti naockocmu Jlobavwesckozo mpan3umueHa.

lokasaTenbcTso. PaccMoTpuM npsaMoii KpyroBoOi KOHYC C BepIIIH-
HO#t S. CeueHne KOHyCa IIOCKOCTBIO, MEPIEHAUKYIAPHON €ro OCH, ABJIAETCS
OKPY2KHOCTBIO ¢ guamerpom PQ u nearpom O. Pac-
CMOTPHM TaK»K€ CEYE€HNE KOHYCa ILIOCKOCTHIO, MPOXO0Is-
melt gepe3 TouKy O U MEePHeHIUKYISAPHONU MIOCKOCTH
SPQ (koHYC MBI cumTaeM OECKOHEYHBIM B OZIHY CTO-
pony). Ecim rouka ()’ mpmramnexwur maTepBaty QR
(puc. 5.6), TO pacCMaTpMBAEMO€e CEIEHUE SBJISAETCH SJI-
JIATICOM.

Ha mnockoctu 11, comep:karieil 3ToT JIunc, U Ha
minockoctu 11, comepxkameil OKpy>KHOCTb C JTHAMETPOM
PQ, moxuo BBectn adpuHHBIE KOOPAMHATHL TaK, 9TO
Puc. 5.6 OKPY2KHOCTb H 3JUIAIIC COBIAJIYT IIPU OTOXKI€CTBICHUH

TOYEK C OJMHAKOBBIMU KOOpAuHaTamu. Ilpu 3ToM B Ka-
JecTBe Hadajla KOODAUHAT MBI BBIOEPEM COOTBETCTBEHHO IEHTD JIIUICA U
[EHTP OKPY2KHOCTH, a B KadecTBe ocu Ox BbiOepeM npsimbre P'Q" u PQ. To-
rpa Touka O, JleXKalnas BHYTPU SJLIAICA, OTOXKIECTBJISETCS C TAKON TOYKON
O, kpyra, aro |P'O|:|0Q'| =|PO,|:]0:Q)|.

ITpn nepememenmn Touku ()’ mo orpesky QR ornomenme |P'O|: |0OQ)’]
usmensiercs or 1 g0 0o. Ilosromy Touka O; mMoxker ObITh JIFOOON TOYKOIA,
Jekairneit BHyTpu orpeska OQ).

VckombiM mpeobpa3oBaHueM sIBJISETCS KOMIIO3UIUsS OTOOpakeHuit f:
II—II, ug: II—1II;, rue f —upoeknus u3 TOYKHU S, a g — OTOXKIECTBJICHHE
TOYEK C OJUHAKOBBIMU KOODIUHATAMM. O

IIpoexTuBHBIE TPEOOPA30BAHUS ILJIOCKOCTU, COXPAHSOIIME JAHHBINA KPYT,
SIBJSIOTCS ABUXKeHusME reomerpun JlobaueBckoro B momenu Kieitra. 910
3aMedaHue MO3BOJISeT BBISICHUTH, KAK YCTPOEHBI B MO-
nenu Kielina mepreHauKy/Isphl K JAHHOM NpsiMoii, buc- A
CEeKTPHCHI YIJIa MeXKJy OpAMBIMH u T.J. Jamum cHa-
4aJia OIPEJE/IEHUE TIEPIEHINKYIISAPHBIX TPsAMbIX. JIBe o
MePECEKAIOIINECS MPAMbIE IEIST IJI0CKOCTh Ha 4 yria.

Ecmu cymecTByroT nBUXKeHUWs, MEPEBOALANINE OIUH U3 5

9THUX YIJIOB BO BCE OCTAJIbHBIE, TO MPSIMbIE HA3BIBAIOT
nepreHuKyagpabiMu. CeMeicTBO MPSMBIX, EPIIEH I~ Puc. 5.7
KyJAapHBIX npaMoil AB, yCcTpoeHo Tak, KaK MOKa3aHO

Ha puc. b.7. s noka3areabCTBa 3TOr0 yTBEPXKIAEHUS TOCTATOYHO IIPUMe-
HUTH NMPOEKTUBHOE Mpeobpa3oBaHue, mepeBogsiree T09Ky O B DECKOHEYHO
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yranenayio Touky. Ha puc. 5.8 nu306pazken crrocod mocrpoeHns GuCCeKTPUCH
yraa mexay npambiva AB u C'D; njist 10Ka3aTebCTBa MOXKHO MEPEBECTH
touky O B neHTp Kpyra. Ha puc. 5.9 u3o0pakeH cmocod mOoCTpOeHus cepe-
muabl M orpeska AB; njia 10Ka3aTebCTBA MOXKHO HepeBecTd TOUKy M B
[EHTP KPyTa.

JApobOHo-nHeliHbIe Tpeobpa3oBaHUs
u crepeorpadudeckKas POEKIUA

IIpexxme gem obCyauTh emie JABe BaKHBIE MOJEIU reoMeTpun JIobades-
CKOr'0, HAM HY2KHO IMO3HAKOMUTHCS CO CBOMCTBAMU JPOOHO-TMHENHBIX MIpe-

obpazoBaHmil U cTepeorpadUIeCcKoi MPOEKITNHT.
az+b

cz+d’
d € C, ad — be # 0, HazpiBatoT dpobHO-AuHeliHbIM Npeobpadosaruem. Toanee

roBOps, pedb UIET He 0 npeobpa3oBanun MHOXKecTBa C, a 0 mpeobpa3zoBanun

Orobpaxenue f: C— C, 3amannoe dpopmyioit f(z) = rjie a, b, ¢,

muOo)ecTBa C U {00}, HO MBI 06BIMHO He Oymem oOpamaTh BHUMAHHUS HA
TOYKY OO U ee Tpoobpas.
Dopmyna

az+b a bc —ad

cz+d ¢ ' clez+d)
[TOKA3BIBAET, ITO JIF00OE APOOHO-JIMHEHHOE TPEe0OPA30BAHNIE MOYXKHO IPEICTA-
BUTH B BHUJIe KOMIIO3UITAN ITpeobpas3oBanuii 2 +— az +bu z+— 2~ *. IlepBoe mpe-
00pa30BaHme IPEICTABIIET COG0H KOMITO3UIUIO TIOBOPOTA, PACTAKEHNUs (T0-
MoTeTnn) u capura. Bropoe npeofpa3oBaHne ¢ TOYHOCTBIO 10 KOMILIEKCHOTO
COTIPSIYKEHNST COBIAJAET ¢ WHBEPCHEH OTHOCUTEIHLHO €IUHUIHON OKPYIKHO-
cru. HamomunM, 9T0 uneepcueti OTHOCUTEIHLHO OKPYKHOCTH pajuyca R ¢
meaTpoM O HA3BIBAIOT MPeoOPa30BaHME MJIOCKOCTH, MTEPEBOIIEEe TOYKY A
B Touky A*, smexamyio Ha jyde OA u ymOBJIETBOPSIONLYI0 COOTHOIIEHUIO
|OA|-|OA*| = R?. VlnBepcust OTHOCUTENBHO €IMHIIHON OKPY?KHOCTH 33,13~
ercs bopmyaoit z — (Z) 1. (EdurusHas oKpyscHOCTb 3a1a€TC PABEHCTBOM
|z| =1, z€ C.)
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Touno Tak ke, KakK JJid APOOHO-TMHEHHBIX IPEOOPA30BAHUIA BeIIe-
CTBEHHOH NPsSIMOI, JOKa3bIBAETCs, 9TO JPOOHO-JINHENHOE Mpeobpa3oBaHre
COXPaHSET JBONHOE OTHOINEHNE YETHIPEX TOUEK

zZ3 — 21 zZ4 — 21

[21, 22, 23, 24] = P : 2

Teopema 3. /[pobHo-sunetinoe npeobpasosarue obaadaem caedyouUUMY
ceolicmeamu:

a) nepesodum a06YI0 OKPYNHCHOCTNG UAU NPAMYIO 8 OKDYAHCHOCTG UAU
NPAMYIO;

6) coxpansem yeaol.

HdokasaTenbcTBO. a) JIETKO IPOBEPHUTDH, 9TO TOYKH 21, 2z, 23 € C

JIe’KAQT HA OJHON MPAMOM TOr/@ W TOJBKO TOTA, KOTIA 2%: € R. Kpo-
Me TOro, JpOOHO-JMHEHHBIM IPEOOPA30BAHUEM JIFOOBIE TPU TOYKH MOYKHO
[epeBecTH B TPU TOYKH, JIeXKAIllMe HA OFHOHM mpsiMoii. Bocmosib3oBaBmuch
STUMU AByMsl (DaKTaMu, JIEFKO JIOKa3aTh, 9TO TOYKHU Z1, 2, 23, 24 € C Je-
2KaT Ha OJHOM OKPY>KHOCTHU WJIM HA OJHON IPAMON TOrJa M TOJIBKO TOIa,
KOTHa (21, 2o, 23, 24] € R. D10 CBOMCTBO COXpaHAETCSA IPU APOOHO-TUHEHHBIX
peodpa30BaHUIX.

6) HocraTo4no qoKa3aTh, 9YTO YIVIBI COXPAHAIOTCA Ipu uHBepcuu. llpu
uaBepcun ¢ nearpom O npsiMas | IepexoauT B OKPYKHOCTb, IPOXOJISIILY O
gepe3 touky . Ilpu sTOoM KacarenbHas K OKpyzkHOCTH B Touke (O ma-
pasutesnbaa upsimoit [. [Tosromy npu uaBepcuu ¢ nearpom O jiBe npsiMble,
mepeceKaroumecs B TOUKe A, mepexofdar B IBe OKPYKHOCTH, YTOJI MEXKTY KO-
TOpbiME B TOUKe () PaBeH YLy MEXKy JaHHBIMU OpaMbiMu. Ho yros mex ity
OKPY?KHOCTSIMU B OJHOIN TOYKe ux mnepecedenns () paBeH yrily MeXKIy HAMU
B IpyToii Touke mepecedenns A* (o6pase Toukm A mpu mHBEpCHH).

Wrak, nupu uHBEpCUU yroJ MEXIYy HPsSMbIMHU COXPaHseTcs. A BMecTo
yIJIa MEXKIY OKPYKHOCTSIMA MOXKHO PAaCCMAaTPUBATh YIOJI MEXK/IY KaCaTe b
HBIMHU K HAM B TOYKE IIEPECEYEHUSs, MIOITOMY YTOJI MEXKJy OKPYKHOCTSIMU
[IPU WHBEPCHUH TOXKE COXPAHIETCH. O

Ilo amamorum ¢ wHBepcHel Ha NJIOCKOCTH MOXKHO OIPEIE/ITh UHBEP-
cuto B npocrpancrse. VlHBepcueil orHocuTeIbHO Chepbl paguyca R ¢ nes-
TpoM O HaA3BIBAIOT MPEOOPa30BaHUE MPOCTPAHCTBA, IEPEBOIAIIEe TOUKY A
B Touky A*, jmexamryio Ha jgyde OA U yIOBJIETBOPSIONLYI0 COOTHOIIEHUIO
|OA| - |OA*| = R?. CeoiicTBa HHBEPCHE B NPOCTPAHCTBE BO MHOTOM AHAJIO-
CUYHBI CBORCTBAM MHBEPCHU HA ILIIOCKOCTH.

1. ITpu unsepcuu cepa uau naockocmsd nepexodum 6 chepy usu naoc-
Kocmob. st mokasarebCTBa 3TON0 CBOHCTBA JOCTATOYHO PACCMOTPETH Ce-
MeHCTBO IJIOCKOCTEH, MPOXOALAIINX Yepe3 IEHTP MHBEPCUH U IEHTP PaccMaT-
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pusaemoii cdepbl (B ciydae IUIOCKOCTH Hy KHO B34Tb IIPOEKIUIO [EHTPA
MHBEPCHUU HA 3Ty ILUIOCKOCTH ).

2. IIpamas uau OKPYAHCHOCTIDL NEPETOOUM 6 NPAMYIO UAU OKPYHCHOCTID.
B camom [feqie, IpSIMY O WM OKPY?KHOCTH MOXKHO MPEJCTABUTH B BUIE II6-
pecedenns ABYX cdep Wiu IUIOCKOCTeH, a chepa Wil MIIOCKOCTD MEPEXOIAT
B cepy WIu ILJIOCKOCTb.

3. Uneepcus 6 Npocmpancmee COTPAHAET Y2avl MENHCOY OKDYNCHOCTIS -
mu. Kak u B ciydae miiocKoCcTH, CHadaJja JI0Ka3biBaeM COXPaHEHWE YIJIOB
MeKIy TepeceKalolIMACs TPAMBIMU, 8 3aTeM JOKa3bIBa€M COXPAHEHHUE yT-
JIOB MEKJTy OKPY?KHOCTSIMH.

4. Hneepcus 6 npocmpancmee corpamsem 060THOE OMHOWEHUE YEMDbI-

per mouex 8 npocmparcmee, KOTOPOE MBI OLpeIeseM KaK OTHOIIEHUE

1Al 1DA] 3ameTnM CHadYaJja, 9TO eCjiu IIpu WHBepcuu ¢ neHTpoM O TOY-
|ICB| " |DB|’ ’
ku A u B nepexoaar B Touku A* u B*, To Tpeyronvauku OAB u OB* A*

O00HBI, & 3HAYNT,

|AB| _ |0B| _ |0B|-|0A| _|0A|-|OB|
[A*B*| ~ |0A*] ~ |oA*[-[0A] T Rz

BocmonbzoBaBmucsk 3Toi (hopMyJIoii, JIErKO J10Ka3aTh, YTO HHBEPCUS COXPa-
HAET JIBOMHOE OTHOIIEHUE.

C uHBepcuelli B IPOCTPAHCTBE TECHO CBA3aHO OTOOpakeHme cepnl ¢
BBIKOJIOTON TOYKOU Ha IJIOCKOCTh, HA3BIBAEMOE CTepeorpadpuyeckoil mpoex-
nueii. 9To 0TOOpaKeHNe YCTPOEHO CaeayrmuM obpasoM. Paccmorpum cde-
py S ¢ nearpom O. Ilycts N — HekoTopas Touka cdepst S, I — miockocTs,
npoxongamas depe3 touky O neprnesmukyiaspHo npamoirt ON (pwuc. 5.10).
Torma Touky N MOXKHO HA3BATH CEBEPHBIM IIOJIFOCOM, & ILIOCKOCTDH II —3K-
BaTOPUAJIBHON ILJI0CKOCTBIO. Cmepeoepapuueckoti npoexyuets us trouku N
Ha TJIOCKOCTH I Ha3bIBalOT 0TOOparkKeHWe, MepeBOdIee TOYKY A, jexa-
myio Ha cdepe, B Touky A’, B KoTopoii iya N A nepecekaer miockocTs I1.

i

Puc. 5.10
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Paccmorpum cdepy S; ¢ mearpom N u pammycom |NO|. Hecmoxao npo-
BEpUTH, 9TO UHBEPCUsi OTHOCUTENBHO cepbl S| nepesoaur cdepy S B 1j0C-
KocTh II, mpuaem crepeorpadudeckas MPOEKIUs ABJISETCH OIPAHHYEHUEM
sToit mEBepcuu Ha cdepy S. CiemoBaTebHO, CBORCTBA 2—4 BBIOJIHAIOTCS
U I CTepeorpaduIecKoil MPOEKITUH.

Apyrue monenu reomerpuu JlobaueBckoro

Or momenu Kiielina MOxKHO mepeiiTu K JApyroil BaXKHOU MOJIEJIU [€0-

Merpun Jlobauesckoro. HoBast Mo/iesib mosydaercs CaeAyOIuM 00pa3oM.

Paccmorpum cdepy, 3kBATOPOM KOTOPOH CIIyKUT ab-

comoT. ITycte A —rtouka momenu Kieiina, A; —Toyg-

Ka I02KHOI 1moJrycdephl, IPOENUPYIOMAsCA B TOYKY A,

A’ —ToYKa mepeceveHunss YIKBATOPUAIBHON MIJIOCKOCTH

¢ mpsmoit A; N, rne N — ceBepHblii mosroc (puc. 5.11).

ConocraBuB kKaxkaoil Touke A Touky A’, mosydmm

‘ npeobpa30BaHUe SKBATOPUAIBLHOTO KPyra. UTo0kI 3TO

mpeobpazoBaHue ObLIO M30METpHUEil, Hy?KHO OIpeie-

JuTh paccrostaue Mexjy toukamu A’ m B’ B HOBOI

MOJIEJT KaK PacCTOosdHUe MexXIy Toudkamu A m B B

crapoit mozemu. [Tonydennyio TakumM o6pa3oM Mojiesab reomerpun Jlobades-
CKOrO Ha3BIBAIOT Modeavto [lyankape 6 kpyeze.

Puc. 5.11

Anpu ITyankape (1859—1912) — oguH u3 BeanYalIINX YIEHBIX B UCTOPHH HayKH.
Burec orpomubiii BKJ1ag B GOIBIIMHCTBO 0bJIacTel MaTeMaTHKU.

BeisicanM, KaK ycTpoeHbI npambie B Mozenu Ilyankape. Xopae AB co-
OTBETCTBYET CeYeHUe F0XKHOM moIycdhephl MIOCKOCTHIO, MEPIEHINKY/ISIPHON
9KBATOPY. JTO CeYEHHE MPEeICTABIIeT CODO MMOJIyOKPYZKHOCTb, II€PIICH IH-
KyaapHyoo abcomory (puc.5.12). Ilpm npoeknun w3 mosroca Ha SKBATOPU-
aJbHYIO IUIOCKOCTBH 9T MOJYOKPY?KHOCTH HEPEXOJUT B JIyry OKPYKHOCTH,
MePIeHINKYIIpHON abcosory. Takum obpasoMm, mist
mopenin Ilyankape B Kpyre NpsSMbIMU SABJISFOTCS TyTH
OKPY2KHOCTEM, MepPIeHINKYIAPHBIX abCOIIOTY.

s momenu Ilyankape JaHHBIN KPYyT yaI00HO CUHA-
TaThb €JUMHUYHBIM KPDYI'OM Ha KOMILJIEKCHOM IIJIOCKO-
CTH.

Herpyaro ybeaurbcst, aro eciiu Touku Z u W jie-
xar Ha xopae AB, a Z' m W' — cooTBercrByomnme
rouku mozenu Ilyankape, To

A, B, Z, W]|=|[A, B, Z', W']. Puc. 5.12

B camowm jiesie, crepeorpadudeckasi IPOEKIUs siBJASETCH OrPAHUYEHUEM TIPO-
CTPAHCTBEHHON WHBEPCHH, MMOITOMY OHA COXPAHSET IBOHHOE OTHOIIEHUE.
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Kpome Toro, B 0603nadeHnsax puc. 5.12 BHIIOIHIIOTCS PABEHCTBA

|AC?| | |BC?|
|AB| ~ |AB]

Takum obpasom, |In[A, B, Z, W||=2|In|[A, B, Z', W']||.
Hanomuanwm, uro d(Z, W) = |In[A, B, Z, W]|. [Tostomy

d(z', W') =2[ln|[A, B, Z', W']||.

|AZ|:|ZB| = —|AC?|: |BC?|.

Ilo anasiornu ¢ GECKOHEYHBIM CEMEUCTBOM Pa3JIMYHbIX C(EpPUYecKux reo-
MeTpHil (I8 pa3HBIX PaauycoB R MBI IOJIydaeM pa3Hble [eOMETPHIN) MOXK-
HO TOJIyYUTh OECKOHEYHOE CeMeiCcTBO reomerpuii JI06adeBCKOro, moJIoKuB
d(Z, W) = g|ln[A, B, Z, W]|=c|In[A, B, Z', W']|.

Eme omay Mmomens reomerpun JI06a€BCKOro MOXKHO IIOJIYIUTh, OTOOPa-
3WB €JMHUYHBINA KPYT HA BepxHiOw nosymwiockocrs H = {z 4+ iy € C|y > 0}

C IIOMOITBIO IPOOHO-TMHEHHOr0 oToOparkeHus. Jis 9T0it mesm rogurcs, Ha-

14z
npuMep, 0ToOpazKeHne 2z — w = i 1

. B camowm nede,

1+z) 1(1—1—2 1+2)71—\z\2
1—=z 11—z 1—-z) |1—-22

Imw= Re(
2
IMosromy Imw >0 < |z] < 1.

Iloyuennyro Takum obpas3oM Mozenab reomerpun JI06adueBCKOro Ha3bI-
BaioT modeavio Ilyankape 6 seprHelti NOAYNAOCKOCU.

T'eomerpuro JIobageBCKOro 9acTo Ha3BIBAIOT 2UNEPOOAUNECKOT TeOMeT-
pueii. IlosTomy mpsimbie, OKpy2KHOCTH # Jpyrue o0beKThl reomerpun Jlo-
0a4eBCKOro OyIeM Ha3bIBATH 2UNepPOOAUMECKUMU, ITODBI OTIAYATh UX OT
€BKJINOBBIX MPSIMBIX U OKPYKHOCTEH.

Jpo6Ho-nHelHbIe TPe0OPA30BAHUS IEPEBOAAT IPIMbIE U OKPYKHOCTH
B mpsiMble U OKpy2kHOCTU. Kpome Toro, onu coxpassitor yrisl. [losromy B
BepXHEH MoJIyIIoCKoCTu H rumepbo/maecKuMu MPSIMBIMU SABISIOTCS BEPTH-
KaJIbHBIE JIYYIH U MOJIyOKPY?KHOCTH, IEHTPHI KOTOPBIX JIE?KAT Ha abCOJIIoTE.

JIpobHO-IHuHEHBIE OTOOPAYKEHUSA COXPAHSIOT IBOM-

HOE OTHOIIEHHE, MOSTOMY DACCTOAHME MEXKJIY TOTKAMH B

B Mojesnu Ilyankape B BepxHEil MOJIYIJIOCKOCTH OIIpe-

nensiercd caenyiomum obpasom. Ilycrs rumepbosmte-

ckas npsimas AB nogxomur K abconrory B Toukax X oy X
nY (puc.5.13). Torma d(A, B) =c|In[A, B, X, Y]|. (daa

KPaTKOCTH MBI OIyCTUJIM BTOPOi 3HaK Momynd. Jlemo B Puc. 5.13
TOM, YITO [P YKA3aHHOM Ha pHC. 5.13 pacrooxkeHnn To-

9eK OH He Hy2KeH.) B Tom ciryuae, Korma rumepGomaeckast IpaMast ABIISeTCS

—a
Y b= 1. JIj1s1 OT02KUTEIHHOTO

€BKJINJOBBIM JIy90M, IIOJIO2KNM Y= oo, T. €.
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Jlydga MHEMOI ocu (popMysia [l BEIYUCIEHUS] TUIEPOOTMIECKOr0 PACCTOSI-
Husl IpUHUMAET 0co0eHHo npocroit Bux: d(ia, ib) = c|ln(a/b)|.

BrisicHuM Temnepb, KaK yCTPOEHBI JBUKEHUs IIJIOCKOCTH JIobGadeBCcKoOro.
JIroboe mpobHO-IMHEHOE mpeobpa30BaHMe, COXPAHSIONIEE BEPXHIOI IOJIY-
mwrockocTs H, sBisiercss nuxkennem miockocru Jlobagesckoro. Ilycrs a, b,

b
¢, d € R. Jlerko npoBeputrhb, 970 0TOOPAKEHUS Z > Z—id, rae ad —bec >0, u
Z+5b

%, rae ad — bc < 0, COXpaHSIOT BEPXHIOIO MOJIYIIOCKOCTh. B camom

Jeie,
az+b (cz+d)(az +b) bez 4 adz Imz
Mo ra ™™ lez + d|? m lcz + d|? (ad C>\cz+d|2’
aZ+b Imz
Im—— = — .
MErd (be ad)|cz+d|2

Teopema 4. Jloboe (2unepbosuueckoe) deusicenue 8eprHed NOAYNAOC-
xocmu H umeem sud

az+b
— ——  (cobemeennoe deusicenue)  uAU
cz+d
—Z)+b
z— w (necobemeennoe dsuoicenue),
c(—z)+d

2de a, b, c,deR uad— bc>0.

HoxkaszareiybcTBo. [eomerpus JlobaueBckoro obsagaer TeM CBOIi-
cTtBoM, 4To Touka C JjlexkuT Ha oTpe3ke AB Torma m TOJBKO TOrIa, KO-
rma d(A, C)+d(C, B) =d(A, B). U3 sToro cBOHCTBa CjeiyeT, 4TO JIO-
6asi ©30MeTpHUs MEPEBOAUT IUMEPOOIIMIECKYIO MPAMYIO B TUIIEPOOINIECKY IO
[OPSMYIO.

IIpeamosiozkumM, 9TO M30METPHA () IEPEBOJUT IIOJIOKHUTEJLHBIR Jiyd L

MHUMOI1 ocu B runepGosmyaeckyio upsmyio ¢(L), mopxonsamyio k abcosory
z—x

B TOYKax r u Y. Torma omHO m3 ABYX mpeodbpa3oBaHUil z — =+ SABJISI-

1

P
€TCs TUMEePOOTMIECKAM JIBAKEHAEM g |, IPIYIEM 3TO JBUKEHIE HegeBO,HI/IT
runepbonudeckyto npamyo ¢(L) B L (ecam y = o0, 10 g(2) =2 —x.) Ta-
KuM 06pa3oM, m3oMeTpud g~ '@ mepeBomuT runepGOINIecKy0 mpaMyo L
B cebs. IIpnmenus, ecim Hy>kHO, n3omerpuio z — kz (k> 0), MoxxHO cun-
TaTh, ITO M30METPHUS g~ '(¢p OCTaB/geT TOUKY ¢ Ha Mecre. CilemoBaTelbHO,
rouka ia (a € R) mepexomut B Takyto Touky b, uro d(i, ia) = d(i, ib), T.e.
lna| = |Inb|. B Tom ciydae, korga msoMerpus g '¢ IepecTaBiIseT TUIEp-
6ommaeckue smyan (i, o) u (i, 0), IPIMEHUM JOMOJIHATEIHHO H30METPUIO
z+— —z~'. JIna nonyuennoil n3omerpuun g~ '¢ Bapuanr b=a~' ormaznaer,
HOSTOMy OHa OCTaBJIA€T HEIIOABU>KHbBIMHA BCE€ TOYKHU I‘I/IHep60.HI/I‘-IeCKOI7I apda-
Mot L.
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Jlyiss BBIYMCIIEHHSA TUIEPOOJIMIECKOr0 PACCTOSHUS d MEXKIy TOIKAMU
z, w € H MoxkHO ncnoin308aTh hopmyry

ch (%) =1+ 2115(2_) ;Uj(w)’

rae chit = %(et + e7t) — eunepboauneckuli Kocunyc. ATy HOPMYIYy MOKHO
[IOJIyYUTh, BBIYUCIUB KOODIMHATHI TOYEK, B KOTOPBIX THUIEPOOINIECKass
npsiMast Zw IMOAXOAUT K abCoJroTy, a 3aTeM BBIYHCJIAB COOTBETCTBYIOIIEE
nBoitHoe oTHomeHne. Ho Takoit crocob TpebyeT rpOMO3IKUX BBIYHUCICHUM.
IIpoBeputs 3Ty dopmyny moxuO mpome. Obe ee YacTW WHBAPHAHTHBI
OTHOCHTEJIHHO BEIECTBEHHBIX JIPOOHO-JINHENHBIX MPEOOPA30BAHUN C ITOJIO-
JKUTEJIbHBIM OIpeenuTeneM (Jyisg TpaBoil gactu (bOPMYJIBI JOCTATOTHO
[IPOBEPUTH HMHBAPUAHTHOCTH OTHOCUTEIHLHO Upeobpa3oBaHuili z — z + a,
a€R, u z+— —1/z). IIpeobpa3oBaHHEM TAKOrO BUJA MNPAMYIO ZW MOXKHO
IIePEBECTH B IMOJIOXKUTEJbHBIH JTyd L MHEMOH ocH, a JJjId TO4eK ix, 1y € L
JIETKO IIPOBEPHUTH, 9YTO 00e dacTu GOPMYJIBL TAIOT ONUH U TOT YK€ Pe3yJIbTaT,
a IMEHHO 1(z + 2)_
2\y «x

Jlj1s1 BCEX IIOJIOXKUTEJbHBIX 9YHCEN ¢ M30MeTpUs g '¢ OCTaBJIseT TOY-
Ky il HEIOIBWXKHOI, MOITOMY i BCeX z € H BBINOIHSIETCS DPAaBEHCTBO
d(it, z) =d(it, g7 @(2)). Ilycte z = x + 1y, g7 0(2) = u + iv. U3 dopmyssr
JJId BbIYUCJIEHUA PACCTOAHUA CJIEAYET, 9TO

it — 2 _ Jit —g" g(2)|?

tIm(2) tIm(g=1p(2)) ’

re. 22+ (t —y)?Jv=[u® + (t — v)?*]y. DTO PABEHCTBO BBHIIOJIHAETCS [t BCEX
HOJIOZKHUTENBHBIX ¢, modTOMY Y =0 1 £° =u?, T.e. g7 '¢(2) =z mmm —Z. A Tax

KaK M30MeTDHS fABJISE€TCS HENPEPHIBHBIM OTOOPAXKEHUEM, OHO UX ITHUX Pa-
BEHCTB BBIIOJIHSIETCS sl BCEX TOYEK OpHOBPeMeHHO. Ilosromy ¢(z) = g(2)
wn ¢(z) = g(—2). O

3ameuanue. B dopmyninpoBke TeOpeMbl MOXKHO CYATATh, 9TO ad —
—bc=1. B camom gmene, myctb ad — bc =1 > 0. llogenum wmcna a, b, c u
d ma \/t. B pesynprare momydmM TO Ke caMoe mpeoGpa3oBaHHE, HO IS
HOBbIX K03 duuenTos a, b, ¢ u d rpebyemoe ycjaoBue Oy 1eT BBIIOJIHATHCS.

Cdepuueckyro reomerpuio u reomerpuio JI06a4eBCKOro MOXKHO TTOCTPO-
uTh eauHBIM 00pa3oM. TodHee TOBOPs, pedsb OymeT uaTh He 0 CHEePUIECKOH
reoMeTpu, a 00 sasunmuyeckoti TEOMETPHN, KOTOPas MOoJIydaercd u3 cde-
PUYECKOIl F€OMETPHH OTOXK JECTBIIEHIEM AAMETPAIBHO IIPOTHBOIIOIOKHBIX
TOY€EK.

st equHOOOPA3HOr0 MOCTPOEHUs SJLIMITUYIECKON U rurepboimdeckoit
reOMETPHH HaM HOTPeGYeTCS KOMNAEKCHAA npoekmushas naockocms CP?.
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HanomHEM, 9TO OHa ONpeAENAeTCS aHAJOTMYHO BEINECTBEHHON IPOEKTHB-
Hoif mTockocTu RIP? ) HO BMECTO TPOEK BEIECTBEHHBIX YnCe/I 6ePyTCs TPORKH
KOMILJIEKCHBIX IHCEJT; TPOHKHI CINTAIOTCH SKBUBAJEHTHBIMH, €CJIA OHHU ITOJTY-
9al0TCA APYT U3 APYra yMHOXKEHHEM Ha KOMILIEKCHOE IHCJIO.

BaxxHoe 3HaYeHHE OymeT JJid HaC UMeTh TakzKe Kpubad z° + 32 + 22 =0
B CP°.

Paccmorpum Touku Py = (21, y1, 21) 1 Py = (T2, Yo, 22), Jexkamme Ha
chepe 22 + y? + 22 = R?. DTH TOYKH MOXKHO TaK»Ke CIATaTh TOIKAMH IIPO-
crpanctea CP?. Ilpamas P, P, B CP? mepecekaer xpusyio 22 + y? + 22 =0
B Toukax J; u J,. Ilokaxkem, aro

ei%(P = [P17 P2a le JQ]a

rre ¢ —yroa Mexay pamumycamu OP; u OPF,. B camom gene, npamaa P, P,
B CP* cocronuT m3 Touek BUAA (71 + A\Ta, Y1 + AYa, 21 + h22), Tme A € C U 00
(rouke P; coorsercrByer A =0, a Touke P, coorBercTByer A = 00). 3Haue-
HHASA A, COOTBETCTBYOIINE TOYKaM J; U Jy, yAOBIETBOPAIOT YPABHEHUIO

(21 4+ Ax2)® + (Y1 + My2)® + (21 + Az)? =0,

T.e. 1+ (2cos@)h +A\? =0 (MBI BOCIOJIB30BAIUCH TeM, 9TO 7 + i + 27 = R?,
x5+ Y5 + 25 = R* 4 2,@5 + Y1y + 2122 = R? cos ¢). CiienoBarensro,

M cospEq/cos?p—1 cosgEising _ k2o

A cos @ F /cos?p—1 ~ cosq Fising

C mpyroii CTOPOHBI,

_)\1—0.)\1—OO_E
_)\2—0')\2—00_)\2.

[P17 P27 J17 JQ]

Takum o6pasom, [Py, Py, Ji, Jo] = et?. Tlosromy paccrosiaue d MexK1y TOY-
kamu cdepsl paguyca R MOXKHO OmpenenTh o hopMmyiie

d:R(P:igln[Pl,P27 JI;JQL (5.2)

rjae In — dyskus, obpaTHas KCIOHEHTE. DTO OnpeieieHne Tpedyer HeKo-
TOPBIX [IOSICHEHUH, TaK KaK B KOMILJIEKCHOM CJiy4yae PyHKIus [N MHOrO3Ha4-
Hasg. Ho MBI HUKaKWX MOSICHEHUH HaBaTh HE OyIeM, TOTOMY 4TO B HamboJjee
MHTEPECHOM I HAC CJIydae reomerpun JlobadeBcKOro anajgormdsas Gop-
MyJIa COAEPKUT JIUITh (DYHKIUU TeACTBUTEILHOTO IEPEMEHHOTO.
Hanomanwm, xak 6buta momyaena dpopmyma (5.2). Mer paccmorpenn Toga-
ku P, P, € R? kak Touku npocrpancrsa C3, 3aTem conocraBuiu uM npsiMble
OP, u OP,, a 5Tu npsiMble pacCMOTPEJIH KAK djaeMeHTsI npocrpancTsa CP?.
Touku P, u P, nexat B R? u C* ma nosepxnocru z° + y? + 22 = R%. B C?
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MOZKHO PACCMOTPETH He TOJBKO Chepy MeifiCTBUTENbHOrO paauyca, Ho u cde-
py mMHMMOro pajuyca x> + y? + 22 = —c?, c € R. Tlo cytu mena, paguyc R
MBI 3aMeHsIeM Ha iC.

Kak m B cnydae 006branoil cdepbl, misi chepbl MHAMOILO PagHyCa
y/I00HO OTpPaHUYUTHCH BemeCTBeHHbIMEH TOodYkKamu. llojgoxkum z; =iz. To-
rga mosyauM moBepxHOCTH 2 + y? — 27 = —¢?. Ilpm BemecTBeHHBIX Z, Y
W Z; 9Ta MOBEPXHOCTH HPEJCTABJSET COOOI JBYIOJIOCTHBIM TUIEPOOIOnT,
(puc. 5.14). OTmeTmM Tak»Ke, 9TO NPU yKA3aHHOM NPeoOpPa30BAHWU IIO-
BepxHOCTE T2 + y? + 22 = () mpeBpammaeTcsa B MOBepXHOCTH T2 + Y2 — 22 =0,
KOTOpasi TP BEIMECTBEHHBIX T, Y U 2z, ABIAETCT KoHycoM. Ilycts P, mw P, —
TOYKHU BEPXHE(l MOJOCTH ABYTIOJIOCTHOTO runepboonna x2 + y* — 23 = —c2.
Paccmorpum mx kak Toukn CP?. Ilpsmas PP, B CP?
nepecekaer kpusyto x> + y? — 27 =0 B Toukax J, m Js.
Ilo anasiorny ¢ ITUNTUTECKON reoMeTpHeil ONpeIes M
paccrosame Mexay Toukamu P, u P, mo dopmyite |

z

d= j:% (P, Py, Jy, o] = %5 [Py, P, Jy, ).

Oka3sbiBaeTCsd, B Ppe3yJbTaTe IMOJYIUTCSI TeOMET-
pusa Jlo6auesckoro! B camom gene, paccmorpum ce-
genme D? xomyca z?+ y? — 27 <0 HekoTopoil miIOC-
KOCTBIO, IEPIEHIUKYJIAPHO ocu Kouyca. Jlyum OP;
u OJ; nepecekator D? B roukax P/ u J/, upuiem
[Py, Py, Ji, o] =[P}, Pj, J;, Jj]. Takum 06pa3oM, COPOEIUPOBAB BEPXHIOK
HOJIOCTDb IBYTIOJOCTHOTO THIepboonta Ha D? u3 Hadajia KOOPIUHAT, ITOJTY-
qnM Monesib Kieitana reomerpun Jlobagesckoro.

OrmMernM, 9TO 1O aHAJIOrUU C (POPMYJION

2 i) _ (u7 ’U)Q
€0 (R  (u, w)(v, v)’
— —
rae u = OP;, v=0P,, M0oKHO 3anucaTb POPMYJLy

cos® (Z—d) B

c)  [u,ullv, v]’

Puc. 5.14

rae [u, v] = uv; + Usvs + (us)(1v3) = usv; + UsVs — uzvs. U3 paBeHcTBa

it —it —t 4 et )
cost — %, caemyet, uto cos(it) = % = cht. IlosTomy cos(%l) =
d
= Ch(g)- Dopmyina
2
chQ(é) = _lwol
¢/ [u, ulfv, ]

,Z(eﬁCTBHTeHbHO BE€pHa; €€ MOXKHO IIPOBEPUTH HEIIOCPEACTBEHHBIMU BBIYUC-
JICHUAMMU.
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I‘nnepﬁonnqecxaﬂ dJIeMEeHTapHasdA reomMmeTpuda

B runepbosmdeckoit reoMeTpun MOHATHE SEAUYUHDBL Y240 MOXKHO OIpe-
IeJIATH caemyomuM o0pa3oM. BymseMm roBopurh, 9TO BEIMYNHA yIia PaBHA
%, €CJIU N YTJIOB C ODIIell BepPITUHOM, KOHIPDYIHTHBIX JAHHOMY YIJIY, IIOKDBI-
BAIOT BCIO ILIOCKOCTH JlobageBckoro 6e3 HajiokeHuii. Ternepsb JIerko ompe;e-
JIATH YTOJI BEJIMIUHOM 27ch, a 3aTeM IO HEMPEPHIBHOCTH MOYKHO OIIPEIE/UTH
BeJIMYHHY JI000r0 yria.

s mogenn Kaeitaa n nyist monesnu [lyankape B Kpyre mOBOPOTHI BOKPYT
[EHTPa Kpyra #ABJISIOTCH IABUKeHusMU. [lo9ToMy B meHTpe Kpyra B obemx
MOJIEJIAX BEJINIUHBI IUIEPOOIMYIECKAX YIJIOB COBIAJAIOT C BEJIMINHAMU €B-
KJIIIOBBIX yriioB. lleHTp Kpyra runepOosmmaecKuM JBHKEHIEM MOXKHO IIepe-
BecTH B Ji00yi0 Apyryio Touky. nsa monenn Ilyankape nmkenunst COXpaHsi-
FOT €BKJINIOBBI YIJIbI, TOITOMY ISl Hee MOHSTHE BeJIMYUHBI €BKJINIOBA, YTJIa
COBIIQJIAET C HMOHATUEM BEJMYMHBI runepbosmdeckoro yria. (Yroa mexmy
OBYMSI IE€PECEKAOIIUMACT OKPYKHOCTSIMU OMPEIEISeTCS KaK YOl MEXKIY
KacaTeJbHBIMA B TOUKe mepecedenns.) us monenn Kielina nemkenns me
O6H3aTe.HbHO COXPaHAIT €BKJINA0BbBI yIJVIbI, IIO9TOMY JJid HEE BEJIMYNHA I'-
epbOINIECKOro yIia He 00s3aTeIbHO COBIAJAeT C BEIMUYMHON €BKIINIOBA
yria.

Ha eBk/mmoBOM MJIOCKOCTH Yepe3 TOUKY A MOKHO MPOBECTHU JIUIIb O
Hy OpgAMYIO, TapaJjiebHyio manHoi npsamoit. Ha nnockoctu Jlobagesckoro
gepe3 TOYKy A MOXKHO IIPOBECTHU II€JI0€ CEMENCTBO MPSMBIX, HE IePeceKa-
OLIUX JaHHYIO HpsaMyto . Takue npsiMpie 3al0/IHAIOT APy BEPTUKAJIBHBIX
yrioB (Ha puc. 5.15 u306pakeHbl 9TU YIUIBL B MOZEIN
Kneitaa). Cpenu 06pa30BaBIIUXCS 9€THIPEX YIJIOB C
BepIINHON A BBIIEIUM TOT, KOTOPBIA COMEPKUT ILpsi-
Myto [. CTOPOHBI 3TOro yrja Ha30BEM AYHAMU, NaG-
paareavrvimy npsamot [. Ilpsimble, comeprkamue tu
JIy9H, HA30BEM NPAMbIMU, NAPAALEAOHOMU NPAMOT [.
B reomerpuu JlobageBckoro cjemyer roBOpUTH MMEH-
HO O MApaJLIEJbHBIX JIyIaX, a HE MaPaJIIebHBIX IPs-
MBIX, IIOTOMY 9YTO JBa Jy4a, Ha KOTOpblEe TOYKa A
pa3buBaeT NpsiMyI0, BeIyT CebOsi MO-PA3HOMY 110 OTHO-

Puc. 5.15

IIeHWIO0 K IapaJiyieJIbHON eil mpaMoii: ofuH JIyd IpH-

OJKaeTcd, a ApYToi yoanderca. Kpome Toro, ToIbKO A4 JIydeil BBIIOIHS-

€TCs CBOCTBO TPaH3UTUBHOCTH: & || b, b || ¢ = a || ¢; mist mpsiMBIX 9TO CBORCTBO
HE BBIIIOJIHAETCH.

Yenom napassesvrocmu i Touku A n npsiMoit | Ha3bIBAKOT IOJIOBUHY

BEJIMYUHBI yTJjia, 0O0PAa30BAHHOTO JydaMu C BePIMUHON A, mapaJsijiesbHbIMI

opaMoit [. YTos napaliiesbHOCTH o 00JIaiaeT cIeayomuM cBoiictBoM. Omy-
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crum u3 Touku A nepunenmukynap AH ua upamyto [. [Iposenem u3 Touku A
ay4 AB, obpasyromuii yrou 3 ¢ mydom AH. JIya AB nepecekaer upsmyio [
TOT/Ia M TOJIBKO TOINa, Korja 3 < o. DTO CBOHCTBO TOXKE MOYKHO B3ATH B
KadeCTBe OIpeJIe/IeHus YIjla MapaJjljieIbHOCTH.

JIerko mpoBepuTh, YTO YyroJjI MapaJjijieIbHOCTU O 3aBUCUT JIUIIL OT Pac-
CTOSIHUS (. OT TOYKY JI0 IPAMOii. BBIsSICHIM, KAK IMEHHO CBA3aHbBL ¢ U 0. DTO
HECJIO’KHO CJIeJIaTh B JII000H n3 mogeseit. Paccmorpum, Hanpumep, MOmesnb
Kuneitna, npuuem Oyzem cuurarh, 9T0 TOYKa A cOBHasaeT ¢ MEHTPOM Kpyra
(puc. 5.16). Ilo onpenenenuro

n<|XH| ) |YA|>’_EIH(1+COSOL)_Cln(ct 2
XA va])l T2 "M T cosa) T 82/

_c

2

Cnenosarensuo, e~ /¢ =tg(a/2). IIpu a/c — 0 nomyuaem o— 1/2, T.e.
npu YyMEHbINEHUN DPACCTOAHUA a4 (I/IJII/I yBe/IM4YeHN «MHHUMOTO pPaJauyca» C)
reomerpus JlobaaeBCKOro mpub/InKaeTcs K €BKJINIO0-

BOIl reOMeTpHN.
B pmanbreiimem nyis yunpomenus dopmysa Oymem
CYUTaTh, 4TO ¢ = 1. X A Y

B runepbosmyeckoit reomerpum CyMMa yIJIOB
TPEYTro/JIbHUKa MEHBbIIE T. STO yTrBEepKA€HUE JIEer-
KO J0KaszaTh B Mozean llyaHkape B Kpyre, mome-
CTUB OJHY U3 BEPIIUH TPEYTrOJbHUKA B IEHTP Kpyra Puc. 5.16
(puc.5.17). B camom nente, yros A runep6omaeckoro
rpeyrosbauka ABC pased yriy A eBKJHIOBa Tpe-

A

yrOJIbHUKA, & yIJibl npu BepumHax B u C y runep-
0OIMIECKOTO TPEYTOILHUKA MEHBIIIE.

B eBknIoBoOil reoMeTpUN CTOPOHBI U YTJIBI TpE-
YTOJIBHUAKA CBA3aHBI HEKOTOPBIMH COOTHOIICHUSAMH.

B reomerpun Jlo6adeBCKOro ToKe BBIIOJHAOTCH
OlIpeJIeJIEHHbIE COOTHOIIEHUs] MEXKJly 3JIeMEeHTaMu Puc. 5.17
TpeyrosibHEKaA. IIpome Bcero mosyduTh COOTHOIIIE-
HUS I IPIMOYTOJIBHOTO TPEYTOJIbHUKA, ITOITOMY C HEro MbI M HAYHEM.
Benuaunsr yrios tpeyrompruka ABC Oynem obosmadars o, B U Y, a
JJIAHBI IPOTHUBOJIEKAIIUX UM CTOPOH OymeM 00603HA4IaTh a, b u C.
Teopema 5. B mpeyzosvHuke ¢ NPpaMbM Y2A0M Y BHNOAHAIOMCS CAE-
Jyrouwue COOMHOWLEHUS:
a) chc=chachb; 6)tha=shbtgo.
HdokasarenbcrBo. a) Moxuo cumrars, uro A=ki (k>1), B=
2 2
=cos@+ising u C =1i. Torna cha = ﬁ, chb= % uche= %

ITostomy chachb=che.
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IIpu maawix a, b u ¢ coorrnomenue ch a ch b = ch ¢ mpesparaercs B cooT-
momenue a’ + b? = ¢%. Takum o6pasom, coornomenne ch a ch b= ch ¢ mozxHO
Ha3BaTh zunepbosuyeckoli meopemoti Ilugazopa.

6) CuoBa Oymem cumrarh, a0 A=ki (k>1), B=cosg+ising u
C =1i. Ilycth Ty — IEHTDP €BKJIHIOBOH OKDYXKHOCTH, COAepXKalllell TuIep-
6ommaeckyto mpamyto AB. Torma 2 + k? = (cos@ — x) +sin’ g, T e.
k? =1 — 2z, cos ¢. Jlerko nposepurs, uro LAz,O = o. ITosromy

_k 2kcosq
tga= o]~ K1

Tax kax sh®t = ch®t — 1, Ml moygaem

o= o 1= (22

sin? ¢ sin ¢
n
2, 1+k:2)2 _(k2—1)2
shob= ( 2%k == )
K —1 th
Caenosaresnsro, cos @ =tha n —r = sh b, a 3nauut, tgo = ﬁ.
ITpu Mambx @ u b 9TO COOTHOIIEHNE NPEBPAIALTCA B tg o = a/b. O

N3 coornomennit chc=chachb nu tha=shbtga ¢ momompoo ToX-
JeCTB I TPUTOHOMETPUYIECKAX U TUNepOoTnIecKux (YHKIUNA MOXKHO
[OJIyYUTh APYTUe COOTHOIIeHns, HanpuMmep sha =shesina, thb =thccosa,
ctgactgP =che, cosa=chasinpf. IIlpu mamex a, b m ¢ 3T cooTHOmMEHNA
IPUHUMAOT Buj, @ = csina, b = ccosa, ctgactgB =1, cosa = sinf.

Jlnsa Opon3BOIBHOTO TPEYrOJbHUKA B IHOEPOOJIMIECKO TreoMeTpuu
CIIpaBEJINBbl TE€OPEMBI, aHAJIOTUYIHbIC TE€OPpEMaM CHHYCOB U KOCHUHYCOB B
€BKJINZIOBOM 1 Cc(hepruIecKoil MIaHuMETPUH.

Teopema 6. /[ia npou3eoavHozo MPeyzosbHUKA SBINOAHAIOMCA CAEOY-
OWUE COOTNHOWEHUSA:

sha shb  she
) sino sinf siny

6) cha=chbchc—shbshccosa (Teopema KocHHYCOB).

Hokazareasbcrso. Onycrum u3 Bepmmabl C' neprnespukynsap CH
Ha upaMmyo AB. Byxem jjis onpeie/ieHHOCTH CYUTATh, 9TO TOYKa H jexuT
Ha orpeske AB (caywail, korma rTouka H mexwur BHe orpeska AB, pac-

(Teopema CHHYCOB);

cmarpuBaercs anangornaHo). O6osnaanm mymae! orpeskos CH, AH nw BH
uepe3 h, T ¥ ¢ — & COOTBETCTBEHHO.

a) 3amummeMm coorHomenus Buxa sha =shesina qysg npaMoyrosbHbIX
rpeyrosbaukoB ACH u CBH. B pesyabrare moaydum shbsina=shh =
=shasinpB. Cnenosarennbho,

sha  shb
sina  sinB’
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6) 3ammmem coorHomenus Buma chachb=che musa npamoyrombHBIX
rpeyromsankos ACH w CBH. B pesymbrare mosyanm chb=chaxchh
u cha =ch(c— x)chh. Caenosarenbro, cha = (chcchz —sheshz)chh =
=chbchc— chbshecthz. Kpome Toro, thx = thbcosa. O

U3 yrBepxkaeHus a) ciemyer runepbosmaeckas reopema Pajeca: B pas-
HOOEIPEHHOM TPEYTOJbLHUKE YTJIbl DU OCHOBAHUYU PABHBL.

Beoisicanm Temeps, Kak BoInaganT B Mogeu llyankape oxpyotcrocms, T.e.
MHOKECTBO TOY€EK, PABHOYIAJIEHHBIX OT JaHHOU Toukw. [laa momenu [lyan-
Kape B BepXHell MOJIYIJIOCKOCTH TUIepPOoIndecKas OKPYKHOCTD PaIuyca, T
¢ nearpoMm (a, b) 3amaerca ypaBHEHHEM

(a—a)*+(b—y)?*
2by ’

chr=1+

T.e. (x —a)?+ (y —bchr)? =b*(ch®r — 1). Takum obpasom, B Momemn Ily-
aHKape B BEPXHEH IOJIYIUIOCKOCTH THUIEPHOIIecKas OKPYZKHOCTb DaJIy-
car ¢ nearpoM (a, b) npencrasaser coboil eBKINIOBY OKPY2KHOCTD DAIuyCa
by/ch’r — 1 ¢ mearpowm (a, behr).

Hna momenu Ilyankape B kpyre A runepGonmaecKas OKpY?KHOCTD TOKE
npencrapiager Co0OH €BKIMAOBY OKPY2KHOCTH, TaK KakK APOGHO-TumHEHHOE
peoOpa30BaHMEe HEPEBOAUT OKPYKHOCTh B OKPY?KHOCTH U npsamMyo. Ecim
HEHTP TUnepOOJUIeCKOll OKPY?KHOCTH COBIIQIAET C IEHTPOM Kpyra A, To
€BKJINJIOB IIEHTP 9TOH OKPY?KHOCTH TOKe COBHNANAET C MEHTPOM Kpyra A.
ITokazkeM, 9TO B TaKO# CATyaIuy €BKIUZOB paauyc R u rumep6osmaeckmit
PaIyC T CBA3AHBI COOTHOLIEHUEM

1+ R e’ —

T o__ — fr—

¢ =1-p Te R er+1 = th(r/2).

B camom mese, myctb O —meHTp Kpyra A, X — ToYKa paccMaTpuBaeMoit
okpyxkuocTd, A 1 B— rouku, B KOTOpBIX npsamasa OX mepecekaeT abCOJIOT.

Torma
_ ‘1 (AX BO)‘ —1n (1+R)
"T M40 Bx 1-R

Ob6cynuM Temepb, KaK U3MePATH JIUHBI KPUBBIX B THANEPOOINIECKOH
reomerpun. Jljisi onpesesieHus JIMHBI KPUBOM C TIOMOIILI0 WHTErPAJIa TPe-
Oyerca anemenm OAUMbLL, T.€. PACCTOAHUE MEXKJy OEeCKOHEYHO OJIM3KHMHU
roukamu. Ecim As — rumepbosindeckoe PacCTOSHUE MEXKIY TOYKAMHU 2 U
z + Az BepxHEeil OJIyIIIOCKOCTH, TO

|Azf®
2(Im 2)?

|dz| _ v/dx? +dy?

Imz y

(45)*

ch(As)~1+ ch(As)~ 1+

A
ITosTomy As ~ M, T.e. ds =
Imz
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s mepexoma ot momenu llyanmkape B BepxHeil mosymiockoctu H k
mozesu Ilyankape B Kpyre A MOXHO BOCHOJIb30BATbC OTOOparKeHHEM

z2=1
Z+— w = ——. DT0 0TOOparkeHNe MEPEBOSUT BEPXHIOK HMOJIYIJIOCKOCTH H B
equanyanbiil Kpyr A. HecnoxkHble BbIYUCIEHNS IOKA3bIBAIOT, 9TO

|[dz]  2|dw]

Imz ~ 1— |w?

Takum obpasom, B momenu Ilyankape B kpyre A sjeMeHT rumepOosmde-
CKOIL JJIMHBI ITOJIy9a€TCA U3 JJIEMEHTA eBKJIHI[OBOﬁ JJINHBI YMHOXKEHUEM Ha

Tl CrenoBarebHO, runepboOINIecKasi JINHA €BKJIXIOBOU OKDPY2KHO-

2
cru paguyca R ¢ meHTpoM B neHTpe Kpyra A paBHa 2nR(1—RQ). Ha-
[IOMHHM, 9TO 9Ta KPWUBAS SBJISETCS TUNEPOOJTMIECKON OKPYKHOCTHIO pa-
nmayca r, tae r u R cBasanbl coorHomenueMm R = th(r/2). Ilosromy mamnna
rurnepboIndecKoil OKPYKHOCTH PaJRyca 7 PaBHA
4nth(r/2)
1 —th%(r/2)
3ameuyanue 1. lyimaa rumepb0oInIecKoil OKPY2KHOCTH OOJIBIIE TJIMHBL
€BKJ/INJIOBOM OKPY2KHOCTH TOI'O K€ PaJuyca, a JjIuHa C(hepuIecKoil OKpyK-
HOCTH MEHBbIIIE.
3ameuyanue 2. TeopeMy CHHYCOB BO BCEX TPEX T€OMETPUAX MOYKHO
ccopMynupoBaTh OJUHAKOBO, & UMEHHO
l(a) _ 1(b) _ o)

sino sinf  siny’

=2nshr.

rae [(r) — myiuHA OKPYZKHOCTH PAIHyca T.

ILmomans cepuaecKoro TpeyroabHIKA MOXKHO BBIYHCIATH 110 (DOPMYJTE
S=R?*(a+B+y—mn). IIpu 3amere R Ha ic noxyanm GOpMyILy s IIOMAN
TPEyroJabHUKA B runepboimdeckoil reomerpuu: S =c*(n —a—fB — ). Drn
PacCyKAeHUs MOXKHO MPEBPATUTH B HACTOMAIIEE IMOJHOE JOKa3aTEIbCTBO,
OPUMEHHB TE€OPeMY O TOM, YTO /IB€ aHAJUTHIeCKHEe (DYHKIUH, COBIAIAO-
Mmye NPH BCEX BEIMECTBEHHBIX 3HAYEHUAX, JOJKHBI COBIAIATH U IIPH BCEX
9HCTO MHUMBIX 3HAYEHUSX.

Hpyroit momxo K MOHATHIO IUIOMAIN B THUIEPOOJIMYECKON reoMerpun
CBSI3aH C TaK Ha3blBaeMBIM deghexmom & =1 — (o + [ + y) rumepGosmaecKo-
IO TPEYrOJIbHUKA. BBIMYK/BIA 1n-yrOJbHAK MOXKHO Da3pe3aTh IUATOHAJIS-
MHI Ha 1 — 2 TpeyroJbHHKA. JIerko yOeauThbcs, 9TO cyMMa uX JedeKTOB
paBHa (n —2)n— Y. o4, TOE o, ..., 0, — YIJIBI N-yrojbHUKa. Hasosem de-
Perxmom runepObOSIUIECKOr0 N-yroJbHUKa C YIJIAMHA O, . .., O, BEJUIUHY
8= (n—2)t— > oy; IpK 5TOM N-yrOIBHUK He 00s3aTEIBHO BBITYKJIbIH. Bve-
CTO BHYTPEHHHX YIJIOB 0; YI00Hee pacCMaTpUBATh BHEIIHUE YIUIBI 0 =T — O;.
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Jemo B ToM, 9T0 JedeKT MHOIOYTOJBHUKA C BHELIHUMHI yIJIAMHU O DaBeH
(> a) - 2n.

Jlerko mpoBepuThb, 9TO0 AedEKT 00/IaTAET CIEAYIOIMNMI CBORCTBAMMA:

1) medexT 1060r0 MHOTOYTOJLHUKA HOJIOKUTEIEH;

2) ecau muOroyronsuuku M; u M, pasusl, To 3(M;) =8(My);

3) ecm muOTOYrONbHUK M paspesan Ha MHOroyroasHukd M, u M,, To
(M) =d(M,) + d8(My).

ILoma e MHOTOYTrOIbHUKA €CTECTBEHHO OIPE/IE/INTh KaK (DYHKIWIO Ha
MHOKECTBE MHOTOYTOJIbHUKOB, 0Oiajaromiyio cBoficrBamu 1)—3). MoxHo
JI0Ka3aTh, 9TO CBOiicTBa 1)—3) onpenensor (pyHKIUIO Ha MHOTOYTOJbHUKAX
OZIHO3HAYHO C TOYHOCTBHIO A0 HPOMNOPIMOHAIBHOCTA (MBI 3TO JOKA3BIBATH
He 6ymem). [TosTomy medekT MHOrOYTONBHEKA C TOIHOCTHIO JI0 TIPOIIOPIHA-
OHAJIBHOCTU paBeH ero mwiomaau. s oupenenenus ko3ddunmenra mpo-
MOPIMOHAJBHOCTH Kk MOYKHO BOCIIOJIb30BATbCS TEM, UTO IIPH MaJjbIX G A b
IJIOIIA/Ib MPSMOYTOJIBHOIO TPEYTOJIbHUKA C KATeTaMU ¢ U b MOJIXKHA OBITH
upubimsuTeabHo paBHa ab/2. [l TaKoro TpeyroJbHUKA

thathbd B shashb

sind = cos(a+B) =

th%e¢ sh?¢
shashb ab a4+ b? ab
= (hachb—m G —o— =5

Iostomy k = 1. HamomHUM, 9TO MBI YCJIOBUJIUACH CIATATh TapAMETD C PaB-
#bIM 1. YTOOBI HE myTATH STOT MapaMeTp C JJIMHOIN TUIIOTEHY3bl, BDEMEHHO

ab
2 ITosToMmy B obmeM ciaydae k = r2.
-
Eme ommu momxonm K ompeeeHuio IWIOMAIu (hUrypsl B TUIEPOOIITIe-
CKOIl TeOMeTpUHU 3aKJ/II09IaeTCs B pa3bueHnn (DUrypsl Ha DECKOHEYHO MaJIble

«IpAMOyTONBHUKA> (M. 3amady 5.40).

obosuaunM ero r. Torma sind =

§5.3. I3omeTpum B Tpex reoMeTpusax

C TouKHu 3peHus CBOICTB METPUKHU €BKJIMIOBO MPOCTPAHCTBO R"™, cde-
py S™ u mpocrpancrso Jlobageckoro H" obbenuHseT TO, 9TO y HUX OY€Hb
Gospmas rpynmna n3omerpuii (aBurKeHuit). A NMeHHO, JOOYIO CHCTEMY U3 7
MOITAPHO OPTOTOHAJBHBIX IPAMBIX, IIEPECEKAIONINXCA B OJTHON TOYKE, MOXKHO
MEePEBECTH U30MeTpHeil B JiF0OYI0 APYLYH CHCTEMY U3 71 MOMApPHO OPTOro-
HAJIbHBIX M[PSIMBIX, IIEPECEKAMOIMNXCS B OTHONU TOYKE. DTO O3HAYAET, UTO

n(n+1)

kwe GOJIbIITe TPy ABHAKeHn nMetfoT Toabko R™, S, S™/+ T u H"; 3mech

Pa3MEpPpHOCTD I'DYNIIBI ,Z[BH)KeHHfI paBHaA . MoxHo A0Ka3aTb, 9TO Ta~

S™/ 4+ I —cdepa ¢ 0TOXKECTBIEHHBIMA THAMETPAIBHO ITPOTHBOIOIOKHBIMA
Toukamu, T.e. RP".
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C reomerpudeckoil TouKu 3peHust TpeboBaHue, YTOOBI IpyIIa M30MeT-
puii 6bLIa MAKCUMAJIBHO 60JIBIION, BIIOIHE ecTecTBeHHO. OHO COOTBETCTBYET
TOMY, 9TO BC€ TOYKH W BCE HAIPABJIEHUS OJUHAKOBBI. JTO
- 03HAYAET, ITO, (DOPMYJIUPYs TEOPEMY, MOKHO HE TOBOPHUTb,
0 KaKOil MMEHHO TOYKe U KaKOM MMEHHO HAIPABJIEHUH HUJIET
pedb. A ecim ObI TOYKM M HAIPABJIEHWS ObLIM HEOUHAKO-
BbI, TO JIJId Ka2XKJION TOYKW W JIJId KaXK/I0T'0 HAITPABJIEHUA

MIPUXOANIOCH Obl (POPMYINPOBATH OTMIEIHHYIO TEOPEMY.
Hecnoxuo mpuBecTn mpuMep IPOCTPAHCTBA, BCe TOYKU
Puc. 5.18. KOTOPOT'O OAWHAKOBHI (T.e. JIIOOYI0 TOYKY MOXKHO IepeBe-
CTH B MI00YT0 IPYTYIO H30MeTpueii), HO HAPABJIEHHs HEOH-
HakKOBbI. [IprmMepoM TakKOro mpoCTPaHCTBA CIIyKAT OECKOHEYHBIH IUIJIHMHID

(puc. 5.18).

WN30omeTpuu eBKJINOOBA IIPOCTPAHCTBA

BaxkneiimuM npumMepoM M30METPHH €BKJIUI0BA IPOCTPAHCTBA SABJISAET-
CsI CHMMETPHUS OTHOCUTEIHHO IUIIEPITIOCKOCTH. DTO Peodpa30BaHUeE IIPOIIEe
BCEro OMPEJIEUTh B TOM CJIydae, KOT/a CACTEMAa KOOP/WHAT BHIOPAHA TaK,
9T0 TUNEepILIocKoCcTh 11 3amaerca ypaBuenueM x; = (. B Takom ciiydae cum-

MeTpHs OTHOCUTEJIbHO TMIEPILIOCKOCTH 11 mepeBoanuT TOUKy (T4, ..., T,) B
TOUKy (—Z1, Tg, - .., Tp). AHAIOTHIHO MOXKHO OIPENEJATH U CHMMETDPHUIO
orHOCUTENBHO (N — k)-MepHO# mnockoctn x; =0, ..., T =

= 0. 970 npeobpazoBaHNe MEPEBOIAT TOUKY (L1, ..., Ly) X

B TOUKY (—1, -y —Tp, Thpls - Ln)-

MoXHO HaTh WHBAPUAHTHOE OIMpEIeJIeHINe CUMMETPUN
OTHOCHTETBHO k-MepHoii miockocTn 11¥. OmycTuM u3 Tod-
ku X mepmermukynap X A ma IIF n paccMoTpuM Takyro
rouky Y, aro | XY|=2|XA| (puc.5.19). Torna ¥ —obpas
Touku X 1PU CUMMETPUHU OTHOCUTEJIBHO Kk-MEPHOMN ILIOC-
koctu IT*,

ILnockocts II* cocTOMT B TOYHOCTH U3 Te€X TOUEK, KO-
TOPBIE OCTAIOTCS HEMOABUKHBIMU MPU CUMMETPUU OTHO-
curenbHo Hee. Kpome Toro, ecnmm Ttouku X m Y CHMMETPHUYIHBI OTHOCH-
renpro I1¥, To Bee Touku IIF paBroymamens: or Touek X u Y. Ilociemnee
CBOMCTBO MOJHOCTBIO omHCHIBaeT II* jumb B ToMm ciydae, Korga X #Y u
II* — rumepmIOCKOCTS.

BeisicauM Tenepb, KaK MOXKET OBITh YCTPOEHO MHOXKECTBO BCEX HEIO-
JIBUKHBIX TOYeK m3omerpuu. IIpexkie Bcero 3amerum, 4o ecnu A u B —
HECOBIIAJAIOIIME HEIIOABUKHbIE TOYKM M30MeTPHM, TO BCa npamas AB co-

Y

Puc. 5.19

CTOWT W3 HENOJBWKHBIX TO4YEK 3TON m3omerpuu. B camom jiene, mycrhb
X — touka mpamoit AB. Torma BBINOJIHAETCS OJHO W3 TPEX PABEHCTB
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|AB|=|AX|+|BX|, |AB|=|AX|-|BX]|, |AB|=|BX| - |AX|. B kaxaom
u3 9THX Tpex ciydaes cdepst pamayco |[AX| n |[BX| ¢ nearpamm A nu B
MMEIOT POBHO OHY 001myio Touky X . flcHO Takxke, uT0 00pa3 Touku X mnpwu
M30METPUH JTOJI2KEH JIe’KaTh HA 0benx dtux cdepax. CremoBarensao, X —
HEIIO/IBM2KHAsI TOYKA W30METPUH.

IIpenmonoxum, 9T0 IOMUMO TOYEK HpsaMoii AB ecTb erie omHa HEIo-
npmxkHasg touka C. Torma kaxkpas Touka npamoit CX, rme X — Touka
npsimoit A B, menogsuzkua. [losromy Bce Toukn miockoctu A BC menonpmx-
HbI. AHaJIOTMYHBIE PACCYKICHNUSA MOKA3bIBAIOT, YTO MHOXKECTBO HETIO/IBUXK-
HBIX TOYEK M30METPHH 1-MEPHOTO IIPOCTPAHCTBA JIN0O IIyCTO, JIUOO COCTOUT
73 OJHOM TOYKH, JIUOO IIPEICTaBIgeT CODOi k-MEpPHYIO ITOCKOCTh, rae 1 <
< k <n. B gacTHOCTH, €Ci Y M30METPUH N-MEPHOI'O IMPOCTPAHCTBA €CTh
n + 1 HenoaBM>KHASA TOYKA, HE JIEXKAIIAT B OJHOW I'MIEPIJIOCKOCTH, TO BCE
TOYKU MPOCTPAHCTBA HEMOABUXKHBI, T.€. M30METPHUs IMPEICTABIIET 00O
TOXKECTBEHHOE IIPe0OpPa30BaHUE.

Teopema 1. Jlwbyro usomempuro apdunnozo esrxaudosa npocmpar-
cmea R™ mootcno npedcmasums 6 sude xomnosuyuu e boaee n+ 1 cum-
MEMPUU OMHOCUMEABHO 2UNEPNAOCKOCTEN.

JlokazaTesnbCTBO. KCam m30MeTpusi OCTABIISIET BCE TOYKU HEIO-
IBUKHBIME, TO OHA TOXKIECTBEHHA, a TOXKIECTBEHHOE IPEe0OPa30BaHIe MOXK-
HO IPEJCTABATH B BU/I€ KOMIIO3UIUI JBYX CHMMETPHI OTHOCUTEIBHO OTHON
U TOHU 2Ke runepruiockocTu. [Ipeanosnoxum renepn, 9To u3oMmerpus [ mepe-
BOIUT HEKOTOPYIO TO4Ky A B TOuky B # A. Ilycth $ — cummerpusi oTHO-
cuUTeJIbHO TrunepiuiockocTu 11, cocrosinieit u3 Tovek, paBHOYAAJIEHHBIX 0T A
u B. Usomerpus sf, nepesopgamas Touaky X B Touky s(f(X)), obmamaer
CAeAYIOMMMHA CBOMCTBAMMU:

1) sf(A) =4

2) ecm f(X) =X, 1o sf(X)=X.

CaotiicTBO 1) O4YEBUIHO, & CBOUCTBO 2) MOXKHO /I0Ka3aTb CJIELYyIOIIUM
obpasom. Ecmu f(X)= X, to f nepeBomur orpesok AX B orpesok BX.
ITosTomy Touka X pasHOygasieHa or todek A u B, a 3mauur, s(X)=X.

s wzomerpun f B R" BoiGepem Touku Ay, ..., A, 1, He Jexamye B
OJTHOW THIIEPILTIOCKOCTH, W [MOCTPOMM 3a 7 + 1 mar u30MeTpuio Sy ...S;f,
JIJI KOTOPOW BCE BHIOPAHHBIE TOYKW HENOABM2KHBI. 31ech k < n + 1, tak
KaK YMHOXKEHWE Ha CHMMETDUIO § HE HYKHO B TOM CJIydae, KOTJa TOYKa
A1 HEmOABMKHA JJIsi M30METPHUH, IIOCTPOEHHOW Ha NpEIBIAYINEeM IIare.

U3 roro, 9to0 S, ... s f =id (ToxnecTBeHHAS M30METpUS), CAELYET, ITO
f=s1...5;, Tak Kak s? =1id. O

Ob6cyaum Tenepb OJHO JOCTATOYHO YK30THUIECKOE CBONCTBO, OTHOCSIIE-
ecs K ompejesieHnio m3omerpun mpocrpancTsa R™. Ilesmo B ToMm, 9TO HET
He00X0IUMOCTH TPEDOBATH, YTOOBI TPEObpa30BaHNE COXPAHSIIO BCE PACCTO-
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AHUS MeXKy Todkamu. JlocTrarodHo moTpeboBaThb, YTOOBI OHO COXPAHSIIO
JIMIIB OJIHO KAaK0e-TO PACCTOsTHME ¢ (T. €. TOUYKM Ha PACCTOSHWUHN ( EPEBOH-
70 GBI B TOYKH Ha PACCTOSHHUU ). A M3 3TOro yxKe OyJer CJie0BaTh, U9TO
OHO COXPAHSAET BCE PACCTOAHUA. J[0KA3aTeIbCTBO MBI IPOBEIEM CHAYAIA B
HanboJ/iee MHTEPECHOM CjIydae n = 2.

Teopema 2. IIycmv omobpasicenue f: R? — R? (ne obaszameavro 63a-
UMHO 00HO3HawHOE) coxpanaem paccmoanue a >0, m.e. ecau | XY |=a, mo
| X Yi|=a, ede X, = f(X) uY) = f(Y). Toeda f —usomempuas.

HokaszaTeasbcrso ([B5]). Coemas npu HEOGXOAUMOCTH FOMOTETHIO,
MOKHO CIUTATh, 9TO @ = 1. J[0OKa3aTeIbCTBO IPOBEIEM B HECKOJIBKO IIAroOB.
O6pas rouku X npu orobpaxenuu f Gyaem obo3HadaTh X .

Mlar 1. Eem V3 —-1<|XY|<V3+1,10 X; #Y].

Paccmorpum pom6 X AC'B co croporoit 1 n mmaronanavmu |[AB|=1n
|XC|=+/3 (puc.5.20). Ilycrs S — okpyxHOCTh pammyca 1 ¢ menTpom C.

Paccrostane ot Toukn X 70 TOYEK OKPY?KHOCTH S U3-
S MeHsteTcst 0T /3 — 1 10 /3 + 1, m09TOMY MOKHO Cun-
A TaTh, 9TO TOYKA Y Jexur Ha okpyxkuoctu S. [Ipen-
nooxkum, 9ro X; = Y;. Torma Touku A,, B;, C, ne-
KaT Ha OKPYKHOCTH paamyca 1 ¢ merTtpom X; =Y,
B mpuYeM TOMapHbIE PACCTOSHUS MEXKIy TUMU TOYKa-
Y mu paHHI 1. [lomyueno nporuBopedne.
ITar 2. Orobpaxkenue f coOXpaHsieT PacCTOs-
Puc. 5.20 Hue /3.

Mycrs | XY| = /3. Paccmorpum pom6 X AY B, co-
CTaBJIEHHBIN U3 IBYX PABHOCTOPOHHUX TPEYTOJHLHUKOB
¥ y  co cropomnoii 1 (puc.5.21). Toukn Xy, A,, Yy u B, ymbo

obpazytor Takoii xxe pom6, mubo X, =Y. Ilocaeaunii
M CiIydail HeBO3MOXKEH, TaK Kak /3 — 1 < | XY|< V3+1.
ITar 3. Orobpaxenue f coxpaHsieT PacCTOsi-

Pnc. 5.21 HUE N, Tae N — Jb0e HaTypaJbHOE YUCIIO.
Paccmorpum pombsr X ACB u ACY B, cocraBiies-
HbIE U3 AP PABHOCTOPOHHUX TPEYTOJHHUKOB CO CTOpOHO# 1 (puc. 5.22 (a)).
Toukn X, u Y; He cosmamaror, mockombKy |A,Y;|= /3 #|A;X,|. Ilosro-

B

(a) (6)

Puc. 5.22
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My BEpINUHBI PACCMATPUBAEMBIX POMOOB IEPEXOJAT B BEPIIMHBI TAKUX XK
pomGoB, a 3HauwT, | X,Y;|=2.

PaccMoTpes nenodky poM6oB, n306pazkeHHY0 Ha puc. 5.22 (6), moxydnm,
9TO PACCTOsIHUE 3 COXPAHSAETCs, U T. .

ITar 4. Orobpaxkenue f coxpaHseT paccrosgHue n2~ "™, rme m U n —
HATYpAJIbHBIE YUCIIA.

Paccmorpum paBrobeapenssiii rpeyrosbauk ABC' co croponamu 2n, 2n,
. 71 IIOCTPOUM OKPY2?KHOCTH, AUAaMETpaMu KOTOPBIX CJIy2KaT €ro 60KOBI)I€
croposs! (puc. 5.23). Cepenuna M wMeHbmeit cro-
porbl BC' coBmajjaeT ¢ TOYKOI MepecedeHus: STUX A
OKpY2KHOCTEH, MmodToMy To4dka M, coBmamaer ubo
¢ Toukoit A,, nmmubo ¢ cepemunoi orpeska B, (.

Taxme ke paccykjeHusi, Kak 1 Ha mare 1, mo-
Ka3bIBAIOT, 9YTO €CJIA

n(vV3—1) <|AM| < n(vV3 + 1),

15 B M C
To M, # A,. B mramewm ciayaae |[AM|= nT’ 1o-
stomy M, # A,. Crnenoparensno, M, — cepenuna Puc. 5.23

orpeska B;C,. Taknm o6pazom, paccrosaue 1/2 CO-
XpaHdeTcsd. AHaJOrMYHO HOJydaeM, 9TO paccTognue 71/2™ COXpaHAeTCH.

Illar 5. Paccrogame MexXmIy JrobbIME aByMa Toukamu X, Y € R? co-
XpaHSAETCH.

Hitst Touku Y MOXKHO BBIOPATH CXOASAIIYIOCS K HEH I0CJIeJ0BATEIbHOCTD
Togek Y, miust KOTOPBIX paccrogHus 1m0 Toukn X mmeroT Bux n/2™. Torma
| X, Y| =|XY?, a roukm Y} cxomarcs x Touxe Y;. [us mokasaresbcTBa
HOCTIEIHETO YTBEPK/IEHNs JOCTATOYHO 3aMeTUTh, uTo ecim |Y Y| <27 To
Touku Y u Y'! MOXKHO pacHOJIOXHTH Ha HEKOTOPOH OKPY?KHOCTH paJIIyca
27%=1 a zmaunr, |Y;Y;| < 27*. B urore moygaem, 9To

1 X,Y3] = lim |X,Y{] = lim | XY =|XY].

Jloka3aTeabCTBO TEOPEMBIL 2 3aBEPIIEHO. O

OnwumreM BKpaTIle TOKA3aTEIbCTBO AHAJOTUIHON TEOPEMBI HPH 1 > 2.
B sTom ciygae BMecTo pomba, COCTABIEHHOIO U3 ABYX IPABUJIBHBIX Tpe-
YTOJIBHUKOB CO CTOPOHO# 1, paccmarpuBaeM DUrypy, COCTABIEHHYIO U3 IBYX
MPaBUJIBHBIX 7-MEPHBIX cUMILIEKCOB ¢ pebpom 1. Kak u B cirygae n = 2, mo-
JIygaeM CJemayroIue yTBepx{;LeHn;[

Mar 1. Eem (/2000 1< xy)< /2000 11 00 X, £ X,
2(n+1)
OTar 2. Orobpaxenue [ coxpanser paccTosHue 4/ T
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Hanpime yke TpeOYIOTCSI HOBBIE PACCYKICHUS.

ITar 3. Orobpaxenue f 1EPEBOAUT E€IUHUYHYIO OKPY>KHOCTh B €111-
HOYHYIO OKPYXKHOCTH, MPUYEM I[EHTP OKPYKHOCTU IEPEXOJUT B IEHTD
OKPYXKHOCTH.

Ilpu n =3 eaUHUYHYIO OKPYKHOCTb MOXKHO IPEICTABUTH KaK IEpece-
wenne nByx cdep pammyca 21/6/3, paccrogHme MKy IEHTPAME KOTODBIX
paBHO 2\/%/3. Cornacro mary 2 st cdepbl nepexopar B cdeps (Toro
JKe pazjyca), a COIJIACHO Imary 3 obpas3bl HEHTPOB 3Tmx cdep He COBIa-
naroT. [TosToMy eIMHUYIHAA OKPYKHOCTDH MEPEXOIUT B HEKOTOPYIO OKPYK-
HOCTh. Temepb, paccMaTpuBas TPABUIbHBIA IIECTUYTOJIBHUK, BOIUCAHHBIA B
OKPY2KHOCTb, HETPY/IHO YCTAHOBHUTb, 9TO €IMHUYHAS OKPY2KHOCTb II€PEXO0-
IUT B €IUHUYHYIO0 OKPYZKHOCTb, IIPUYEM LEHTP OKPY2KHOCTHU IIEPEXOIUT B
OEHTD Opr)KHOCTI/I.

IIpu n > 3 Bo3bMeM IPAaBWILHBIA (1N — 3)-MEPHBIA CUMILIEKC ¢ PEOPOM S
u paccMoTpuM nepecedenue (n — 1)-mepHbIX cdep pagmyca S € IEHTpaMu
B BEPIIXHAX ITOr0 cuUMILIeKca. HecjoxKHO moKa3aTh, 9TO 3TO MepecedeHne
IpezcTaBiIseT coboit nByMepHYI0 cdepy pamuyca p =S ﬁ Takum
0bpa3oMm, eciiu oTobparkeHne f COXpPAHSAET PACCTOSIHUE S, TO OHO HEPEBOIUT
IByMepHYyIO cdepy panuyca p B gByMepHYyIo cdepy paguyca p. Ho equany-
HYI OKPY2KHOCTb MOXKHO IPEJCTABUTH KaK II€PECEYEHUE ABYX ABYMEPHBIX

n—1 2(n+1)
cep panmyca p = s =2 tae s =4/ = —.

ITar 4. IL1ockOCTh TEPEXOAUT B IMJIOCKOCTb.

BosbMeM B JaHHOI MIJIOCKOCTH €IMHAYIHYI0 OKPYZKHOCTE S! ¢ meaTpom O.
PaccMoTpuM B 3TOi IJIOCKOCTH €IWHWYHYI0 OKDPYXKHOCTH S ¢ memTpom
AeS'. SdIcno, 9TO 3THU IBE OKPYKHOCTHU HEPeXodT B iBe e INHIIHbIe OKPY K-
HOCTH, Jieskamue B omHoil mnockocru. OxpykHOCTH S mpm nepemernennn
rouku A mo S; 3ameraer kpyr pammyca 2 ¢ mearpom O. O6pasbl Bcex TO-
YEeK ITOrO KPyra JieXKaT B OTHON myiockocTu. [IpoBessa Takoe ke MOCTpoeHre
IIJIsl BCEX OKPY2KHOCTEH, JIesKAIUX B 3TOM Kpyre, HOJy9InM KpyT pajuyca 3,
obpa3 KOTOPOro JIEZKUT B OJHOM MJIOCKOCTH, U T. II.

UsBecTHBI U Apyrue JOCTATOYHBIE YCAOBUS TOrO, 9YTO OTOOPaKeHHUE sB-
sisiercst nsomerpueit. Hanpumep, st orobpazkeHuil npocTpaHcTBa pa3Mep-
HOCTH He MeHee 3 JIOCTATOYHO MOTPeO0BAThH COXPAHEHUS IIOMIANA TPEYTOJIb-
HUKA.

Teopewma 3. a) Ecau omobpasicenue f: R? —R? nepesodum ar060t mpe-
Y20AbHUK naowadu 1 8 mpeyzoavruk naowadu 1, mo f — addunrnoe npeobd-
pasosaHue.

6) Ecau omobpascenue f: R™ —R", 2de n > 3, nepesodum 6ot mpe-
yeoavhuk naowadu 1 6 mpeyzosvhuk naowadyu 1, mo f — usomempua.
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Hokasareascrro. a) (em. [L2]) dma dukcuposanrbix Touek A m
B muox)ecTBO TOUeKk X, /s KOTOPBIX ILIOMAAb Tpeyrojbauka ABX pas-
Ha 1, nmpeacraBiseT coboil mapy mapajiIeIbHBIX MPAMBIX. JTa Mapa mapaJ-
JIEJIbHBIX MPAMBIX IPU O0TOOpazkKeHUU [ MEPeXOJuT B Mapy HapallIeIbHBIX
npsaMbIX. ZIcHO TakyKe, 9TO JIODYIO Mapy MApPAJUIEbHBIX MPSIMBIX MOYKHO
[IPEJCTABUTh KAK MHOXKECTBO TOYEK, I KOTOPHIX ILIOMIALb TPEYTOJbHIKA
ABX papnra 1 (mpm HEKOTOpBIX (bEKCHpoBaHHBIX TOUkax A u B).

IIpoBepum Temeps, 9To Jr0bas TpsiMasi mepexoanT B npsamyro. Paccmor-
pUM Mapy MapaJlIe/IbHBIX MPSIMBIX U BhIOepeM Ha HUX 0Tpe3ku P, P u Q10
paBuoit jmymabl a. [lycrs P u ()Q— cepenuubl 3Tux oTpe3koB. Torna HaiiaeTcs
12 TpeyrosbHUKOB PABHOI IJIOMAIM C BEPIIUHAME B BHIOPAHHBIX 6 TOYKAX.
Iloaxonsmum 06pa3oM BEIOpPAB JJINHY @, MOKHO JTOOUTHCS TOrO, YTOOBI 3TH
12 rpeyrospauKOB nMmesn mwiomaab 1. IIpeamomoxum, aro obpassr Touek P
u () JeXaT He Ha PAa3HBIX HapaJUIe/IbHBIX MPAMBIX. 1Orga Ha 9TUX MapaJl-
JIEJIbHBIX TIPSIMBIX HEJIb3s BEIOpATh 06pa3sl Touek P, Py, (1, Q2 Tak, 9T00bI
yKa3aHHBIE BBIMIE 12 TpeyroJbHIKOB nMeIn miomanas 1. B camom nmese, Bce
STH TOYKH JIOJKHBI JIe?KaTh Ha OJJHOU npaMoii, u Bee 4 orpeska P[(Q)’; momxk-
HbI UME€Thb PDaBHbIC IJINHBI.

Takum 06pazom, oTobpakerne F' mepeBoauT JIFOOYIO IPSAMYIO B IIPAMYIO,
a 3Ha4nT, [ —addunnoe npeobpazosarue (cM. c. 53).

6) (cm. [L3]) IIpex e Bcero orMeTnM, 94TO f IEPEBOSYUT PA3HBIE TOYKH B
pa3HbIe.

Ksazapar miomam TpeyrojbHIKa, CTOPOHAMEU KOTOPOI'O CJIyKaT BEKTO-
pHI a u b, paBen Z(|a|2 [b]> — (a, b)?), mOITOMY IIIOAIH TAKOrO TPEYTONHHAKA

paBaa 1 Torga m TOJBKO TOr/A, KOTIA
lal*[b]* — (a, b)* = 4. (5.3)

Bosbmem B R™ TpexmepHOe HOAIIPOCTPAHCTBO U B HEM PACCMOTPHUM TOY-
KH

0= (07 07 O)? A= (17 17 0)5 B(la _17 O)a
P=(0,1,%), Q=(1,0,%), R(0,—1,N)).

C momompio dopmynst (5.3) Jerko MPOBEPHUTH, YTO ILIOMAAN TPEYTOIbHA-
koB OAP, OAQ, OAR,OBP, OBQ, OBR pasns1 1, ecim 2(1+7?) —1=4, a
mommaau rpeyroabaukos OPQ, ORQ, APQ, ARQ, BPQ, BR(Q) pasusI 1,
ecmm (14 2?)? — A% =4. O6a 9TH paBeHCTBa BHIIOJHAIOTCA TPH \ = +/3/2.
B Takom ciygae xoudwurypamusa Touek O, A, B, P, ), R npu orobpaxke-
Huu f I0/KHA NEPeXOonuTh B KOH(UIYDPAIMIO TOYEK, B KOTOPOU ILIONIA N
yKazaHHbIX 12 TpeyroyibHUKOB u 0bpasa rpeyrosbauka ABO passbr 1.
Jlemma. ITyemo mouku A, B, C, D maxoswi, wmo naouadu mpeyzons-
nuxoe ABC, ABD, ACD u BCD pasnw 1. Toeda aubo ABCD — mem-
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Paadp, NPOMUBONOAOINHCHVLE Debpa Komopozo pasHul, aubo A, B, C u D —
BEPWUHDL NAPAAAEAOLPAMMG.

HdokazaTeabcTso. llpeanomoxnm cHadaaa, 9TO JaHHBIE TOYKH Jie-
XKaT B OAHON maockocTu. Ilycrs, HanpuMep, A — BepiinHA BBIMYKJION 000-
JIOUKU ITUX TO4YeK, npudeM u3 A Boerxonar pebpa AB u AD. Torna ABC D —
napasutenorpamm, tak kak DC || AB u BC || AD.

IIpeaunonoxum reneps, yro Trouku A, B, C'u D He jiexkar B OJHOI 11JI0C-
koctu, T.e. ABC D — HeBbIPOXKAEHHBIN TeTpa’dap. [Iposeas depes kaxmoe
pebpo TeTpasapa IJIOCKOCTh, MapaJUIEIbLHYI0 MTPOTHBOIMOJOKHOMY pedpy,
moJIy9nM mapaJuienenumnes. 1losroMy, n3MeHnB 0603HAYEHUS, MOXKHO CUM-
TaTh, YTO BEPIIUHBI JAHHOIO TETPa’ipa coBmajaT ¢ Bepmunamvu A, By, C
u D napamnenemunena ABCDA,B,C;D,. PaccMOTpuM IPOEKIUIO 3TOro0
mapaJuIe/IeNAIEe I Ha MIOCKOCTh, TepIeHauKyaspayo npavoit AC. U3 pa-
BeHCTBa wiomaeit rpeyronbankos AC B, u AC' D, ciiefyeT paBeHCTBO BbI-
COT 3THX TPEYTOJILHUKOB, ONyIeHHbIX Ha cTopoHy AC. IloaTomy mpoek-
ous TeTpa’pa MpPeICTaBIdeT coDON paBHOGEIPEHHBIN TPEYTrOJIbHUK, IIPU-
gem Touka A; mpoenupyercs B cepeauHy ero ocHoBanus. CireoBaTesIbHO,
AA, L B,D,. Ananoruano DD, 1. A,C,. Takum obpasom, pebpo AA; nep-
nesaukyaspHo rpaiu ABCD, t.e. AA; | AB u AA, 1 AD. Anamoruysno
mosiygaeM, uro AB | AD.

Urak, Terpasapy € PaBHOBEJMKUMHU IPAHSIMH COOTBETCTBYET IIPSMO-
YTOJIbHBIIA MapaJuiesenuie]i. PAaBeHCTBO IIPOTUBOIOJIOKHBIX I'PDaHEll TeTpa-
3/pa CJIeayeT U3 PABEHCTBA JUaroHaJjel IpsaMOyTOJbLHUKA. O

B paccmarpuBaemoit HamMu KOHGMUTYPAUY yCIOBUAE JIEMMbI IPUMEHUMO
K terpasapaM OAPQ u OBPQ ¢ obmeii rpansio OP(Q u K TeTpasapaM
OARQ u OBR(Q) c obmeii rpanpio ORQ). Ecim obpa3sl ogHON m3 3THX
map TeTPasapOB HEBBIPOXKJEHHBI, To subo |O'A'|=|P'Q'| =|0'B’|, mmbo
|O’A'|=|R'Q'| = |0'B’| (3mec O’ = f(O) u T. .).

ITokaxxewm, aro pasercrso |O'A’| =|0'B’| BbI-
MOJIHAETCA W B TOM CJydae, KOTAa CPeId TeT-
Pa’IpOB €CTh BBIPOXKJEHHBIE. JlocTaTouHO pac-
CMOTPETB CJIydail, KOrJga B KazxKI0U Iape TeTpasd-
poB O'A'P'Q’u O'B'P'Q', O'ARQ n OB RQ
€CTh BBIPOXKIEHHBIN TeTpasdap. IIpemmoioxkum aro
06a Terpasapa O'A’P'Q’ u O'B’P'()’ BBIpOXKIEH-
mele. Cormacao jgemme Toukn A’ u B’ HOJKHBL
OBITH PACIOJIOKEHBI B BEPINMHAX TPEYrojbHUKA XY 7, CTOPOHBI KOTOPO-
ro mapajulesabHBI cTOpoHaM Tpeyrombamka O'P’Q’' (pumc. 5.24). Ho Torma
wiomaas tpeyrojabauka O'A’B’ pasna 0 wiam 2, a oHa JOJKHA OBITH

Puc. 5.24

paBua 1. IlosiyueHHOe HPOTMBOpEYME IIOKA3BIBAET, YTO B KaXKJOM mnape
O'APQuOBPQ,0'ARQuO'B R @ onua TeTpasap BHIPOXKIEHHBIH,
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a apyroii HeBbIpoKAeHHBIN. Eciau terpasap O’ A’ P'()' HEBBIPOXKIEHHBIA, &
rerpasap O’ B’ P’ R’ Beipox iennbiit, To koudurypanus rouek O', A’ B', P’,
)’ ycTpoeHa Tak, KakK MOKa3aHO Ha puc. 5.25. [Ipu sTom

{X,Y,Z}={0", P, Q'}. Ecom X =0" wimm Y =0/, zZ

To |O'A’| = |0’ B’|. IlosTOMy Hy?>KHO PACCMOTPETH JIHIIb
Tor cay4aii, korma Z = O, Ilycrs Il —mmockocrs, mep-
neHuKyJisipHas orpe3ky A'B’ u npoxousnias 4depe3

|
|
|
l
ero cepeauny M, O" — upoeknus Touku O Ha IWLIOC- /T
koctb II (puc. 5.26). PaccmarpuBas mapy TeTpasapos S
O'A'R'Q' u O'B'R'Q’, noLyquM aHAIOTHIHYI0 KOHDH- |
rypanuto u3 Todek M, ', O”, R'. Ho B Takom ciy- *
gae R’ = P’, gero He moxetr ObiTh. B mrore momydaem, L/
O'A=0'B. B

Urax, ecm |OA|=|0B|=v2u |AB|=2,10 |0’ A’| =
= |0’ B'|. U3 storo crenyer, uro ecau |OA;| =|0A,| = Puc. 5.25
=2, 10 |O'A}| =|0'A}|. B camom mese, mocTpoum
obmuit nepoenauKyaap K upambiM OA; u O A, u oriio-
»xuM Ha HeM orpe3ok OB mmnoit /2. Torma |0’ A)| =
=|0'B’'|=|0’A;}]|. IIycrs Tenepr AB u C'D — mpous-
BoJbHBIE oTpe3kn mmHON /2. Toukm B u C' MOXKHO
COeIUHNTEL JIOMAaHOI, BCe 3BeHbs KOTOPOHl mMeroT aym- ©' M
Hy /2, nosromy |A'B'| = |C'D’|.

Takum 06pasom, orobpakenue [ nepeBoautT Jr0O0i
OTPE30K AMHOI /2 B 0TPe30K mymHOi A2, rae A — 1o-
crogaHOe umcyo. ITosromy orTobpazxenme \~'f coxpaHsgeT paccTosHme /2,
a 3HaunT, \~! f —m3omerpua. Ho [ coxpaHseT eTMHUYIHYIO IJIOIIAIHL TPe-
yLOJbHHKA, I03TOMYy A = 1, T.e. f —u3omerpus. O

o Q'

Puc. 5.26

Nzomerpun cdepbl

HanomanM, 9To paccTogHue MexXmy Todkamu A u B cdepsr S? ompene-
JIsIeTCS KaK JJIMHA KpaTdaiiieil Jyru O0IbIIOi OKPYKHOCTH, COeTUHSIOIIEH
touku A u B. Ormernm, aTo chepudeckoe pacCTOSHAE MeXKIy TOIKamu A
u B siByisieTcsi MOHOTOHHO BO3pacTraroieil hbyHKIHel OT eBKJILI0BA PACCTO-
SHUS MeXKIy HuMHu. B gacrHOCTH, cheprudecKkne PacCTOsTHUAS PABHBI TOTIIA
¥ TOJIBKO TOT/A, KOTJa PABHBI €BKJIMIOBBI PDACCTOSHUSI.

s n-mepHO#t cdepsl, Tak XKe KakK U s AByMePHOU cdepbl, PABEHCTBO
ceprueckux pacCTOSHMM YKBUBAJEHTHO PABEHCTBY €BKJIMIOBBIX PACCTOS-
HUN MeXK/y TOYKaMH.

Teopema 4. Hzomempuu chepvr S™ Harodamcs 60 63aUMHO 00HOZHAY-
HOM COOMEEMCMEUU C USOMEMPUAMU Npocmpancmea R™ T ocmasasrougu-
MU UeHMmp cPhepvl Henod8UNCHBIM.
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HokazaTreabcTBo. ZcHO, 9TO0 /I0Dasg W30MeTpUs MPOCTPAHCTBA
R+, ocraBiaionias menTp cdepbl S” HEMOIBHAKHBIM, IEPEBOAUT S” B cebd
7 coxpaHsieT cdepudeckue paccrosgausg. [[09ToMy HYKHO JIMIIb TOKAa3aTh,
qro Joby0 m3omeTpuio g cdepbl S MOXKHO MPOJOJIKAUTH 1O HM30MET-
pun g mpocrpaHctBa R"V!. Bymem mjua ymo6cTBa CYMTATh, 9TO HEHTP
cdepbl pacHoioKeH B Hadajle KOODAWHAT, a ee pamuyc paseH 1. JIroboii
BeKTOp mnpocrpaHcrBa R™T' MoxkHO npejcrasuTh B Buze tv, rye t >0 u
|v| = 1. Honoxum g(tv) =tg(v). Hyxao nposepurb, 9T0 & — M30MeTPHS,
Te. |g(su) — g(tv)| = |su — tv|. Hdcno, aTO

sg(u) — tg(v)]* — |su — tv]* = s* + t* — 2st(g(u), g(v)) —
— 5% —1* + 2st(u, v) = 2st((u, v) — (g(u), g(v))) =0,

TaK Kak (u, U) = COS @, [Mie ¢ — YOI MeZKIy BEKTOPAMH U U V. O

Teopema 5. Jlwobyto uszomempuro cgepvr S™ moorcho npedcmasums 6
sude Komnosuyuu He boaee wem n + 1 cummempuil omuocumenvro ceverud
chepvl 2uNePNAOCKOCMAMU, NPOTOOAUUMY YEPES UEHMD CPHePbL.

IokazareubcTBo. U3omerpuun cdepbl S™ COOTBETCTBYET M30MET-
pusg mpoctparcTBa R™1! ¢ memogsmxkHO# Toukoit O, rae O — neHTp chephl.
W3 nokasaresbCTBa T€OPeMbl 06 H30METPHUSIX €BKJINI0BA IPOCTPAHCTBA (CM.
reopemy 1 Ha c. 135) ciemyeT, 9TO 9TO 3Ty U30METPHUIO MOXKHO IMIPEICTa-
BHUTH B BHJIe KOMOO3UIMKU He Gosiee 4eM n + 1 cuMMeTpuii OTHOCUTEIHHO
TUTIEPIJIOCKOCTEN, TPUYEeM BCE 3TU THHEPIIOCKOCTH OYy/IyT MPOXOAWTH dUe-
pe3 touky O. (Tak Kak OxHA HENOJBHMIKHAS TOYKA y7Ke €CTh, HEOOXOAUMOE
KOJIMYECTBO CUMMeTpHil yMeHbIIaeTcs Ha 1.) O

Ucmonb3ysi Teopemy 4, HECIOXKHO MPOBEPUTh, 9T0 y cdepbl S” 60Jb-
mag rpyIna u30MeTPUi, T. €. JIFOOYI0 CUCTEMY U3 7 IIOHAPHO OPTOrOHAIBLHBIX
cepudeckux MpsIMbIX, TPOXOALAIIUX Y€PE3 ONHY TOUYKY, MOXKHO HEPEBECTH
n3omerpueil B JF00yI0 APYryi0 TAKyI0 CUCTEMY IIPSMBIX.

Hecno:xH0 n0Ka3aTh, 9T0 cepa S? He n3oMeTpudHa 1mIockoctu R2, T e.
chepuueckas reoMeTpus —3TO HE €BKJIMIOBA reomeTpusa. B camom mee,
PACCTOSTHUS MEXKJy TOYKAMU ILJIOCKOCTH MOTYT OBITH CKOJIb YTOIHO GOJIb-
[IAMH, a PACCTOSHULA MEXKIy TOYKaMu cepbl He MOTyT ObITH Oosbie 2R,
roe R—pammyc cdepsr.

Bousee comepxkaTeser BONpOC O JIOKAJIbHOU M30METPUIHOCTH CEPHI U
ILUTOCKOCTH, T.€. MOXKeT Jiu 00j1acTh cdepbl OBITh M30METPUIHA, HEKOTOPOM
obsiactu mockocTu. VIHBIMU CJIOBaMU, MOYKHO JI HAPUCOBATH HA ILIOCKOCTH
KapTy HEKOTOpPOi obacTtu Ha chepe 63 MCKaxKeHwmil, T. e. TaK, ITOOBI pac-
CTOsIHME MEXK/1y JII00O0H napoit Touek cepbl PaBHAIOCH PACCTOSHUIO MEXK LY
COOTBeTCTByIOH_[I/IMI/I TOYKaMn H.HOCKOCTI/I?

Teopema 6. Obaacmov chepovr He UBOMEMPUYHA 0OAGCTIU NAOCKOCTNU.
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HdokazarenbctBo. Hazosem cdhepuueckotl okpyoscnocmsvio MHOKECT-
BO TO4eK c(ephl, yIAJIeHHBIX OT HEKOTOPOi Toukn cdepsl (UeHmpa OKpyxK-
HOCTH) Ha JaHHOe paccrosiHue r (paduyc okpyxkuocTh). Eciu orpesok OX
BUJEH U3 [eHTPa CGhephl MO, YIJIOM o, TO chepriecKasi OKPYKHOCTb C IIE€H-
tpom O, mpoxojgmasa depe3 TouKy X, umeer chepudeckuii pamuyc Ro, a
€BKJIIIOB PAIIyC 9TOH OKpyzKHOCTH paBeH Rsino. Takum obpasom, cepu-
4YecKasi OKPY2KHOCTh pajuyca 1 = Ro umeer sy

2rnRsino = 2nRsin(r/R) < 2rnR(r/R) = 2xr.

JIrobas obacTh Ha cdepe comepKUT chepUIECKy0 OKPYKHOCTD JOCTa-
TOYHO MaJIOro pajamyca 7. Jljmaa 310i chepmaeckoil OKpyKHOCTH MEHBIIE
JUIMHBI €BKJIUIO0BOI OKpPy2KHOCTH pajmyca . Ho mpu m3omerpmm OKpyK-
HOCTH PaJMyCa I" IOJIKHA MEPEHTN B OKPY2KHOCTD TOTO K€ PAIUYCa, IPHIEM
ee JIJINHA OCTAHETCH IIPEeXKHEH. O

3ameuyanue. UToObI He paccMaTPUBATEL JJINHY OKDPYKHOCTH, MOMKHO
PaCCMOTPETH JJIMHY CTOPOHBI IIPABHJIBHOIO TPEYTOJIbHHUKA, BIMCAHHOTO B
OKPY2KHOCTb PaImyca I.

Msomerpusi cepor f: S — S" maseiBaerca nepenocom Kaugpgopda,
eciu paccrogHme Mexny Toukamm & u f(x) mocrosmuo. (B eBkiampnosom
MPOCTPAHCTBE AHAJIOTMYHBIM CBONCTBOM 00JIaJAl0T MapaJLIebHbIE TIEPEHO-
col.) Jnsg cdeps 0601 pasmeprocTu npeobpazosanus f(z) =z u f(z)=—=x
sBasiorca neperocamu Kmmddopaa. UTo xe kKacaerca Apyrux, HE CTOJb
TpuUBHAJBHBIX mepeHocoB Kamddopaa, To oHEH ecTh TOJBKO Ha cdepax
He4eTHON pasmepHocTn. Hanomuuwm, aro max momem C 3amenoii Gasu-
Ca MaTPUIy OPTOTOHAJBHOIO MPeodPa30BaHUS MOYXKHO NPUBECTH K BUJILY
My My ooy My Ay 1, ..o, £1), mme || =1 1 A, # £1. Hag nomem R Bye-
cosa Sin o

dina cosa)’ e A = cos o + ¢ sin a.

CTO maphl A, A Hy?KHO B3fTh MATPHILY (

Teopema 7. Usomempus f: S — S" a6a4emca HEMPUBUGALHBIM NEPE-
nocom Kauggopda mozda u moavko mozda, xo2da coomsemcmeyrowas et
uzomempus npocmparncmea R npusodumes x sudy (A, A, A, A, ..., A, \),
2de N\ =1 uh#=+l1.

JlokasaTesnbcTso. Beibepem B mpocrparcTBe R™™ opToronaibHyio
CUCTEMY KOODAUHAT (L1, Y1, - .-, Tiy Yky 215 -« -5 Zs) TaK, 9T0 f(T, Y, 2) =
=(2,y, 2'), voe a;, = x; coso; + y; sinoy, Yy, = —x; sino; + y; coso,; u 2z, = £2;.
JIerko mpoBepuTh, YTO KBAIPAT €BKJIMJO0BA PACCTOSHUS MEXKYy TOIKAMHI
(x,y, z) m f(z, y, z) paBen

Z(ij(x? +y7)(1 —cos o) + igj@),

i=1 j=1
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rze €; =0 nnu 1. KBagpatr eBKiInmoBa pacCTOAHHUA JOJXKEH OBITH IOCTOAHEH

k s
mpu (2 +y;7) + Y 27 = 1. OT0 BO3MOXKHO JIMIIb B CJIEIYIOMIEX CIIyIasx:
i—1 =1

1)k=0,e,=...=¢, = %1;

2) s =0, coso; =...=CO0S 0.

IlepBhIit caydail COOTBETCTBYET TPUBHAILHBIM IepeHocaM Kimddopaa,
a BO BTOPOM CJIydae MaTpHUIa Ipeobpa30BaHus NMeeT yKa3aHHBIN B yCIIOBUU
TEOpEMbI BUII, O

Cdepa S n0KkaIbHO HE M30METPUYHA €BKJIMIOBY IpocTpancTBy R3. Ho
chepa S? comepKUT ABYMEpHYIO ITOBEPXHOCTH, JOKAIHHO HM30METPHYHYIO
eBKINI0BOM mockocTr R2. TIpuMepoM Takoit HOBepXHOCTH B cdepe

8 ={(z w) €C*||2|* + Jw|* = 2}

CJTy>KWT TI0BEPXHOCTB T2, 3a/jaHHas ypaBHEHUEM |z| = |w|. DTa moBepxHOCTH
cocrout u3 Touek (¢, e'). [lokazkem, 9TO JOKAIbHBIE KOOPAUHATEL (P, )
Ha noBepxHOCTU 12 ABJIAIOTCA €BKINNOBBIMA, T. €. Ha IoBepxHocTu 12 nyuna
Kparyaiinieil Kpusoit, coeuusoniei Toukn (e, e'¥) u (e'(¢TAY) | el(vtAd))
pasHa \/(A@)? + (A)?; gauaa Kpusoit Ha noBepxHocT 1 C S* C C* = R*
OIpeJieNseTcs IPY 9TOM KaK JUInHa Kpusoil B R*. /[0CTaTOYHO MPOBEPHTH,
qaro ecmu z=e" u w=e", to |dz|? + |dw|* = (dg)* + (d})*. dcro, uroO
dz =ie**de n dw = ie" d. Iosromy |dz|* 4+ |dw|? = (dy)? + (d)?.

Tpu Tumna cobcTBeHHBbIX ABUKEHUI MJiockocTu JlobaueBcKoro

s reomerpun JIo6aueBCKOTO MOXKHO JTOKA3aTh CJIELYIOILYI0 TEOPEMY,
aHAJIOTH KOTOPOW JJIsi €BKJINI0BON 1 cheprIecKoil TeOMETPUH MbI YK€ 10~
Ka3bIBAJIH.

Teopema 8. JToboe dsusicerue naockocmu Jlobawesckozo mootcho npeo-
cmasums 6 6ude KOMNO3UUUY He bosee wem MPET CUMMEMPUT OMHOCU-
MEALHO NPAMDBIL.

JokazaTeabcTBo. HamoMHUM OCHOBHYIO HIEI0 ITOKA3aTEIbCTBA
9TOI TeopeMbl B CjIydae €BKJIUIOBOU reomerpuu. llycts g — Hekoropas
n3omerpus, npuaem g(A) = B # A. PaccMOTpAM CHMMETDUIO $ OTHOCHTEIh-
HO mpsimoit | ={X | |AX|=|BX]|}. Torma sg(A) = A. Kpome Toro, eciam
g(Y)=Y,1oY €l, a3naunr, sg(Y) =Y. IlosToMy usoMeTpus sg MMeeT 10
KpaifHeil Mepe OIHY JOMOJHUTEIbHYI HEMOABUXKHYIO TOYKY O CPABHEHUIO
¢ g. [IpumenuB Takyro KOHCTPYKIUIO He Oojiee Tpex pa3, MOXKHO IIOCTPOUTH
A30METPUIO, UMEIOIYI0 TPU HENOJABUKHBIE TOYKH, HE JIEXKAINHWE HA OLHOU
IIPAMOIL.

DTy CXeMy JI0Ka3aTe/IbCTBA MOXKHO IIPUMEHUTH U B CJIy4ae IeOMETPUU
JlobaueBckoro. Ho fj1s 9TOro Hy»KHO OTBETUTDH Ha CJIEYIONINE BOIPOCHL.



§5.3. Msomerpun B Tpex reoMeTpusix 145

1. ITouemy MHOXKECTBO TOYEK, PABHOYIAJIEHHBIX OT JIBYX JAHHBIX TOYEK,
npejcrasisier coboil runepboIMIecKy 0 IPAMYO?

2. Uro Takoe «CHMMETpHUsI OTHOCUTEJIBHO MPSMOW» B CiIydae rumepbo-
JINIECKON reomeTpun’

3. [Touemy mBuKeHUE rUNEPOOIUIECKON NJIOCKOCTH, UMEIOIIEe TPU HEIo-
JIBUZKHBIE TOYKH, He JIeXKaIlye Ha OJHOM MPSMOil, TOXKIeCTBEHHO?

OTBeruM Ha TH BOIPOCHI IIOC/IEI0BATEIBHO.

1. MOKHO CYMTATH, 9TO NAHHBIE TOIKA UMEIOT Bug ia, ib (a, b€ R). Torma
MHOXKECTBO TO4eK (x, y) € H, paBHOYJAJEHHBIX OT HUX, 3aaeTCd ypaBHe-
e Pt (a—yf 2t ()’

ay by

)

r.e. 22+ y? = ab.

2. HasoBem Toukn A m A* cummempuunvimy (MIm uHEEPCHbIMU) OT-
HOCHUTEJIbHO OKPYKHOCTH S, eCiiu Jito0asi OKPY?KHOCTh, IPOXOZSIIasl Iepe3
touku A u A*, oproroHaibHa OKpyXKHOCTH S. B TOM ciyuae, korma S —
npsiMasi, 9TO ONPEJEIEHAE TOXKE UMEET CMBIC; OHO SKBHBAJEHTHO OOBITHO-
My OIPEJIEJIEHII0 CHMMETPHH OTHOCHTEIHHO MPSMOH.

HOHHTI/Ie CUMMETPUYIHOCTU ABYX TOYEK OTHOCHUTE/JIBHO OKPY>XKHOCTHU CO-
XpaHgeTCs NpU APOOHO-TMHERHBIX MPeodpa30BaHUIX.

MOKHO MPOBEPHUTH, 9TO TOYKH A m A* CHUMMETPUYIHBI OTHOCHUTEJIHHO
OKPY2KHOCTH S TOrja m TOJIbKO Tormaa, korma jayuan OA u OA* coBmamaror
u |OA|-|OA*| = R?, rme R—pamuyc OKpyKHOCTH 5.

Hazosem Touku A u A* cummempusHvLmMUu OTHOCUTEIBHO runepoomde-
ckoit npsamoit B momesnm [lyankape, eciim OHM CHMMETPUYHBI OTHOCHUTEIHHO
eBKJINIOBOM OKPYXKHOCTH, COfepXKalleil 3Ty mpamyo. B Tom ciydae, Ko-
ra THIepOoImIecKasa IpsaMast SBJISETCS 9aCThI0 €BKJIMIOBOM IPAMOIA, JIETKO
IPOBEPATD, YTO TOYKH, CAMMETPAIHBIE OTHOCUTEIBHO IPAMOii, PaBHOYAIe-
HbI OT Hee. Kpome TOro, cuMMeTpusi OTHOCUTEIBHO IHNepPOOIMIecKOi mps-
MO dABJIA€TCH M30MeTpHuei.

3. Ha Tperuii Bopoc MbI JaauM 6oJiee MoIpOOHBIN OTBET, 4eM 3TO TPedy-
€TCs I HAIUX Mejieil. A IMEHHO, MBI OITUIIIEM BCE BO3MOXKHBIE MHOXKECTBA
HEMOJBUKHBIX TOYEK JBUKEHMI mockocTu Jlobagesckoro. Paccmorpum mo
OTJIETBHOCTH HeCO6CTBe(HH%Ii pII) COOCTBEHHBIE JIBUKEHUS.
al—=z

m MIPUBOANUTCS K BUIy —czZ +dz+azZ —b=0,

a) YpasHeHue z =
T.€.

—c(z® +y*) +dr+ar —b=0, dy—ay=0.

IIpu a # d nocnennee ypasaenue umeer eguacreennoe pemrenue y = (0. B Ta-
koM ciay4dae z € H. Eciu ke a = d, T0O MHOXKECTBOM HEIOQJIBUKHBIX TOYEK
SABJIIETCA HEKOTOPas TUnepboIndecKas mpsaMas.
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b
6) YpaBHeHue z = @zt

ﬂ ABJIAETCA KBadPaTHBIM. Omno umeer KOpHHA
cz

a—d++/(d—a)?+ 4bc
2¢ '

Moxuo camraTh, aro ad —bc=1. B takom caygae D = (d — a)? + 4bc =
= (a + d)? — 4. losTomy

D=0 < |a+d| =2 (napabosuueckoe npuxenne),

D >0 < |a+d| > 2 (eunepboauueckoe npuxenune),

D <0 < |a+d| <2 (sarunmuseckoe NBIZKEHUE).

az+b
Hemnoauzkable TOYKH MpeoOpa3oBaHUA 2 — e
cz

3HaKa D BBIVISAAT TakK, KaK MMOKa3aHO Ha puc. 5.27. OTMeTnM, 9TO JIAIIL B
caydae D < ( ogHA U3 HENOABUXKHBIX TOYEK SIBJISIETCS HEIIOABUKHOM TOYKOM
IBUXKeHnd I1ockocTu JlobadeBckoro. Bee ocranbpHble HEOJBUKHBIE TOYKHI
Jie2KaT BHE BepXHeH mosrymiockoctu H.

21,2 =

B 3aBUCHUMOCTH OT

>
\\\

D<0
Puc. 5.27

Mpebr oTBeTHIIM HA BCE TPU BOMPOCa. TeM caMbIM, JOKA3aTEIHCTBO TEOPEe-
MBI 3aBEPIIEHO. U

Obcynmm 6ostee oIpOOHO COOCTBEHHBIE IBUKEHUS ILIOCKoCcTU Jlobades-
ckoro. CobcTBeHHOE IBUYKEHHE MOXKHO IPEJICTABAUTH B BUJE KOMIIO3HUIUU
IBYX CHMMETPHUI OTHOCUTEJIHHO IPAMBIX. B mimockoctu JlobageBckoro mapet
NPSAMBIX OBIBAIOT TPEX THIIOB: NAPAJUIENIbHBIE, HE ePeCeKAmuecs (1 He ma-
paJlIeNbHbIE) U IepeceKaromuecs. [IokakeM, 9TO KOMIO3UINKN CUMMETPUii
OTHOCHTE/IFHO TAKUX AP IPSIMBIX [IPEICTABJISIOT COO0IT COOTBETCTBEHHO A~
pabonmaeckue, TUepOOIUIECKIe U JIIUITHIECKIE TBUKEHUS.

IIpexk e Bcero BbIsiICHUM, K KAKOMY LIPOCTEIIEMY BU/Iy MOXKHO IPUBECTH
napy IpAMBIX C IIOMOILIbIO JBUKEHUS.

1. JI1s mapbl mepeceKaroIumxcs MPIMbIX YI00HO BOCIOIb30BATHCS MOIE-
sbio [Iyankape B kpyre. MOXXHO CIATaTh, 9TO IEHTP KPYyTa sABJISETCS TOYKOM
mepecedeHns MPSAMBIX. 1orga paccMarpuBaeMble IpsIMble OYIyT AHaMeTpa-
mu Kpyra. Komnosurus cuMMeTpuil OTHOCATEIFHO HUX — IOBOPOT BOKPYT
HeHTpa. JTo nNpeobpa3oBaHue UMeeT BUJ, 2 — €'z,

2. lyisi mapsl mapaiieIbHBIX MPSAMBIX YA00HO BOCIOJIB30BATHCHA MOIE-
sbio Ilyankape B BepxHeil mosymaiockocTu. [Ipu 3ToOM MOXKHO CUMTATH, ITO



§5.3. Msomerpun B Tpex reoMeTpusix 147

[PAMBIE CXOAATCH K TOUKE OO, T. €. OHH SBJISIOTCS JIy9aMu, apasljIeIbHBIMA
ocu Oy. Komnosunusi cuMmmeTpuii OTHOCUTEILHO TUX HPAMbBIX UMEET BHIL,
zr z+ h.

3. He mepecekaroomuecs u He mapaJuiejbHbIe OpsSMble OyIeM HA3BIBATH
PACTOOAWUMUCA UTH CEEPINAPastesbHbmy. 1loKaxKkeM cHadaja, 9T0 pac-
Xonsimpecs npaMble [, u l, umeror obmumii nepueHaukysap m. ObparumMcs
11t Toro K mogesu Ilyankape B BepxHeit nosymiockoctu. MoxkHO canrarh,
9T0 npamas [; seasercs xyaom Oy (puc. 5.28). Ilposenem u3 Toukn O kaca-
TesnbHyI0 OA K eBKIUI0BONW OKPYKHOCTH, COAEpKaIIedl TUnepOboImIecKyo
npsamyio l,. Jlerko npoBepuTh, YTO runepboMYecKas MpsaMasi M, COOTBET-
CTBYIOImAs €BKJIMI0BOI OKpyzkHOCTH pammyca |OA| ¢ nearpom O, mepnen-
MUKYJIApHA OPAMBIM [, 1 [5.

IIpsimyro m moxkuo nepesecru B jyd Oy. Torna npsmeie [; u l, nepeii-
IyT B mosyokpyxHoctH ¢ reHTpoM O (puc. 5.29). Komnosuius nHBepCuii
OTHOCHTEJIHO OKDPY2KHOCTEH, COmepKaIluX WuX, uMeeT Bun z — kz, k> 0.

15 m
m l2
lo I
(@) 0]

Puc. 5.28 Puc. 5.29

CobCTBEHHOE ABMKEHME MOXKHO IPEJACTABUTh B BHJE KOMIIO3UILANA CHM-
MeTpuil OTHOCUTEJILHO PAMBIX [ U [, MHOrMME pas3HbiMu criocobamvu. st
GUKCHPOBAHHOTO COOCTBEHHOTO ABUKEHIS PACCMOTPUM MHOXKECTBO BCEX CO-
OTBETCTBYIOIINX eMy IpsaMbIX ;. Ha30BeM 3TO MHOXKECTBO ny4kom npambic.
B coorBercrBum C THIOM ABUXKEHHS My9YOK HPSMBIX HA30BEM IAAUNMU-
YECKUM, NAPAOONUMECKUM WIIA 2UNEPOOAUMECKUM. DILUIUNTAIECKAN Iy 90K
COCTOUT U3 MPAMBIX, IPOXOIAMNAX depe3 (DUKCHPOBAHHYIO TOYKY; rmapado-
JIMYeCKUii My9I0K COCTOUT U3 HONAPHO HapAJLIENIbHBIX IPSAMBIX (T.€. U3 Ipsi-
MBIX, IIPOXOAAIINX Yepe3 (PUKCUPOBAHHYIO ODECKOHEIHO YAAJEHHYIO TOUKY);
runepOOoIMYeCKnil Iy90K COCTOUT U3 MPSMBIX, OPTOrOHAJIBHBIX (DUKCHPO-
BAHHOU IIPAMOIL.

C KaxXKJbIM IyYKOM IPSIMBIX MOXKHO CBA3aTh CEMENCTBO KPUBBIX, OP-
TOTOHAJBHBIX BCEM NPAMBIM IIy9Ka. DTO CEMEHCTBO KPUBBIX IOJYYaeTCHd
caenyomuM obpas3oM. PaccMOTpuM Bce IBIIKEHHUS g, KOTODPBIE SIBJISIOT-
€ KOMIIO3UIIUSAMUI CUMMETPHIM OTHOCUTEIHLHO Hap MPAMBIX JAHHOTO ITYyYKA.
Bosbmem npoussosbayo Touky A miuockoctu JlobageBckoro u paccMorpum
MHOXKeCTBO Beex Touek Buga g(A). Ha puc. 5.30 n3obpazkeHnbl 101y 9eHHbIE
KpuBbI€ JIJId BCEX TPEX TUIIOB IIy9KOB IIPAMBIX (HpI/I 9TOM Ha CaMUX IMPAMBIX
[y9Ka HAPHCOBAHBI CTPEJIKM). JIJIs 3JIIMOTHYECKOro MydKa UCIOIb30BaHA
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CNCAD
S Lr

Puc. 5.30

Mozeb Ilyankape B Kpyre, AJjd OBYyX APYTHX IIy9KOB — MOAedb IlyaHKape
B BepXHeil MOJIyILIOCKOCTH.

B cirydae 3/LIMITHYIECKOrO IMy9Ka KPUBBIME, OPTOMOHAJIBHBIMU IPAMBIM
quKa, ABJIAOTCA Opr)KHOCTI/I. OpTOI‘OHaJII)HLIe KpHUBbBIE J1JI1A Hapa60JII/I‘{e-
CKOr'0 IIy4Ka Ha3bIBAIOT OPUUUKAGMU WA NPEOCALHUMY OKPYHCHOCTRAMU..
Bropoe W3 TMX Ha3BaHWiI CBA3AHO C T€M, UTO 3TH KPHUBBIE IMOJIy9aIOTCS
npu 6eCKOHEYHOM YBEJIMYeHUN PAIAyCa OKPYXKHOCTH, KACAIOmencs JaHHOH
OpAMOii B JaHHOH Touke. OPTOroHAIbHBIE KPHUBBIE s TUIEPOOIHIECKOrO
Iy49Ka HA3BIBAIOT 2UNEPUUKAAMU WIH IKeuducmanmamu. Bropoe Hassanme
CBA3aHO C T€M, YTO BCE TOYKHU IKBUAUCTAHTHI HAXOAATCA Ha OJJHOM U TOM 2K€e
PaCCTOSHAM OT IPAMOit, KOTOpad OPTOTOHAIbHA IPAMBIM JaHHOTO HIep6o-
JIMIECKOTO Ty9Ka NpsAMbIX. OOBITHO SKBUIUCTAHTON (THIEPIUKIIOM) HA3BI-
BalOT MHOKECTBO TOYeK, PABHOYJAJEHHBIX OT JAHHOH IPAMOIi; 9Ta KpUBas
COCTOUT U3 [IBYX BeTBell, CHAMMEeTPUYHBbIX OTHOCHUTEJbHO NAHHOU HIPAMOM.

BI)IHCHI/IM Tenepb, Kak yCTpoeHbI CO6CTBeHH])Ie JABUXKEHUA IJId MOIEJIN
reomerpun JI06a9eBCKOrO Ha BEPXHEH MOJIOCTU ABYIOJOCTHOTO TUIEPOOJIO-
una [z, x]=—c?, toe [z, ] =22 + 22 — x3. IIpexK e BCEro OTMETHM, 9TO JTH060€e
JIUHeHHoe Tpeobpa30oBaHue, COXPAHSIOIIEe IICEBI0CKAISIPHOe IPOU3BEICHIE
[, y] m HE MeHdAOIEe MeCTAME BEPXHIOK M HIZKHIOI MOJIOCTH rANep6oIon-
13, UHAyIUPYeT nBuzKeHue 1miockoctu JlobadeBckoro.

JIio6yr0 IUIOCKOCTH MOXKHO 3aJaTh ypDaBHEHHEM [T, a] =p, TAe a —
bUKCHPOBAHHBIN BEKTOD, p — durcupoBanHoe uncio. Oupeneanm cummen-
Put0 OTHOCUTENBHO TJIOCKOCTH [z, a] =0 cremyromum obpasom. [Tojroxkum
r— x' =1z + \a, TAe IUCTO0 A TAKOBO, ITO BEKTOP & + &' JIEZKAT B ILJIOCKO-
cTH cumMeTpuw, T.e. [x + 2', a] = 0. B pesymnbraTe momyamm oTobpazkenue
T X — 2%(1. DTO ompeseNIeHNe IMEET CMBICT TIPH [a, a] # 0.

)

ITnockocTw, KacarenbHBIE K KOHYCY [z, x| = 0, 331a10TCs ypaBHEHAAMA
Buga [z, a] =0, rme [a, a] =0. VIMeHHO OTHOCHTENBHO 3THX ILIOCKOCTEH
CUMMeTpus He omnpeje/ieHa. Bce oCTabHble MJIOCKOCTHU, MPOXOIAIIAE He-
pe3 HadaJl0 KOODIAWHAT, Ju0O I[EPECEeKalOT ABYIOJOCTHBIH TUIep6osIon
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[z, ] = —c®, M0G0 HE NePeceKaT €ro W NPH TOM HE KACAIOTCI KOHY-
ca [z, ] =0. Ilpameim mmockoctn JIo6a9eBCKOro COOTBETCTBYIOT JIMIIB
IJIOCKOCTH TepBOro Tuma. CHMMeTPHH OTHOCHTEIHHO ITUX ILJIOCKOCTEH He
[EepPEeCTABJIAIOT IIOJOCTH IHIepOOJIOnIa, TaK KaK TOYKH MepecedeHns ILI0C-
KOCTH U THNEPOOJIONIa OCTAIOTCA HEMOABUKHBIM.

HecnoxXHble BBIMUCIIEHAsS] TIOKA3BIBAIOT, ITO TpH [a, a] # 0 cummeTpus
OTHOCHUTEJBHO ILJIOCKOCTH [T, a] =0 COXpaHsIeT 1CEeBJIOCKAIAPHOE IPOU3BE-
JleHue, T.e. ecom & — ' my— Yy, To [x, y] =[2', y']. Takum o6pasom, cummer-
pHsl OTHOCHTEIHHO TLUIOCKOCTH, TIEPECEKAIOIIell rumep6oIOn I, COOTBETCTBYET
CHMMEeTPHH OTHOCHUTEJIHHO MpsSAMOil B mrockocTu Jlobadesckoro. CobcTBeH-
HOE JIBH2KEHHE ILIOCKOCTH JI06adeBCKOro, COOTBETCTBYIONMEE KOMIIO3UIAU
CHMMETpUil OTHOCHTEIHHO IMAaphl ILIOCKOCTEH, OyJeT 3JLIMNTHYeCKHM, IIa-
pa6OHquCKHM nJjin I‘I/IHep6OJII/IlIeCKI/IM B 3aBHCUMOCTU OT PACIOJIOZKEHUA
IpSAMON MepecedeHns IIOCKOCTeH (COOTBETCTBEHHO NpsIMasi TIEPECEKAET TH-
nep6osIon T, TpAMas TPUHAJIEKAT KOHYCY, TPAMAs JIEXKAT BHE KOHYCA).

Iycrs miaockoctu [z, a,] =0 u [z, ay] =0 mepecekaroTcs MO IPSAMOIA,
conepzkameii BekTop b, T.¢€. [b, a;] =[b, a;] =0. Torma miockocts [z, b] = p me-
pexoauT B cebsi IPU CUMMETPUSIX OTHOCUTEJIBHO YTUX IJIOCKOCcTelH. B camom
Zlesie, IPA TaKUX CHMMETPHAX BEKTOD T IE€PEXOIUT B BEKTOpP Z' = T + ha;,
a 3Hauut, [2', b] = [z, b]. CiemoBaTebHO, KOMIIO3UIUSA CAMMETPHN OTHOCH-
TeJILHO IIJIOCKOCTEH [z, a,] =0 u [z, as] = 0 nepeBogur miockocts [z, b =p B
cebs1. DTO 03HAYAET, YTO OKPY2KHOCTD, OPUIUKJI U FHIEPIUKJI IPEICTABIIAIOT
co0oii cevenne runepGoIORIA TWIOCKOCTHIO |2, b] = p, rme BekTOp b cooTBET-
CTBEHHO JIEYKUT BHYTPHU KOHYCA, IPUHAJIEXKUT KOHYCY, JIE?KAT BHE KOHYCA.

Saga4du K rijase 5
5.1. JTokaxkuTe, 9T0 CAMMETPHS OTHOCATEIHHO IAIIEPILIOCKOCTH (T, a) =
= 0 3azaerca dopmyioit

(z, a)
(a, a)

r—x—2

5.2. Jluneitnoe npeobpazoBanue A mepeBoauT J0OOYIO ITapy OPTOrOHAJIb-
HBIX TIPAMBIX B APy OPTOTOHAJIBHBIX OPAMBIX. Jlokaxkure, 910 A — KOMIIO-
3UIUs TOMOTETUN T — KT W M30METpPUH.

5.3. JlokaxxuTe, 9TOo JI060€ COOCTBEHHOE IBUKEHHE IMPOCTPAHCTBa R,
HMEIOIIee HEeMOABIKHYIO TOYKY, MOXKHO MPEJCTABATH B BHJE KOMIIO3UIUU
JIBYX CUMMETPHUI OTHOCUTEIHHO IPSIMBIX.

5.4. Ilycrs uzomerpust f npocrpancrBa R™ ocrasiisier Ha4aa0 KOOPIU-
HaT Ha MecCTe. B TaKOM C/Iy4da€ MHO2KECTBO HENOABU?KHBIX TOYEK 06pa3y—
eT JIMHEHHOe TOAIPOCTPAHCTBO HEKOTOPOH pasmepHocTH S. JloKaxKuTe, 910
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HU30METPHUIO [ MOXKHO IPEJICTABATH B B/ KOMIIO3HIUA 1) — § CAMMETPHH OT-
HOCHTEJIHO T'MIIEPILJIOCKOCTEN, HO HEJIb3s IIPEJACTAaBUTh B BUIE KOMIIO3UIIAKA
MEHBINEro IHCJIa CAMMETPHA.

5.5. IIyctsb orobpaxkenne f: R? — R? MHOro3Ha4YHOE, T.€. OHO COIIOCTAB-
JISIET TOYKe OJJHY WJIM HECKOJILKO TOYEK W M3BECTHO, uro ecau X, € f(X) m
Yie f(Y), tme | XY|=1, o |X,Y:|=1 (r.e. f coxpanser paccrosaume 1).
Hokaxxkure, 40 f — 0lHO3HAYHOE O0TODPAXKEHUE.

5.6. [Ipusenure npumep uzomerpuu f: R? — R? u orpaHmYeHHOTO MHO-
xectBa A C R?, nya xoropeix f(A) C A, wo f(A) # A.

5.7. IlpuseuTe MpuMep HEILyCTOTO MHOXKECTBA A, KOTOPOe MOKHO ITPe/I-
CTaBHUTbH B BUJIE OObEIMHEHNUS IBYX HEIePEeCEKAIONMXCS MOAMHOXKECTB, H30-
MeTpu4HbIX A.

Cdepuueckasa reoMeTpusa

Pagnyc chepwr R npenmosnaraercs paBabsiM 1; a, b, ¢ — niuHBI CTOPOH
cheprIecKoro TpeyroibHNKa, o, 3, Y — yIJIbl C(hepIIecKoro TpeyroIbHIKA.

5.8. Hokaxxure, 9yTo a + b + ¢ < 2m.

5.9. Haiinure yribsl a8monoasprozo TpeyrojabHUKA, T.e. chepuIecKoro
TPEYroJIbHUKA, COBIIAAIOIIETO C MOJSPHBIM K HEMY TPEYTOJbHUKOM.

5.10. CymecrByet jiu oToOpazkeHue 0b1acTu cepbl Ha 00/IaCTD MIOCKO-
CTH, TepeBosInee OTPE3KU CHEePUIECKUX HPSAMBIX B OTPE3KH €BKJIUIOBBIX
[PAMBIX !

5.11. Jlokaxxure, 94TO Jjist JIFOOOr0 CHEPUIECKOTO TPEYTOJHHUKA CYIIe-
CTBYIOT BIIMCaHHAsA W OIIMCaHHAA OKPY2KHOCTH.

5.12. JlokaxKuTe, 9TO a) MEAUAHBI, ) BBICOTHI C(HEPUIECKOr0 TPEYTOIIb-
HUKA IIEPECEKAIOTCS B OHOM TOYKE.

5.13. Jlokaxxure, 9TO IJIOMAab CHEPUIECKOrO KPyra paanyca r paBHA
4nsin®(r/2).

5.14. Jlokaxwure, 9TO

.o [sin(p—b)sin(p —¢) o [sinpsin(p —
Sy = \/ sin bsin ¢ » 085 = sinbsinc '
rne p=(a+b+c)/2.
5.15. Jlokaxwure, 9TO
a+b cos &= b
2 . .
COSOH_B: smI, SlnoH_B:—QCOSI.
2 [ 2 c 2
cos 5 cos 5

5.16. Ilycte S = o+ + v — n. JJokaxmnre, 4T0
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a) 2sin S _ V/sinpsin(p — a) sin(p — b) sin(p — ¢) :
2 a b c
COS - COS = COS =

2 2 2
S p, p—a, p—b, p—c
22 p
6) tg 1 - este St te
5.17. Jokaxure, 9T0 B CHEPUIECKOM TPEYTOJBbHUKE C MPSIMBIM YIJIOM
Y BBINIOJHAIOTCA COOTHOMEHN tga = tgasinb u tga = tgccosf.
5.18. Ilycts r — paguyc BOHCAHHON OKPYZKHOCTH C(HEPUIECKOTO Tpe-

yrojbauka. Jlokaxkure, 9TO

o — \/ sin(p — a)sin(p — b) sin(p — )

sin p

5.19. Ilycre R — paamyc OnuCcaHHOW OKPYKHOCTH CHEPUIECKOrO TpPe-
yroibpHuka. JJokaxure, 9To

sin s ’

ctg R— \/sin(oc — 5)sin(B — s)sin(y — s)

rpe s=(a+B+yv—mn)/2
5.20. a) BosbMeM 0Tpe30k chepudecKoii IpsMOii JJIMHBL 0. B PACCMOTPIM
MOJIAPBI BCEX C(PePUIECKUX MPIMBIX, ITEPECEKAIONINX JTaHHbINA 0Tpe30K. Jlo-
KaXKUTe, 9TO PACCMATPUBAEMbIE TOYKH 3aMETAIOT MHOXKECTBO ILIOIMIAIH 4.
6) JaHO HECKOJIBKO OTPE3KOB C(HEPUIECKUX MPSAMBIX, CYMMa [JINH KO-
Topbix MeHbIre 1. Jlokarkure, 94TO CymecTByeT cdepudeckas MpsiMasi, He
IepeceKaromas HU OJTHOTO U3 JAHHBIX OTPE3KOB.

Moaenu reomerpuun JlobaueBckoro
5.21. Jlokaxure, 9T0 TOUKe 2 B Mojenu IlyaHkape B eIMHAIHOM Kpyre

2z .
COOTBETCTBYeT TOYKA W B Mogenu KieiiHa.
z

5.22. JlokaxkuTe HEPABEHCTBO TPEYroJbHHKAa B Momeau llyaHkape B
BEpXHEH MOJIYILJIOCKOCTH.

5.23. Haiigure MuHIMAIBHOE TUIIEPOOJIMIECKOE PACCTOSTHUE OT TOYKH
(z, y) BepxHeli mosymIockocTu 10 ayda Oy.

5.24. JlokaxkuTe, 9TO BCE TOYKU eBKJIUIOBON OPsAMOi y = kx, jTexkalue B
BepXHEH MOJIYIJIOCKOCTH, PABHOYIAJEHBI OT runepbondeckoit mpsamoii Oy.

5.25. Jlokaxkure, 9T0 BCe COOCTBEHHBIE nBuKeHns Momenau Ilyankape B

az+b
€INHUYHOM KpPyT'e UMEIOT BUJ, 2 — bt riue a, b — rakume KOMILIEKCHBIE
z+a

4ucia, aro |a|®> — [b]* = 1.
5.26. Jlokakure, 9TO €Cyiu BCE YTJIbl THIEPOOINIECKOr0 MHOTOYTOJIHbHU-
Ka MEHBIIe T, TO OH BBIITYKJIbIH.
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I‘nnepﬁonnqecxaﬂ dJIeMEeHTapHasdA reomMmeTpuda

5.27. JlokaxuTe, 9TO cooTHomeHne e~ /¢ = tg(o/2) SKBUBAJEHTHO CO-
OTHOIIEHUSIM ch(%) sina=1, sh(%) tga=1wu th(%) = COS 0.

5.28. JlokaxuTe cooTHOMeHHe ¢~ %/° = tg(0,/2), ucnomb3ys oaHy U3 Mo-
neneit llyankape.

5.29. /lokakuTe, 9TO CTOPOHBL U YIJIBI TPEYTOJIBHUKA C MIPSIMBIM YTJIOM Y
CBS3aHBI ciemyrormumu cooTHormeHusaMu: sha =shcesina, thb=thccosa,
ctgactgB =che, cosa=chasinf.

5.30. JlokaxKuTe, 9TO CTOPOHBI U YIJIbI TPEYTOJbHUKA CBA3AHBI CIIEIY-
FOITIME COOTHOIIEHUSIMU:

a) chasinB =chbsinocosy + cosasiny;

6) cha= cosoc'—b- co‘sﬁcosy'

sinBsiny

5.31. B momenu Kneitna cropona rumep60InIecKoro yria mpoXoauT de-
pe3 nentp kpyra A. Jlokaxknre, 9T0 €CJIM 3TOT yroJ OCTPHIi, TO ero BeJjmn-
YHA MEHbIIE BEJIMYUHBI COOTBETCTBYIOIIETO €BKJ/INA0BaA yIJiad.

5.32. JlokakuTe, 9TO TPEYTOJIBHUK U KPYT — BBIIYKJIble (DUTYDHI.

5.33. /lokaxXmuTe, 9TO €CJIM COOTBETCTBEHHBIE YIJIBI BYX TPEYTOJIbHIKOB
PaBHBI, TO PABHBL X CAMH TPEYIOJbHUKH.

5.34. JlokazkuTe, ITO OPTOrOHAIbHAS IIPOEKIHS OJHOM U3 CTOPOH OCTPO-
o yrJia Ha JPYTryi0 CTOPOHY IIPEJCTaBJIsieT COOON OrpaHIMYE€HHOE MHOYKECTBO.

5.35. a) Jokaxure, 9ro mpu o < (n — 2)T/n cymecTByeT NpaBHIbHbIH
N-YTOJIbHUK, BCE YIVIBI KOTOPOTO PABHBI 0L U BCE CTOPOHBI KOTOPOI'O DABHBL.

6) [dokaxure, 9TO €CJIM ¢ U T — CTOPOHA U PAJUYC BIUCAHHOW OKDPYXK-
HOCTU IIPABUJIBHOI'O N-yTOJbHUKA C YIJIOM O, TO

cos(a/2) a _ cos(n/n)
chr=—"""+%ch-=—"-+.
sin(n/n)’ 2 sin(a/2)

B) Ilpn Kaknx N CymecTByeT MPABUIBHBIN N-YTOJBHAK C YIIIOM o= 27/n
(T e. ¢ cymmoit yrios 21)?

5.36. Tpu yriia 9eThIpexyroJbHUKa PABHBL T/2, a 9e€TBEPTHI Yyros pa-
Ben y. Haiinure v, ecam m3BeCTHBI MJIMHBI G U b CTOPOH, COETUHSIIOIIIX
[PAMBIE YIJIBL.

5.37. Bpraucaunre miomanab TpeyroabHWKA ¢ BeprmumHamMu 1, —1, 00 B
mogesn [lyankape B BepXHeH HOJIYIIOCKOCTH, 3allCaB €€ B BHJIE JBONHOIO
HHTErpaja.

z—1
5.38. JlokaxXuTte, 9TO €CJIU W = -, TO
zZ+1
|[dz]  2|dw]

Imz 11— |w|?’
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5.39. Jlokaxmure, 9T0 B Momeau KiieitHa 3;1eMEeHT JINHBI UMEET B/,

. da? + dy? — (zdy — ydx)?

2
ds (1— a2 — y?)2

5.40. a) Jlokaxwure, uro B Mozesax llyankape B BepxHeil mosymjoc-
KOCTH U B €IWHWYHOM Kpyre IUIOMAJb DECKOHEYHO MAJIOrO IIPSIMOYTOJIb-

dy
y2

HUKa CO CTOPDOHAMH, IapaJjijieJIbHBIMA OCAM KOODJWHAT, PaBHA

4dz dy
(1-(2*+y%))?
6) Paccmorpum B Mmomenn Kieiina GeCKOHETHO MaJIbIil TPSMOYTOIBHUAK,
00pa3oBaHHBIH JIMHUAME O = const, ¢ = const, rue p, ¢ — IoJIgPHbIE KOOPIH-
dp pde

n .
1—p? 1— 2

COOTBETCTBEHHO.

HaThl. JlokaxwuTe, 9TO JJIMHBI €10 CTOPOH PaBHBI

5.41. JlokaxKkuTe, 9TO IJIOMAIb KPyra paaumyca r paBHa 4w sh? (%)

5.42. Jlokaxkure, 9TO IJIMHA CpPEIHEIl JUHAU TUMEPOOIUIECKOTO Tpe-
YTOJIbHUKA MEHbIIIe TIOJIOBUHBI JJIMHBI IPOTUBOIIOJIOXKHON CTOPOHBI.

5.43. PaccmorpuM BbILyKJIbLH 4deTbipexyroabHuk ABCD ¢ npsmbiMu
yrmamu A, B, C n Beibepem Ha otpeske C'D Touxy P rak, aro |BP|=|AD)|.
Hokazxkure, aro gyun BP u AD napaJjeibHb.

5.44. a) JlokaxxuTe, 9TO NEPIEHAUKYISAP, BOCCTABIEHHBIH U3 CEpeIUHBI
cropousl AB tpeyrosbuuka ABC, meprneHauKyIsipeH IpsaMOi, COeIUHSIIO-
meit cepenunnl cropon AC u BC.

6) IIycte X +— X’ —m30oMeTprnaHOE 0TOOpakeHne OHOM MPAMOit Ha 1py-
ryto. Jokaxkure, aro cepemgunnt orpe3koB X X' jmbo coBuauaroT, Jmbo Jie-
2KaT Ha ONHOM IIpAMOM.

5.45. JlokaxkuTe, 9TO B OZHON TOYKE II€PECEKAIOTCH &) OUCCEKTPHUCHL
TPeyTOIbHAUKA; 6) MEIMAHBI TPEYTOJBHAKA; B) BBICOTHI OCTPOYTOIBHOTO TPE-
YTOJIbHUKA.

5.46 (I'mnepGonnaeckas Teopema Menenast). IIpsimas | mepecekaer cro-
poubl BC, CAu AB Tpeyrombuuka ABC B roukax A;, B; u C,. Jlokaxure,
9TO0

ShlACl| Sh‘BA1| SthBll -
sh|CiB| sh|A;C| sh|BiA|

5.47 (I'umep6osmmaeckas reopema Yessr). Ha croponax BC, CA u AB
rpeyrosibauka ABC' B3arel Touku A;, By u C,. JlokaxXure, 9T0 OTPE3KH
AA,, BB, u CC, nepecekarorca B OJHOM TOYKE TOrJa U TOJHLKO TOLIA,
KOT/Ia BBIMOJHAETCS OJIHO U3 CJIEAYIONNX KBUBAJEHTHBIX COOTHOIIEHUI:

sin ACCy sinBAA; sinCBB; _ 1.

a) sinC,CB sinA,AC sinB,BA
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sh|AC:| sh|BA;| sh|CB|
) sh|CiB| sh|A:C| sh|Bid|
5.48. Ilycrp amcaa @y, ..., ¢, € [0, 1) TAKOBBI, YTO UX CyMMa MEHbBIIE
(n — 2)x. JTokaxKuTe, 9TO CyUIECTBYET TUIEPOOINIECKH N-yTOIBHUK C yTila-
MH @1, ..., Q.
B zagagax 5.49—5.51 p=
5.49. Jlokaxwure, ITO

a+b+c
—

. 2o sh(p—0b)sh(p—¢) 2o _ shpsh(p—a)
2T T Tehbshe 0 P 27T T hbshe

5.50. okaxure, aro mromans S =1 — (o + 3 + ¥) runepbosuaeckoro
TPEeyrOIbHAKA MOXKHO BBIMHCIIATD L0 CJIeLYIOMEM hOopMyIaM:

_ \/shpsh(p —a)sh(p —b)sh(p — c)'
o a , b c ’
Ch§Ch5 Ch§

.S
a) 2sin 3
S p,p—a,, p—b , p—c
22 p
0) tg 1 th2th 5 th 3 th 5
5.51. IlycTs r — paguyc BOHCAHHOM OKPYKHOCTH TPEYroJIbHUKA. JloKa-
JKHTE, ITO

. \/sh(p —a)sh(p— b)sh(p — ¢)
shp ’

5.52. ITycrp R — paguyc OMMCAHHOIN OKPY’KHOCTH TPeyroJbHHUKA (ecin
ona cymectsyer). Jlokaxure, 910

o sin(S/2)
th it = \/ Sin(o+ 5/2) sin(B + 5/2) sin(y + 5/2)

rne S=n—(a+B+7y).

5.53. B BoinykJioM runepbosmaeckom derbipexyroyubauke ABC D yriibt
A u B npausie, a nyun AB u DC napamtensnsl. Jokazxure, uro ¢/ “Pl =
__sh|AD|
"~ sh|BC|”

5.54. Beimykuibiit runepbosimdgeckuii gerbipexyroabaunk ABCD Takos,
aro nyun AB u DC napajiensusl u jgyau AD u BC Toxe nmapaJuiebHbI.
Hoxkaxwure, aro |AB| + |BC| = |AD| + |DC|.

5.55. I[lycrs ABC' D — BoimyKJibiii runep00an9eckuii 9eThIpexyroJbHIK,
st kotoporo |BA| 4+ |AD| = |BC| + |CD|. Hokaxure, 9T0 GHCCEKTPUCHL
BHemHUX yrii0B A n C' u OMCCEeKTPHUCH BHYTPeHHUX yriioB B u D npuna-
JIEXKAT OJIHOMY ITY9YKY MPSMBIX.

Tpu Tuna cobcrBeHHBbIX ABM2KEHUI miockoctu Jlobauesckoro

5.56. /lokaxxuTe, 910 JI00YI0 TAPY MAPAJIEIbHBIX MPAMBIX MOXKHO JIBHU-
KEHUEM TIEPEBECTH B JIFOOYIO APYTYIO Mapy MapajiIebHBIX MPIMBbIX.
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5.57. Jokaxmure, aro B Momenu KieitHa Jr0060i IIy<IOK MPSAMBIX COOT-
BETCTBYET CeMeHCTBY €BKJIMIOBBIX NPSAMBIX, IMEMINX OOILyI0 TOuKy (s1e-
JKAIyI0 BHYTPH, Ha FPaHUIE U BHE KPYTra).

5.58. /lokaxKuTe, ITO BCe OPUIMKJIBI [TOIAPHO KOHTDYIHTHBHI.

5.59. Haiinure nyuny nyru AB opunukia, eCiid U3BECTHO PACCTOSHUE
d mexay Toukamu A u B.

5.60. okakure, 9TO CepeaWHHBIE MMEPIEHANKYIAPHI K CTOPOHAM Tpe-
yroJbHUKA NPUHAAJIEKAT OJHOMY ITy9KY HPAMDBIX.

5.61. [lokaxmTe, 9TO BBICOTHI TPEYTOJbHUKA MPUHAIJIEKAT OJHOMY
My 9KY.

5.62. Touka C' mepementaercs no ayre AB OKpy2KHOCTH, OPULMKIJIA, WA
rumeprukia. JJokaskure, 9TO IPH STOM BEIHIHHA O + 3 — Y HE H3MEHSeTCH
(o, B u ¥ —yruer Tpeyrosmwauka ABC).

5.63. B BoimykjioM geTbipexyroibauke A BC' D TpOTUBOIOIOXKHBIE CTO-
POHBI MONAPHO paBHBL. JIOKaxKuTe, YTO MPOTUBOMOJIOXKHBIE CTOPOHBI STOTO
9eTHIPEXYTOJILHAKA JIEXKAT HA PACXONAIIAXCS MPAMBIX.

5.64. Nzomerpus f mirockoctu JI06a4eBCKOro TaKOBa, 9TO PACCTOSHHE
mexy Toukamu X u f(X) ommo m To ke mua Bcex X . Jlokaxwure, uro f—
TOXK/IECTBEHHOE ITPE0Opa30BAHUE.

5.65. IIpeobpaszoBanue f miaockocTu JI0bateBCKOro TAKOBO, 9TO OHO yBe-
JINYNBAET PACCTOSHUE MEXKIY ABYMs JIF0ObIMHU ToukaMu X u Y B OJHO U TO
ke ameao pas k, e. d(f(X), f(Y)) =kd(X,Y). Hokaxure, aro k=1, T.e.

f —wusomerpus.
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BeckoneunomepHBIii MU

3mech Oymer KpaTKO pacCKa3aHO O OECKOHEYHOMEPHOI IeOMEeTPHH U ee
[IPUJIOKEHUIX K TeOpUdAM JUHEUHBIX yPDaBHEHUU, JUHEHHBIX HEPABEHCTB U
KBQIPATUIHBIX DYHKIAI.

§6.1. OcHOBHBIE OoIpege/IeHU

IIpocTpancTBa, paccMaTpuBaeMble B TON IVIaBe, HAIEJEHBI IBYMS
CTPYKTYpPaMu — JIMHEHHOCTHIO U TOIOJIOTHEl; PA3MEPHOCTh X MOXKET OBITH
7 OECKOHETHOM.

Onpenenenne. MuoxkecTBo X C BBIIAEJIEHHON CHCTEMON IIOJAMHOXKECTB T
HA3BIBAETCH MONOAOLUMECKUM NPOCTNPAHCME0M 1 0003HadaeTcd (X, T), ecu
CHCTeMa T JIOBJIETBOPSET CIIELYIOIUM akcioMaM: 1) @ u X npunajexar T;
2) o6benuneHne 0600 ceMeRCcTBa MHOXKECTB U3 T IPHHAJJIEXKHT T; 3) IIe-
pecedenre JIIO60N0 KOHEYHOrO YUCJIA MHOYKECTB U3 T IMPUHAJIEKAT T.

Cama cucreMa T IIpU 9TOM HA3bIBAETCI MONOAO2UET, MHOXKECTBA U3 T —
OMKPLIMbLMU MHOXKECTBAMU, 8 €CJAU MHOXKECTBO M3 T COJEPXKHUT HEKOTO-
PYIO TOYKY &, OHO Ha3bIBAETCS OKPECTMHOCTBLI0 MouKy x. Tomojsornyeckoe
npoctpascTBo (X, T) HasbBaeTCa TaycdopPosviMm, €Clu IJisd JIOOBIX IBYX
pa3nu4YHBIX TOYEK x, Yy € X Haligyrca takme umx okpectHoctu Vi m Vs, 9ro
Vinv,=0.

Bazkneiimue Tomosiorudeckue MOHSATHSI, C KOTOPHIMH HAM I[PUIETCH
AMEThH JIeJI0, — 3aMKHYTOCTb, HEIIPEPBIBHOCTH, KOMIAKTHOCTH. HamoMHIM
OTIpeie/IeHNS.

Iycrs (X, t) — ronosoruaeckoe npocrpanctso. llogmuoxkecrso C' mpo-
crpaHcTBa X HA3BIBAETCH 3AMKHYMbLM, €CJIH JIOMOTHEHNE K HEMY OTKDPBITO.
Bambikaamem Cl(A, X) (wm Cl A, ecnu scHO, 0 KAaKOM MHOXKeCTBE X HZIET
pedn), HA3BIBAETCS HAWMEHBINEE 3aMKHYTOe MHOXKECTBO, comepramee A.
MmuoxectBo X; C X HassBatoT 6ctody naomuovim, ecau Cl X, = X. Ilycrs
(Y, 9) — npyroe Tomosormaeckoe npoctpancTBo. Orobpaxkenume f: X — Y
HA3BIBAETCS HENPEPuI8HbIM, E€CIIH TPoobpa3 J60ro OTKPHITOrO MHOXKE-
crBa m3 Y orkpeir B X. Tomosormdeckoe MpOCTPAHCTBO HA3BIBAETCA
KOMNAKMHbM, €CIM U3 JE000ro OTKPBITOrO MOKPHITHS (T. €. HOKPBITHS
IPOCTPaHCTBAa OTKPbBITHIMU MHO}KeCTBa,MI/I) MO2>KHO BI)I6pa,TI) KOHEYHO€ I101-
MOKPBITHE.
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Oupenenenne. a) Jluneitnoe (BekTopHOE) mpocTpancTso' X Ha3bIBa-
eTca 8EKMOPHBIM TNONOAOLUMECKUM NPOCTPAHCIMEOM, €CJIU B HEM BBEJEHA
TOIOJIOTUS, TPU KOTOPOIl CJIOKEHWE W YMHOXKEHWE Ha YHCIO SBJISIOT-
C HENPEePHIBHBIME ONEpauaMi. BeKTOPHOE TOIOJOrAYecKOe IPOCTPaH-
cTBO X HA3BIBAETCH AOKAALHO 6bINYKAbLM, €CJIH OHO XaycmopdoBO H JIXO-
0asg OKPECTHOCTDb JII060#I TOYKH COIEPXKUT BBIIYKJIYI0O OKPECTHOCTH 3TOM
TOYKHU.

COBOKYIIHOCTh HENPEPBIBHBIX JIMHEWHBIX (DYHKIMOHAJIOB Ha X Ha3bl-
BAETCH CONPANCEHHbIM NPocmparcmeom u obosHagaerca X *. Tomosmorus
Ha X* MOXKeT OBITH OIpe/e/ieHa MO-Pa3HOMY, ciabeiias TOmOJIOTHS 3313~
erca oTkperThiME MHOKecTBamu V (2, a) = {z* | (¢*, z) < a} (3mecw (x*, x) —
3Ha"eHne (DYHKIMOHANA T* HA JIIEMEHTE I ), HX MePECEIeHUAMA B KOHETHOM
qnciie 1 00beJUHEHUSIMA B JIFOOOM HHCJIE.

6) IIpocrpancrBo X HasbIBaeTcs HopmuposanHoim (U 0OO3HAUaeTCS
(X, ]I-1), ecnu onpenenena byakuus || - ||: X — R (nasbiBaemas nopmotl),
YIOBJIETBOPSIONIAS CJIEIYFOIIAM AKCHOMAM:

1) |z] =>0Vz e X, |z]|=0<2=0;

2) |lax| = lalllx]| Vz € X, a€R;

3) llz -+ oIl <l + gl ¥z, y € X.

B) IIpoctpancrBo X HasweiBaeTcs npedzuavbepmosvim (1 06o3HATAETCS
(X, (-, ), eciu na X x X onpeznenena dpyuknus (-, -): X x X — R, ynosie-
TBOPAIOIIAA CJIETYIONIAM AKCHOMAM:

1) (z,2) 20Vz e X, (z,2) =0 2 =0;

2) (z,y)=(y, ») Vo, y € X;

3) (az, y) =a(z, y) Yz, y € X, a € R;

) (x+vy, z2)=(z, 2) + (y, 2) Vx, y, z€ X.

HopMmupoBaHHOE IPOCTPAHCTBO CTAHOBUTCS METPHUYECKHM, €CJIU OIpe-
nesnTh paccrogame d dopmyoi d(x, y) = ||x — y||. Beemernoe paccrosiame
JIa€T BO3MOXKHOCTD OIIPEJIEIUTh TAK HA3BIBAEMYTIO HOPMUPOSAHHYIO MONOAO-
euro 7).). ToBopaT, 9r0 MHOXKeCTBO U OTKDBEITO B HOPMHPOBAHHON TOIOJIO-
ruu, eciu g jgoboro x € U Halimerca Takoe ducyo € > 0, aro ecim y € X
u ||z — y|| <e, o y npuranmexur U. IlocienoBaTeabHOCTD X, HA3BIBAIOT
nocaedosamenvrocmoio Kowu, ecimu pis moboro € > 0 HaiigeTcsa Takoi HO-
mep N, 970 Jy1s Beex n, m > N BBINOJHSAETCS HEPABEHCTBO (L, T.y) < E.
Hopmuposarnoe mpocrpasctso (X, || - ||) HaseiBatoT noanvim, eciu B HeM
mrobas mocsenoBaTelbHOCTh Komm cxomurcs. HopmupoBanHOE TpocTpaH-
CTBO, TTOJTHOE OTHOCHTEJILHO METPHUKH d, Ha3bIBaeTcd banaxosvim. Hopmupo-
BaHHOE IIPOCTPAHCTBO HA3BIBAETCA CENapabesvHbiM, €CIU B HEM CYIIECTBYET
CYETHOE BCIO/ly ILIOTHOE MHOYKECTBO.

che IIPpOCTPpaHCTBa PaCcCMAaTPUBAIOTCA Ha IIOJIEM BEIIECTBEHHBIX YHCEJI.
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Ipearmmsbeproso mpocrpancreo (X, (-, +)) CTAHOBATCS HOPMHUPOBAH-
HbIM, ecyin n0j0kuTh ||z|| = (z, £)'/2. Tlosmoe (oTHOCUTEIHLHO STOH HOPMbI)
[OPermIb0EPTOBO MPOCTPAHCTBO HA3BIBAETCS 2UAbOEPTOBVIM.

Hawm ocTasoch npuBecTH eIme 0JHO BaXKHOE OINPEJIEJIeHue.

Onpenenenne. ['0BOPAT, 9TO BEKTOPHBIE MPOCTPAaHCTBa X U Y HAXO-
IATC 6 080lCMBEHHOCMU, eCIU CyIIeCcTByeT Ounurelinas dopma (-, -): X X
x Y — R, obranaromas TeM CBORCTBOM, 9TO n3 cooTHOmerwH (1, y) =0 Vy €
€Y caenyer, aro x =0, a u3 coornomennii (z, y) =0 Vz € X caenyer, aro
y=0.

Ipoiicteerrnocts npocrpancrs X u Y 3amaer monoaceuu o(X,Y) n
o(Y, X) B kaxkmom u3 mpocTparcTs X u Y COOTBETCTBEHHO. A IMEHHO, TOO-
norus (X, Y) nopoxzena oxpecrrocramu U (y, €) :={z | (z, y) <€}yev.e>0,
X KOHEYHbIMMU II€PECEICHUAMU U 06'be,Z[I/IHeHI/IHMI/I B JIIO6OM qucJie; TOmoJIo0-
rus o(Y, X) nopoxzaena okpecrHoctaMu V(x, €) := {y | (x, y) < €lrex.c>0s
X KOHEYHBIMU MEPECEIEHAIME U 00beIUHEHUAMHA B JIIOOOM 9HCIIE.

Tonosorun (X, Y) u o(Y, X) npespamator X u Y B 10kaavHo 8uinyk-
ABLE AUHETHDLE MONOAOZUMECKUE NPOCTNPAHCMEa (CONPIIKEHHBIE JAPYT C IPY-
rom). Ecim X — HOpMEpOBaHHOE MPOCTPAHCTBO N X * — €ro COMpPsZKeHHOe,
To Tomosoruio o(X, X*) HaseBarOT caabol, a o(X*, X)— caabod * mono-
saozuet.

Ormernm, uro m0boe rusbbepToBo mpocrpancTso (X, (-, -)) mBolicTBeH-
HO C caMHM CO0OW OTHOCHTEIHHO BBEIEHHOTO TaM CKAJSPHOIO IPOM3BEIe-
HHUHA.

MoxkHO J0Ka3aTh, 9TO JIOOOE JIOKAJBHO BBIILYKJIOE HPOCTPAHCTBO, B
YaCTHOCTH HOPMHUPOBAHHOE MPOCTPAHCTBO X, HAXOAWTCSI B JIBONCTBEH-
HOCTH CO CBOHM CONPSIZKEHHBIM X * OTHOCHTEJIbHO OWJIMHEHHON (HOpMBI
(x, z*) — (z*, x), tme z € X, x* € X*, a (z*, ) —3nHavenne PyHKIUOHA-
JIa ™ Ha 3JJIeMEeHTe T.

Temeps pasymuo nepeiitu Kk npumepam. HadneMm ¢ KOHEITHOMEPHOTO CJIy-
gasi. BarisgHeM Ha Hero ¢ 0eCKOHEUHOMEDHBIX TO3UIIHIA.

IIpumepsl. 1. Koopmurataoe npoctpanctso R™. [Ipencrasisercs ecre-
CTBEHHBIM PAaCCMATPUBATH MPOCTPAHCTBO R™ HE B OJWHOYKY, a B Iape C
n3oMopdHBIM eMy (HO TeM HE MeHee — IPYTUM) IPOCTPAHCTBOM R™ ju-
Heltapix pyaknuonasioB Ha R™. IIpocrpancrsa R™ u R™* obpagyior mBoii-
CTBeHHYIO mapy. BekTops! x € R” yno6HO cunTaTh BEKTOPAMU-CTOJIOIAMH, a
y € R™ — BekTopamu-cTpokamu. [Ipu 3ToM, B 9acTHOCTH, CaMa OuIMHeRHAST
dopma 3amuceiBaeTcs Kak npousBeneHue Marpuiy; (T, y) =y - «. Tonosorus
JIBOWCTBEHHOCTH 3/1€Ch — 3TO OOBIYHAS TOMOJIOIHS 7-MEPHOTO IIPOCTPAHCTBA.
Ilepecedennsi OTKPBITHIX IMOJYIPOCTPAHCTB MOTYT OOPA30BBIBATH OTKPBI-
TBIE TIAPAJUIEIENHUIIEIbI, KOTOPHIE 33JaI0T TOIOJOIUI0 MPUBBIYHBIM 00pa-
3oM (MHOXKecTBO U € R"™ 00bSBIsAETCS OTKPBITHIM, €CIIA IS JIF00H TOUYKH
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E=(&, ..., &) €U maiimerca Takoe umcao d >0, aro ecmm |z; — &;| < B,
1<i<n, rox=(xy,...,x,)€U). MoxkHO OKa3aTh, 9TO TOIOJOTUS JBOM-
CTBEHHOCTH — eJMHCTBEHHAS JIOKAJIbHO BBIMYKJIas TOHOJIOTHs B R”™.

Mpbr HEe mMeeM BO3MOXKHOCTH YAEJUTH 31€Ch NOCTATOYHOE BHUMAHWE
6anaxoBoii reomerpuu. CkakeM JIMIIb HECKOJIBKO CJIOB. BanaxoBa reomer-
pus BO3HUKAET IPHU OIPENEIEHAN B BEKTOPHOM npocTpancrse R™ merpukw,
I/IHBa,pI/IaHTHOﬁ JIAIIb OTHOCHUTEJ/IbHO T'PDyHIbl CABUIOB. EI[I/IHI/I‘-IHI)II‘/’I arap
Jg0boro HOpMupOBaHUS B R" eCTh BBIIYKJIOE 3aMKHYTOE OIDAHUYEHHOE
[EHTPAJbHO-CHMMETPUYIHOE TeJI0 B, m HaobOpOT, BCAKOE TAKOE TEJIO IO-
poxknaer HopmupoBanue: ||z|p =inf{t > 0|z/t € B}. (Tak oupenenensas
byHKIMA MHOXKecTBa B HasbiBaerca @gynkuyueld Munrxosckozo mmooice-
cmea B. Takum obpaszom, HOpMBI B R"™ — 310 (pyHKImuH MUIHKOBCKOTO
OEHTPAJIbHO-CUMMETPUYHBIX KOMIIAKTOB, y KOTOPBIX HYJIb €CThb BHYTDPEH-
HsAd TOYKa.) Bce HopMHpoBaHHBIE IPOCTpaHCTBa Hal R” 6GaHaxoBbl. Bor
MHTEpeCHas IIKajIa HOpMUPOBaHUil B R™:

n 1/p
el o= {Dlal ) . 1<p<oo, [l = max fal
i=1

BanaxoBa reomerpusi —3T0 0COOBINI reomerpudeckuii mup. B Hem mme-
eTCs MHOTO SIDKUX PE3YJIbTATOB, HO OHU JOCTATOYHO MAJEKW OT OCHOBHBIX
CIO’KeTOB HaIllell KHHATH.

IIpocTpancrBo R™ mpeBparimaercsa B rujibOEpTOBO IIPOCTPAHCTBO B TOM U
TOJIBKO TOM CJIy9ae, €CJIH CKAJISIPHOE MPOU3BEIAEHUE 33/AETCH C IIOMOIIHIO
CUMMETPUYHOMN IMOJIOYXKUTEIHHO OIPEIEeIEHHON MaTPHUIIbI:

n n
(z,y) = E i; Y, Gy = Qi E ai;xx; >0 Ve #£0.
3,j=1 i,j=1
EuHCTBEHHOE HOPMUPOBAHKE, HHBAPHAHTHOE OTHOCHTEIBHO BCEH IPyTI-

16l T30METPUl BEKTOPHOI'O €BKJIMI0BA IpocTpaHcTBa R™, — 9T0 mpuBBIYHOE
1/2

n

HOpMHEpOBaHue ||z|| = (E |z1]?)

2. CymecTByoT ;LB;_lceHapa6em>HHx GECKOHETHOMEDPHBIX OAHAXOBBIX
NPOCTPAHCTBA, UrPAIOIIUX OCOOYIO POJIb: IIPOCTPAHCTBO

1/2
loy=<x= (21, Tay ..., Tp, ...) | |J2] := in <00
keN

n npocrparcteo C([0, 1]), cocrosmee n3 HenpepsiBHBIX Ha oTpeske [0, 1]
dyskumit ¢ mopmoit ||z(-)|| = max,eo,1) |(t)]-

ITepBoe m3 STHX NPOCTPAHCTB YHWBEPCAJBHO IJIsi BCEX cenapabesrb-
HBIX TUILOEPTOBBIX MHPOCTPAHCTB (y06oe cemapabenbHOe TUILOGEPTOBO
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NPOCTPAHCTBO H30METPUYHO HEKOTOPOMY IIOANIPOCTPAHCTBY ly). Bropoe
OPOCTPAHCTBO YHUBEPCAJILHO BOOOLIE JJis BCEX CenapabesibHbIX GaHAXOBBIX
OPOCTPAHCTB — JII060e TaKoe MPOCTPAHCTBO U30METPUIECKH BKJIAIBIBACTCS
B mpocrparcrso C([0, 1]).

IIpusesem emme BazKHBIA IPUMED JITHEHHOTO TOIOJIOTHTIECKOTO IIPOCTPAH-
CTBa.

3. Cosokynnocrs C(T) 6eckoneuno guddepeHIupyeMbix 2T-MepUo-
mmaecknx byrkmmit 7(+) co cxomumoctwio: T, (1) — z(+), ecima M) (+) aa
mo6oro k > 0 pasrOMepHO cxomuTes K 1) (+), mocTaBageT mpuMep JTHHEHHO-
O TOMOJIOTAYECKOTO NPOCTPAHCTBA («OCHOBHBIX (hyHKIWHIA» ). CompsizkeHHOE
IIPOCTPAHCTBO €CTh MPOCTPAHCTBO 0000IMEHABIX (DYHKITHI, HTPAIONIUAX CTOD
3HAYUTEIbHYIO POJIb B aHAJIH3E.

HVcropuuyeckuii komMmMmeHnTapuil. Teopuio 6€6CKOHEYHOMEPHBIX JIMHEHHBIX TOIOJIO-
IUYeCKUX, OAHAXOBBIX, I'MJIBOEPTOBBIX IPOCTPAHCTB K JIMHEHHBIX HENPEPBIBHBIX OIllepa-
TOPOB B HUX Ha3bIBAIOT (JIMHEHHBIM) PyHKYUOHAAbHUM anasudom. Cpenu ocHoBaTesel
GbyHKIMOHAIBHOrO aHAIN3a — 3aMedaTeIbHble MaTEMATUKY, IIPECTABATENN BCEX KPYII-
HefIInX MaTeMaTHIeCKHUX IIKOJ [IePBOH IIOJOBHHBI Halllero crojeTus: Bomabreppa, Ile-
ano (Uranus), Tmnsbepr, [lmuar (lepmanus), Agamap, @peme (Pparnus), P. Pucc,
don Heiiman (Berrpus), Xesann, Xan (Ascrpus), Konmoropos, lensdang (CCCP), Ba-
mep (CIIIA), Banax, Ilreiinrays ([Toapma). (Ham cnucok, pasymeercs, He mosioH, HO
OAPOOHOE M3JIOKEHUE NPENBICTOPHHN (DYHKIHMOHAJIHHOIO aHAJA3a yBEJO OBl HAC CJIMII-
KOM JJaJIeKO, X Mbl OrPDAHMYUBAEMCS STHM IIEPEYHEM. )

OCHOBHBIMU CTHMYJIAMH K PA3BUTHIO JUHEHHOro (bYHKIMOHAJIBLHOIO AHAJIN3A, SIBUB-
[Ierocst CHHTE30M KJIACCHYEeCKOIO aHAJIN3a, JHHEHHON aarebpbl U reoMeTpUHM, ObIIIN KBAaH-
TOBasl MEXaHUKA, T€OPUsl JTMHEHHBIX HHTErPAJIbHBIX YPABHEHUN U T€OPUsI CAMOCOIPSIZKEH-
HBbIX JuddepeHnnaJIbHbIX OIIePATOPOB.

[TousiTusi TOIOJIOrMYECKOrO IPOCTPAHCTBA M KOMIIAKTHOCTU COPMHUPOBAIUCH IIOJ
BosZelicrBueM wucciregoBanmit Kanropa, Xaycmopda, AnekcannpoBa, YpPBICOHA U [IP.;
runabbepTOBO IPOCTPAHCTBO ObLIO BBemeHO ['miubbepromM Kak HPOCTPAHCTBO l2, a 3aTeMm
Imunrom, dpon HeiimanoMm u gpyruMu — akCHOMaTH4YeCKH; HaHAXOBBI IIPOCTPAHCTBA ObI-
Ju ompesiesieHbl Xeyuia (B 9aCTHOM CIIydae IPOCTPAHCTB [OC/IeA0BATEIbHOCTEN ), a 3aTeM
Banaxom u Bunepowm; juHeliHBIE TONOJIOrMYECKHe NPOCTPAHCTBA IOSIBUINCH BIIEPBBIE
y Kosnmoroposa, JIOKaJIbHO BBIIYKJIble JIMHEHHbIE TONOJIOTMYECKHUE IIPOCTPAHCTBA BBEN
don Heiiman. JIBolicTBEeHHOCTD JIMHEHHBIX IPOCTPAHCTB, ABJISIOLIAACH UCXOAHBIM IIyHK-
TOM TEOPHUH ABOMCTBEHHOCTH B BBIIYKJIOM aHAJIN3€, IIOAPOOHO H3JIOXKEHa B MeMyapax
Bypbaxu.

[lepexomum Temeps K 68bNYKAOMY GHAAU3Y, KOTOPBIA C ONpEeNeIeHHOR TOYKH 3PEHUS
MOXKHO pacCMaTpHUBaTh, Kak IIaBy addHUHHON reoMeTpHHU.

Boinykuibiil aHaIM3 — TepMHUH, [OSIBUBLIMICS COBCEM HEJABHO, I[Ie-TO B HaJaJe IIe-
crugecaTbix rogo XX B. Tak crann HasblBaThb pa3fies MaTeMaTHKH, 3aHUIMAIONII IPo-
Me>KyTOYHOE IIOJIOXKEHUE MEeXKJy aHAJIM30M WU eOMeTpHed, B KOTOPOM HCCIEAYIOTCS Bbl-
IyKJIble 0O'BbEKTHL: BBITYKJIble MHOXKECTBA, (PyHKINA U 9KCcTpeMasbHble 3anaqan. (Cama xe
BBIIIYKJIOCTh BOILLJIA B MareMaTUKy C He3anaMsTHbIX BpeMeH. C IOHSITHMEM BBIILyKJIOCTH
omepupoBadI eme ApXuMes. )

Teopusi BeIMyKJIBIX T€J MHTEHCUBHO pa3puBasnach B XIX B. 3amedaresbHble pe3yiib-
TaThl O BBIIYKJIBIX MHOIOIDAHHUKaxX Obuin mosydensl Komwm, HO numbs Mwunkosckuil B
KOHIIe II03aIPOIIJIOro BeKa 0003HaYHJI OCHOBHBIE KOHTYPbI HOBOTO pa3Jeiia — 6binyKAol
zeomempuu. B rpummareie rogsr XX B. BhIOyKsasg reoMeTpus CTaja MOZHOH. Y HAc,
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B YaCTHOCTH, OHA CTaJja JIOOMMBIM MPEIMETOM 3aHATHH IIKOJBbHBIX MATEeMaTHIECKHX
Kpy2kKoB (6saronaps, riasabiM obpasom, Ilaupensmany u Jliocrepruxy). Beimykioi
reoMeTPUHU B TPUALATHIE—COPOKOBBIE T'O/IbI OBLIO MOCBAIIEHO MHOYXKECTBO OPOIIIOP ¥ KHUT.
TTorom mHTEpEC CTAI HECKOJIBKO CHAJATh, HO B MIECTUAECATHIE MOJAbl BHOBb BO30OHOBUJICH.

Kak pas B Te rogel (HaumHasi C KOHIIA COPOKOBBIX TOZOB), ObLIa HOHSTA OrPOM-
Hasl POJIb BBINYKJIOCTH B 3aJa4aX Ha 9KCTPeMyM. Pomuinch jguHefiHOe U BBIIYKJIOE IPO-
rpaMMUPOBaHUs, CTaJla PA3BUBATHCS MAaTEMATUIECKasl SKOHOMUKA, B 3HAYNTEJILHON Mepe
OCHOBaHHAsl Ha HUIEAX BBIIYKJIOCTH, U 9TO IPHUBEJIO K POXKIEHUIO HOBOIO HAIIPABJICHUS,
Ha3BAaHHOI'O BBINYKJIBIM aHauu3oM. «Mecro nelicTBusi» OO'bEKTOB BBINYKJIONO aHAJINA3a —
JIOKaJIBHO BHIITyKJble (acbdUHHBIE) IPOCTPAHCTBA, IOCTPOEHHEBIE Ha 6a3e JBOACTBEHHOCTH.

OpuH 13 BaxKHEHIINX TE3UCOB BBITYKJIOTO AHAIN33 COCTOUT B CJIEAYIOIIEM: OCHOGHbLE
06BexmBL 6VINYKA020 AHAAU3A (EBVINYKADIE MHOJICECTREA, BLINYKABIE PYHKYUU, a TRAKIHCE
sunYKALIE IKCMPEMarbHble 3a0auu) 0onycKaom 080THOE ONUCAHUE — 2E0MEMPUECKOE
U AHAAUMUYECKOE, 00HO — 6 OCHOBHOM, Opyzoe — 6 080UCMEEHHOM TPOCTPAHCTIEE.

§6.2. ®opMyJIMPOBKU TE€OpEM

ITocne sToro kparkoro Berymiennsi chopmyIupyeM 6eCKOHEIHOMEDHBIE
AHAJIOTH TeX TeOpeM, KOTOPbIe 0OCYKIAaIuCh B . 2 (1 GBLIM JOKA3aHBI B
JIBYyMEPHOM CJIy9ae — CM. TeopeMbl 1—5).

B Teopeme 1 onmchIBaroTCs CBOHCTBA pelleHUil JTUHENHBIX YpPaBHEHMUII.
ITycts X — (cenmapabenbHoe) rub0epTOBO IPOCTPAHCTBO. JIMHeHHBIH Henpe-
poiBHBI omeparop A: X — X HazbIBaeTCAa KOMNAKMHBILM, €CIIH 3aMbIKAHIE
o0pa3a eImHWIHOrO0 mapa (mpu JefCTBHM TOr0 OMEPAaTOpa) KOMIIAKTHO
B X. Oneparop I — A o6o3maqanm gepe3 A. Ilo oneparopy A cooTHOmMeEHHEM
(A*z, y) = (x, Ay) oupemesum QBOACTBEHHBINH ONEPATOD.

Teopema 1. a) [Tycmo X — euavbepmoso npocmpancmeo u A: X — X —
Komnaxmuoli onepamop. Tozda aubo ypasnenue Ax =& paspewumo das
amoboz0 &, aubo Ker A £ {0}, m.e. odnopoonoe ypasnenue Az =0 umeem
nenyaesoe pewenue, (anprepaarusa Openrosbma).

6) Ypasuenue Ax =& paspewumo mozda u moavko mozda, xoz2da & op-
mozonaavho adpy I — A*, ede A* — conpsaotcennwili onepamop.

Obcymum ciencrBue TeopeMbl 1 B KOHEYHOMEpPHOM cirydae. VI3 yTBep-
KJIEHUS «a» BBITEKAET XOPOIIO U3BECTHBIN PE3YJIbTAT: AUOO CUCTIEMA 1L AU-
HEUHDIT YPABHEHUT C N HEUSBECTIHBIMU PA3PEUWUMA NPU A1000T NPasoT 4a-
cmu, Aubo 00HOPoOHOE YpasHeHUuE UMeEm Henyae8oe peweHnue. Y TBEPXK/Ie-
Hue 6) —9T0 He UTO MHOe, KAK COOTHOIIEHNE JBOHCTBEHHOCTHU ISl HOIPO-
crpascTB B R™: OHE ONUCHIBAIOTCS, C OMHON CTOPOHBI, KaK 00pa3 JUHEHHOro
omepaTopa, a C APYroil — KaK OPTOrOHAJIFHOE JOMOJIHEHNE K SiAPY COIPsi-
2KEHHOT'O OIIEPATOPA.

Ilepexomum k Teopemam ormesumoctu. Ilycte X m Y — mpocrpancrsa
B agoiicrBerHocTn. (Ecam X j10KasbHO BBITyKIIO€ IPOCTPAHCTBO, OHO PAC-
CMaTpHUBAETCS HaMHU B JBOHCTBEHHOCTH CO CBOYMIM COIPSIXKeHHBIM.) MHOXKe-
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creo Iy, C X, samaBaemoe ypasuenuem L', , := {z | (x, y) = b}, maspBaeTca
eunepnaockocmvro. Muoxecrsa I, = {z | (z, y) <b} n IL, = {z | (z, y) >
> b} Ha3BIBAIOTCI NOAYNPOCMPAHCTNEAMY, (OTPAHUICHHBIMA THIEPILIOC-
kocteio I, ;). [oBopaT, uTo TOUKA T cmpozo omdesena OT HEIYCTOTO BbI-
nyksoro muoxkecrsa A C X, ecin (Ha A3bIKE reOMETPHNA) CYyIECTBYET TaKasd
TUIEPIIOCKOCTh, 9TO MHOXKECTBO A JIEZKHT B OZHOM IOJIyIPOCTPAHCTBE,
OrPAaHWYIEHHOM JTOH MOJIYTIIIOCKOCTBIO, & TOYKA T — B APYroM (Ipu9eM ca-
MO} THIEPIUIOCKOCTH OHa He NPHHAJIEKNT). A Ha asrebpandeckoM si3bIKe
TO 7K€ CaMO€ O3HAIAET, 9TO CYIECTBYET TAKOI 9JEeMEHT y € Y, aro

(Z, y) >sup{(z, y) | x € A}.

Eciu xe cymecrByer Takoit ssement y € Y, y # 0, Takoi, 9TO BBIIUCAHHOE
HEPABEHCTBO HECTPOI'OE, TO T'OBOPAT, 9TO TOYKA T 0MJeAeHd OT MHOXKE-
cTBa A.

Teopema 2 (nepBasg Teopema otaenumoctn). [Tyems X —aokaavho 6oi-
nYKA0E NPOCTMPAHCMBO U OMEPLIMOE 8uinykioe muoxcecmeo U C X we co-
depotcum Hauana xKoopounam. Tozda cyuiecmeyem eunepnaockocmy, npo-
T00AWARA wepe3 Hauaso Koopdunam, ne nepecexarowascs ¢ U (m.e. nyav
mootcem 6ums omdeaen om U).

Teopema 3 (Bropas TeopeMa OTIEIUMOCTH). B A0KAADHO BUINYKAOM
NPOCIMPAHCMEE MOUKA, HE NPUHAOAEHCAULAA HENYCTNOMY 3AMKHYMOMY 6bi-
NYKAOMY MHONHCECTNBY, MOHCEM bbimb cmpPo2o omdeaena Om IMO20 MHO-
glcecmsa.

ITycre X m Y — npocrparcrea B apoiicreenroctd, {(yy, b,) | o€ A} —
ceMeiicTBO dstemenTOB 13 Y X R. Cucremy (z, y,) =0 (< 0) HasoBeM cucre-
MO OIHOPOJHBIX PABEHCTB (HEPABEHCTB); & CUCTEMY (X, Yo) = by (< by) —
CHCTEMOI HEOJHOPOHBIX PABEHCTB (HEPABEHCTB).

CoBokynHocTh K C X HA3bIBAETCH BbINYKABM KOHYCOM, €CIU IS JIEO-
ObIX T U To n3 K mx KOHWYeCKas KOMOMHAIWS o T + daXs, o; € Ry, npu-
HagIexxuT K.

Teopema 4 (omucaHue CHCTeM DPABEHCTB W HEPABEHCTB). Pewenuem
NPOU3BOALHOT CUCTNEMBL O0OHOPOOHDBIT PABEHCTNE ABAAOMCA 3AMEHYMbLE
NOONPOCMPAHCMEA U MOALKO OHU; PEWEHUEM CUCTNEMb, 0OHOPOOHVIT Hepa-
BEHCNE ABAAIOMCA BLINYKABIE 3AMKHYMbBIE KOHYCHL U TNOABKO OHU; peule-
HUEM CUCTILEMBL HEOOHOPOOHDIT PABEHCTNE — 3AMKHYMbIE AUHETUHLE MHO20-
00pa3us U MOALKO OHU; PEWEHUEM CUCTNEMbL HEOOHOPOOHBIT HEPABEHCTNE —
BLINYKADLE 3AMKHYMBLE MHONCECTNEG U TOALKO OHU.

B sr0it Teopeme BCKPBITHI T€ SIBJIEHUs JABOUCTBEHHOCTH, O KOTOPBIX I'O-
BOpmIOCh BO BBOAHON wactm (cm. §6.1). Ckaxkem, moHsiTne (3aMKHYTOrO)
adPuHHOrO MHOr00Opa3usi MOXKHO OIPEJIETh JIBOAKIM 00pa30M: reomMer-
pUYECKH, KaK oObequHeHne TOYeK B adPUHHOM MIPOCTPAHCTBE, KOTOPOE
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BMECTE C JByMs TOYKAMU COJEPKUT BCIO MPAMYIO, IIPOXOJISIILYI0 9€Pe3 STU
JB€ TOYKH (I/I ABJIAETCA 3aMKHYThIM MHO}I{GCTBOM)7 NJIN aHAJIUTUYIECKHU, KaK
PeIlleHre CHCTeMbl HEOTHOPOJHBIX PAaBEHCTB (T. €., 9TO PABHOCUIIBHO, KaK
[epPEeCceveHne CUCTEMbI TUIIEPILIOCKOCTE! ). AHAIOrHYIHO J15060€ BBIIYKJIOe 3a-
MKHYTOE MHOXKECTBO €CTh (I€OMETPUYECKH) TAKOe 3aMKHYTOE MHOXKECTBO
(o6benuHEHNE TOYEK), KOTOPOE BMECTE C JIIOOBIMHU JBYMS TOYKAMH CONED-
2KUT BECh OTPE30K, COe,ILI/IHHIOHI‘I/II'/,I 9TU TOYKHU, UJIN (a,HaJII/ITI/I‘-IeCKI/I) penieHue
CHUCTEMBI JIMHENHBIX HEOAHOPOJAHBbIX HEPABEHCTB (T. €. nepecedeHue CuCTeMbl
HOJIyIIPOCTPAHCTB).

Bce stu 06bexThl (mogupocTpancTBa, addUHHBIE MHOr0OOpa3us, BbI-
IyKJIbIe MHOXKECTBA) DAHbBINE H3y9JaJIuCh HAMH KaK Obl caMm mo cebe, a
Telnepb OHU PACCMATPUBAIOTCI COBMECTHO C UX «/IBOMHUKAMU» B JIBOMCTBEH-
HOM IIPOCTPAHCTBE.

Teopema 5 (Kpeiitn—MuiubMaH). Buinykaoe KOMNAKMHOe MHOHCECTNEO
8 AOKAALHO BOINYKAOM MPOCPAHCMBE ECTNL BHINYKAOE 3AMBIKGHUE CEOUL
KPAUHUT Moyex.

B koHEYHOMEPHOM CiIydae MOXKHO BMECTO CJIOB «BBIIYKJIOE 3AMBIKAHIE»
yHOTpeOUTh CJIOBA «BBIILYKJIAs 000JI0OYKAY.

1 B 3akmiodenne cHopMyIupyeM ele OJHY TeOpeMy, KOHEIHOMEDHBIH
BapHAaHT KOTOPOU pacCMaTPUBAJICH B IJI. 4.

JluneitHbiit HenpepbIBHBIH oneparop A: X — X, nepeBoaginuii rujs6ep-
T0BO mpocTpancTBo (X, (-, -)) B cebs1, HASBIBAETCS CAMOCONPANCEHHBLM, ECITH
(Az, y) = (z, Ay) nus mobeix & 1 y n3 X. OPTOHOPMUPOBAHHAS CHCTEMA €;
(xkomeunas nim GecKOHeUHAs1) HA3BIBACTCA Oa3ucom B X, eciu myst Jr06oro
x € X cupaBemyiMBO pasyioxkenue x = y .(x, €;)e;. Bekrop z € X, 2 # 0, Ha-

K3
3BIBAETCH COOCMBEHHbLM BEKMOPOM OllepaTopa A, ecim CyIecTByeT Takoe
qucyio A, 9To Az = Az.

Teopema 6 (I'unbbepr). [Hycmo X — cenapabeavroe 2uabbepmoso npo-
cmpancmeo u A: X — X — Komnaxmmuoli camoconpastcennovili onepamop.
Tozda cywecmsyem 6a3uc 6 X, cocmoawuti u3 COOCMBEHHBIT BEKMOPOS
onepamopa A.

§6.3. [lokazaTeancTBa TEOpeM

Mp&1 cHagagia JoKaXkeM TeopeMy 2, 3aTeM U3BJIeYeM U3 Hee Pl CJIeACTBU
(B wacTHOCTH, Teopembl 3 m 4), MOTOM mOKaxkeM Teopemy 1 W, HaKOHer,
reopembl Kpeitna—Muibmana u 'uiibbepra.

HokasareabcTBo Teopembl 2. HasoBem makcumasbHOe (T.€. HE
coieprKaleecss HI B KaKOM COOCTBEHHOM MOZIIPOCTPAHCTBE) MOANPOCTPAH-
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cTBO, oryimgHOe OoT X, 2unepnaockocmvro. OCHOBHON mIar JOKa3aTesIbCTBA
TOT ke, 9T0 B AByMepHOM ciy4dae. ChopMysupyem ero B BUZE JIEMMBbI.

Jlemma. ITycmv X —aokarvro swnykaoe npocmparcmso, U — omxpor-
moe swunykaoe muodxcecmeo u L — eexmoproe nodnpocmpancmeo, we me-
pecexaruweeca ¢ U. Tozda aubo L — eunepnaockocmo, aubo cyuecmsyem
maxaa mowka 1€ X, ¥mo 8eKmMopHoe nodnpocmparcmeo, namanymoe xa L
u 1, ne nepecexaemcs c U.

HeficTBuTeIbHO, BO3BMEM JIUHEHHYIO 000JI0YKY MOAIPOCTPAaHCTBA L u
mo6oit Toukn & uz U. ObozHauum ee L. Bo3amMoxkHO 01HO M3 ABYX: OO
HOJIy9UTCH BCE IPOCTPAHCTBO (M Torma L — rumepnjiockocTs), nubo Haii-
JleTcd TOYKa 1), He IPHHAIJIexKalas 9Toi muHeiHoi obonouke. Haranem Ha
BEKTODSI § U 1) ABYMEPHYO IIOCKOCTD, BBEIEM B HEil €BKINIOBY CTPYKTYDPY
U PACCMOTPUM OKPY2KHOCTB S B 910i1 myiockoctu. He orpanndus cebs B 06m1-
HOCTH, MOKHO CIUTaTh, YTO BEKTOPHI & U 1) JI€KAT HA ITOI OKPYKHOCTH K
oproronasbabl. [loaynpocrpancreo L ={x=t&+ 2|t <0, z€ L}, oueBuzHo,
He nepecekaercd ¢ U (uHade u moampocrpasncTso L nepecekasocs 6ut ¢ U), a
nosympoctpancTtBo L, ={x =t + 2z |t >0, z € L} nepecekaercs, ubo & € U.
Haunem «moBopaumBaTth» Ly BOKPYT L, T.e. pacCMOTpUM JUHEHHYO 000104~
Ky L u BexTopa (cos @, sin¢). CooTBeTCIBYIOIIEe HOIIPOCTPAHCTBO 0603HA-
g™ L. IlycTs § —BepxHasA rpanb Tex 3HadeHnil @, 0 < ¢ < T, IpH KOTOPBIX
L, mepecekaerca ¢ U. Herpyauo momars, aro L, He mepecekaerca ¢ U.

A nasbiie npuMeHNM TaK Ha3bIBAEMYIO «TPAHC(UHUTHYIO WHILYKIAIO>.
(B KOHEYHOMEPHOM Ciry9ae — OOBITHYO MHIYKIH).

IIycrs £ — COBOKYIHOCTH BCEX HOAIPOCTPAHCTB X , HE IIEPECEKAIOIIUXCS
¢ U. Ynopsanoanm sieMeHThI u3 L 110 BKI0YeHni0. [Ipumenus gemmy [lopHa,
[IOJIy9aeM, 9TO CYIIeCTBYeT MAaKCAMAJBHBIN 3jeMeHT. U3 jteMMbl ciiemyer,
9TO 3TOT 3JIEMEHT — IMIIEPILIOCKOCTD. B CHiry TOro 9T0 3aMbIKaHUEM IIOAIIPO-
CTPAHCTBA SABJISETCH HOAIPOCTPAHCTBO, MAKCHMAJIHHBIN SJIEMEHT HE MOXKET
OBITH BCIOZY IUIOTHBIM (MHa4e OH mepecekascs Obr ¢ U), a 3Ha9wWT, OH 3a-
MKHYT. VTak, MaKCHAMaJIbHBIN JIEMEHT — 3aMKHYTO€ TOAMPOCTPAHCTBO, HE
conaarormee ¢ X. Ocraercs JUib 3aMETUTh, 9TO TAKOE [TOAMPOCTPAHCTBO
U eCTh TUOePILUIOCKOCTh. (/leficTBUTENBHO, B34B 3jIeMEHT {, He HpUHAJIe-
Kamuil 3aMKHYTOH T'HIEPILIOCKOCTH, IMOCTPOUM JIHHEHHBIH (DYyHKITTOHAJT,
00paIIAIIMiCs HA TUIIEPILIOCKOCTU B HyJIb U paBHblil eaunune Ha {. Torma
00beIMHEHNE eIUHIYIHOTO U MUHYC €IWHUYIHOI'O MHOXKECTB YPOBHsSI (DyHK-
[IMOHAJIa — 3aMKHYTO€ MHOXKECTBO, He COJepIKallee HyJIb, 3HAYUT, UMEETCS
OKPECTHOCTH HYJIsI, HE IIEPECEKAOIIASICS C 3TUM MHO)KecTBOM. Clie10BaTE IH-
HO, PYHKIMOHAJ OTPAaHWYeH, T. €. HempepbiBeH.) Teopema 2 mokazama. [

W3 nokazaHHONl Teopembl Cpaldy CJeiyeT, 4To 0684 HeNnepecexarouULUuLCsH:
BLINYKADL MHONCECTNGA, 00HO U3 KOMOPHLL OMEDBIMO, MOAHCHO PA30eAUMb
2UNEPNAOCKOCTIDIO.
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HeficTBUTETBHO, €CJI MHO2KECTBO U BBIIYKJIO U OTKPBITO, & V' BBIIIYKJIO
n oHM He mepecekarorcs, To mEOokecTBa U \ Vi={x =u—v|ueU,veV}
OTKPBITO U HE IePeCeKaeTCs ¢ HadajoM KoopauHaTt. [IpuMenenne TeopeMsr 3
Cpa3y HOPUBOAWT K LEJH: CABUI THUIEPILIOCKOCTH, pasaenstomeii U\ V u
HyJb, pa3aensier U u V.

W3 mocnenmero pesysnbprara CiieflyeT BTOpas TEOPEMa OTIEIHMMOCTH.

HokazareabcTtBo Teopembr 3. Ilo ycmoBuio HekoTOpas TOd-
Ka H€ NPUHAIE?KUT 3aMKHYTOMY BBIIIYKJIOMY MHO2>KECTBY. HO TOor 1A (HO
OIPEJIEJIEHIIO JIOKAJIBHO BBIIYKJIOTO IPOCTPAHCTBA) CYINECTBYET BBILYKJIAs
OKPECTHOCTh TOYKH, He IEPECEKAIOIIAsICA CO MHOKecTBOM. 110 mokazanHOMY
BBIIIIE UX MOXKHO Pa3Je/IuTh rUIepIiocKocTbio. OHA CTPOro OTIENsSeT TOUKY
OT MHOKECTBA, 9TO U JIOKA3BbIBAET TEOPEMY. O

B dopmynmpoBke Teopembl 2 OTKPBITOE MHOYXKECTBO HE COIEPXKHUT Ha-
gajia KoopauHaT. PakTmdecku 6e30 BCAKOrO M3MEHEHHs TOKa3aTebCTBA
MOKHO 6bLIO OBl IIOCTPOUTH TUIEPILIOCKOCTH (IPOXOASNLYI0 Yepe3 HadaJjio
KOODZMHAT), COAEPKAILYIO A1000€ no0npocmpancmeo, He IepeceKaromeecs ¢
OTKPBITBIM MHOXKECTBOM. A OTCIO/Ia HEMEJJIEHHO CJIe/lyeT TeopemMa XaHa—
Banaxa o mpomokeHnn JUHEHHOrO (DYHKIMOHAIA B HOPMUPOBAHHOM IIPO-
cTpaHcTBe (U Jaxke B JIOKAJIBHO BBIILYKJIOM) M, CJIEJIOBATEIHHO, HETPUBHAIb-
HOCTB [IPOCTPAHCTBA, COIPSI’KEHHOro K HopMupoBarHoMY. (OOmen3BecTHOE
JIOKa3aTeIbCTBO TeopeMbl XaHa—banaxa, Bocxondmee K XeJlid, SBJISETCS
AHAJUTUIECKUAM, HO B HEM COIEPKUTCS TOT YK€ CAMbIII FT€OMETPUIECKUIT dite-
MEHT, 9TO 6I)I.H UCIOJIb30BaH HaMM: «BPallleHUE» IIOAIIPDOCTPAHCTBA BOKDPYT
HOJIPOCTPAHCTBA «HA €AWHAIYY MEHBINEH Pa3MEPHOCTH>.)

Or™mernMm erre ofHO cieactue. Annyasmopom noampocrpancTsa L C X
HA3bIBAETCS MHOXKECTBO

L :={yeY|(z,y)=0Vze L}

B rumsbeproBoM cirydae 37€MEHT aHHYJISATOPA — 9TO TAKOM BEKTOp Y € X,
aro (z, y) =0 ays m0boro x € L, T. . 3JIeMEHT OPTOrOHAJILHOTO JOTIOJTHEHNS .

Omnepamus, COMOCTABIAIOMAA 3aMKHYTOMY IIOAIIPOCTPAHCTBY L ero op-
ToroHAJILHOE JlonoyHenue L, ecTh onHa u3 popM ABOHCTBEHHOCTH B €BKJIN-
JIOBBIX U I'IJIBOEPTOBBIX IIPOCTPAHCTBAX.

Jlemma 0 HeTpMBHAJIBHOCTH aHHyJasATOpa. [Tycmo X — aokaavho
suinyKa0e npocmparcmso u L — samrnymoe cobecmseennoe noonpocmpak-
cmeo X. Tozda annyasmop L nempusuanen (L # {0}).

1 MOKa3aTeIbCTBA HAJI0 B3ATh 3JIEMEHT, He IIPHHAIICKAIIMNA TOIIPO-
CTPAHCTBY, U CTPOrO OTIEJIUTDH €ro OT 3TOr0 HOAIPOCTPAHCTBA.

IlokazarenbcTBOo Teopembl 4. 31eCh y2K COBCEM HUYErO HE OTJIU-
9aercs OT AByMepHOro caydas. MHuoxecrsa (x, y,) = b, (<b,) 3aMKkHYTHI I
SABJIIOTCS TIOIITPOCTPAHCTBaMt, KOHycaMu, adp(UHHBIME MHOTO00pa3usaMH,
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BBIIIYKJIBIMUA MHOYXKECTBaMU, a 3HAYUT, U UX HEePEeCeUYeHUs 3aMKHY ThI U SIBJIs-
FOTCS TOJNIPOCTPAHCTBAMHU, KOHyCaMu | T. . B 0OpaTHY0 CTOPOHY JTOKaKEM
TeopeMy JJIsl BBILYKJIBIX MHOXKECTB. KC/ii BBIMYKJI0€ 3aMKHYTOE MHOXKECTBO
COCTOWT U3 BCEX TOYEK MPOCTPAHCTBA X, TO €r0 3JIEMEHTHI YIOBIETBOPSIIOT
sepaseucTBy (x, 0) < 0. IIycrs ono me coBuamaer ¢ X. Torma mo nepsoit
TEOpeMe OTIEJIUMOCTH OHO COJEPXKHUTCH B HEKOTOPOM IOJIyIPOCTPAHCTBE
(Ha,,Z[O OTAE/NTH TOYKY, HE IIPDUHA/JIE?KAILYI0 MHOXKECTBY, OT CaMOro MHO-
xectBa). lamee ciemyer pacCcMOTPETh CEMEHCTBO 6CeX MOIyNPOCTPAHCTB,
COZiepIKAIUX Hallle MHOXKeCTBO. Ilepecedenne Bcex 9/1EMEHTOB 9TOTO ceMeii-
CTBa, pa3yMeeTcs, COIEPXKUT HAIlle MHOXKECTBO. BoJree Toro, oHO coBmaaeT
¢ HuM, ub0 eciu ObI HAIJIACH TOYKA, COJEPIKAIIASCH B IEPECEeYeHUN U He
OpUHAJJIEXKAIMAA H3HAYAJIBHOMY MHOXKECTBY, TO, CTPOrO OT/IEJIUB 3Ty TOUKY
OT MHOKECTBAa, MbI IPUILIX ObI K mpoTuBopeunto. Teopema 4 mokazana. [l

Joka3zaTeabcTBO TeopeMbl 1. YIOMHHAIOCH, 9TO BCe cemapa-
GeJIbHBIE MUJIEOEPTOBBI IPOCTPAHCTBA U30METPUIHBI [, MM KOHEYHOMEDHO-
My €BKJIMJIOBY MPOCTPAHCTBY. BBUIy TOro 4TO B IMPOCTPAHCTBE [y MMEETCs
OPTOHOPMUPOBAHHBIA 6asuc (cocrodmmii, HAPAIMED, U3 BEKTOPOB {€; }icn,
rze UMEET BCEe KOOPMHATHI BEKTOPA €;, KPOME i-if, PAaBHBI HYJIIO, & -5 KOOP-
JIMHATA DAaBHA €INHUIE), TAKOHN JKe OPTOHOPMHUPOBAHHBIA 6a3KC CYIIECTBYeT
u y J1:060ro 3aMKHYTOro (6eCKOHEIHOMEPHOI0) HOANPOCTPAHCTBA MHIB0Ep-
ToBa mpoctpaHcTBa. Obo3HaunMm Takoit 6asumc cHoBa OykBamu e;. Torma
BeKTOp Y (Z, €;)e; OyJeT OPTOrOHAIBHON NPOEKIWel BEKTOPa T Ha JAHHOE

7

noanpocrpancTso. OrMerum ene, 9T0 ONePaTOP, CONPIKEHHBIN K KOMIIAKT-
HOMY, KOMITAKTEH.
Jloka3aTeabCTBO TeopeMbl 1 CKITaJIBIBAETCH U3 HECKOJIHKUX IIAaroB.
ITar 1. O6pa3 mpocrpancrBa X mpu orobpaxkenuun A 3aMkHyT B X.
IeiictBuTenbHO, mycTh y npuHamreskur Im A. Torma Haiinercsa mocaemo-
BaTEJIbHOCTh

Yn=~Az,, neN y,—uy. (6.1)

Bcerma MOXKHO BBIYECTH M3 BEKTOpa &, ero npoeknmio Ha Ker A, n moromy
MOZKHO CIATATh, 9TO BEKTOPHI &, oproronaabusl Ker A. IIpu sToMm oHE Orpa-
HU9eHBI 10 HOpMe (WHAde, IOJEIHB Ha ||, ||, MBI M3 OrpaHWYEHHON IOCTe-
JIOBATEJIBHOCTH L, /||, || BBIOEpEM mommoce10BaTeIbHOCTD, CXOMANLYIOC K
BEKTOPY 1}, II0 HOPMe PaBHOMY eIHMHHUIE, OPTOroHaabHOMY Ker A u mpu sTom
npuHaIexkameMy Ker A, 9ro, pasymeercsa, HeBo3MoxkHO). Ho Torma mbr
BBIOEPEM TaKyIO HOZLIOCIEN0BATEIBHOCTD &, TaKylo, uro Az,, cxomures,
3HAYUT, &, CXONHUTCS, U OITOMY Y IPUHAIEKHUT 006pa3y mpocTpancTBa X .
YrBepxKaeHue JI0Ka3aHO.

ITIar 2. OueBunna ajabrepHarusa: oopas AX ecTb Bce npoCcTpaHcTBO X
WA ABJIETCS TOANpPOCTPaHCTBOM B X . B mociennem ciaydae B cmty moka-



§6.3. [lokazarTeanCcTBa TEOpeM 167

3aHHOrO Ha mare 1 3ro moaupocrpancTBo 3aMkHyTO. Ho Torma mo jgemme o
HETPUBUAJBHOCTH aHHYJISATOPA Haiijercs Takoil sjement y € X, y # 0, aro
(r — Az, y) =0Vx € X, T.e. y = A*y, 9T0 U TPeHOBATIOCD.

IIar 3. IIycrs AX = X. Jlokaxkem, aro Ker A = 0.

JlelicTBUTEIHHO, €CJIN CYIIECTBYET Takou ajiemenT ' # 0, aro Az, =0, To
HOCTPOMM IIOCJIEIOBATENBHOCTD TAKAX SJIEMEHTOB { T }ren, 9T0 AZy 1 = Xy,
k € N. O6ozraanm L, = Ker A*. Tlorygaerca 6eCKOHeYHas CHCTEMa PACIIH-
PSIFOIIMXCS TOANPOCTPAHCTB (TO, 910 Ly, # Ly 1, CIIEIYET U3 TOTO, 9TO L )
npuHaIexRuT Ly, \ Ly,). BeilGepeMm Temepb mociie[oBaTeIbHOCTD €IUHIY-
HBIX BEKTOPOB Y, € L, oproronambubix L ;. [logaras [ > k, nomyanm

Ay, — Ayl = |1y — (ye + Ay — Ayi)|| = 1,

HOCKOJIBKY BEKTOD ¥ + Ay, — Ay, mpmrammexur (no onpenenennto) L; ;.
Ho rorja us aroif mociieoBaTe]bLHOCTU HEJb3s BbIOpATh CXOASANIYIOCH
HOJIIOCIIEIOBATENBHOCTE  (9TO mpoTHBOpedInT KoMmMmakTHocTH A). Urak,
ImA=X = KerA={0}.

ITar 4. 3aBepmieHne HOKA3aTEIHCTBA.

ITycte AX ectb coberBerHOE mopnpocTpancTBo B X . Torma (mar 2) sapo
oneparopa A* HerpusmasbHO. 3HauwT (mar 3), 06pas A* X He ecTb Bce mpo-
crpancTBO X, a Torma (mar 2) sxpo oneparopa A HerpmemanbHO. Teopema
TOKa3aHa. O

JJokazaTeabcTBO TeopeMbl 5. Ha3zoBeMm omOpHBIM MHOXKECTBOM
k C € X Takoe 3amkHyTOe adhDUHHOE MHOXKECTBO S, KOTOPOE MEPECEKAETCS
¢ C u 061a12€T CJIeIYIOIUM CBOMCTBOM: €CJIM HEKOTOPas BHY TPEHHASA TOYKA
orpeska [z, y] m3 C mexwur B S, TO Bech 0Tpe30k jexut B S. Jlokaxem, 910
CpEJl OMOPHBIX MHOYKECTB MMEIOTCHA OJHOTOYEIHBIE MHOMKECTBA (OHNOpPHBIE
TOYKMW), & OIOPHBIE TOYKH — 3TO IO ONPEEJIEHNIO KpaiiHue TOIKH.

JloKa3aTeabCTBO CyINECTBOBAHUS KpaiiHell TOYKH IPOBOJUTCA B IBA
mrara.

ITar 1. CymecrByer onopHasi rUIEPILIOCKOCTD.

HetficrBuTebHO, TAKOBOM OyzeT, KakK JIEFKO MOHATH, T'MIEPILIOCKOCTH
H=H(z*)={z| (z*, z) = r;leac)(@*, x)} (z* € X* — moboit BeKTOD).

ITar 2. Ilpumennm tpanchuanTHYIO MHAYKIUO. Paccmorpum ece
OITOpHBIE MHOKECTBa, comepzkamuecs B H. O603Ha9UM 3Ty COBOKYTIHOCTD S.
VYnopsa09uM 3JIeMEHTHl MHOXKECTBa S 10 BKJIIOYEHHIO. Lorga 10 JieMMe
opra maiinerca makcumanbHaa menb M. Ilepecedenme BCex ONMOPHBIX
mHOXKeCTB 13 M (B cmry makcmmasnbHOCTH) npmHagmexkur M. Ocraer-
¢S TI0KA3aTh, 4TO 9TO mepecedenue (0603HaIMM ero S) COCTOMT M3 OmHOI
rouku. Eciu 910 nepecedeHne COAEPKUT ABA IEMEHTA & U 1), TO MbL Pas3-
nemum ux byrkmmonatom * ((2*, €) < (2%, n)) u momoxum S := SUT,
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roe I'={z| (2", z) = sup (&%, z)}. Dro, 0IeBHAHO, 3aMKHYyTOE MHOZKE-
zeSuC
cTBO, mepecekaromeecss ¢ C' M, KaK HETPYTHO IIOHATH, OMOPHOe. 1Ipumum K

[MPOTUBOPEYHIO C MAKCUMAJLHOCTHIO MHOXKECTBA S
Ocranbuaoe mpocro. O6o3uaunM depe3 extr C' COBOKYITHOCTh BCEX Kpaii-
Hux Touek MHOXKecTBa C. Ecim 3ampikanne MuOXKecTBa extr C' (0603HaTAM
ero C’) me coemamaer ¢ C (T.e. sBAsieTCss COGCTBEHHBIM IOJMHOXKECTBOM
B C), crporo otmeanMm touky u3 C'\ C’ or C' dyHKImMOHANIOM T* U, pac-
CMOTDEB OMOPHYIO THIEPIUIOCKOCTh H (T), HalimeM Ha Hell KPailHIOI0 TOYKY
muoxkectBa C, He npuHaexantyo C’. [Ipunuin kK mporuBopeunto. Teopema
IoKa3aHa. O
Hawm ocrasmocs nokazats eme Teopemy ['mibbepra. [lo ckazannomy BbItTe
MOKHO CYMTaTh, 9TO X Peajm30BaHO Kak ly. Paccmorpum skcrpemanbayio
381y
|(Az, )| — max, (z, z) <1 (6.2)

ITycrs {x"},en, 2" = (2} )ren € lo. Ipu srom

> @y <1 vn. (6.3)
k

JHMaroHaJbHBIM — MPOIECCOM  MOCTPOMM  TAaKyH0  IIOAIOC/IEI0BATE b=
HOCTB 7, 9TO T, — T). V13 mepaserncrBa (6.3) BBIBOmmTCA, 9TO T = (IT})
JIEXKUT B eIuHAYHOM mape. V3 kommakTHOCTH omeparopa A ciemyer, 9T0
Z —pemenne 3aznaau (6.2). Pasymeercs, ||Z|| = 1.

A renepb —masienbkuil reomerpudeckuii pparment. Jlokaxkem, 9ro T —
cobCcTBeHHBIH BeKTOp. Ecam 3TO He Tak, TO 4Yepe3 BeKTOpPHl T u AZ mpo-
BeIeM IBYMEDHYIO IUIOCKOCTb. CedeHmeM equHUYIHON cdepbl ruibbepTroBa
IPOCTPAHCTBA STON IJIOCKOCTBIO OYJeT OKPY?KHOCTbH, IPOXOIAINAs depe3
sexTop Z. [IpoBe/ia B HAIIel IIOCKOCTH NEPIEHINKYIISP K T 1 B34B BEKTOD &
€IMHUYHOM JJIMHBI HA 3TOM NEPIEHJUKYJ/IAPE, 9yTh BO3MYTUM BEKTOD T,
PACCMOTPEB BEKTOPBI €, = Z COS o + & sin a.. Bee 9TH BeKTOPbI e IHHITHOM [/11-
HBL, B TO BpeMd Kak dbyaknus f (o) :=(Ae,, €,) He HMeeT JJOKAJILHOTO IKCTPe-
MyMa B HyJe (160 ecim BeKTOp T He cobcTBenmbI, To f'(0) = 2(AZ, £) #0),
a 9TO MPOTUBOPEYHT OIPEIEIEHHIO T.

Komern nokazarenscrBa mpoct. Beut mocTpoer mepsBbiit COOCTBEHHBIN BEK-
Top. O6osmaunm ero z', Az' =\ z'. IIpm stom |\;| — mMakcumy™m B 3a7a-
ge (6.2). Paccmorpum oproromanbHoe momonmenwme X, = {z | (z, z') = 0}.
OHO WHBapMAHTHO OTHOCHTENHHO omeparopa A: ecm x € X, o (Az, 2') =
=(z, Az") = (z, \,2") =0, T.e. Az € X;. [Ipocrparcrso X, cHOBa ruabbep-
T0BO. MOKHO 1IJ1s1 HETO CHOBA MIOCTABUTH 331349y (6.2) n HaliTn coGCTBeHHbIH
BeKTOp, ecau (Axr, ) He TOXKIECTBEHHO DAaBHO Hyaio u T. 1. lanee Bo3-
MOXKHO OIHO U3 JBYX: JU0OO B KaKO-TO MOMEHT Ha k-M MIare OKarKeTcd,
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aro (z, x) =0 Va € X}, aubo uponecc 6yuner uyru Geckonedno. B nepsom
CIlydae W3 HAIIEero <«reOMETPUYECKOr0» PACCYKIEHWS Ceayer, 9Tto Ax =
=0 Vz € X}, u, Beibpa 06a3uc B X}, MOJy9dM COBMECTHO C MOCTPOEHHBIMHA
cobcTBeHHBIME BeKTOpamu 6asuc B X . Bo Bropom cirydae mojiyanM CIeTHY IO
cucreMy COOCTBEHHBIX BEKTOPOB {2"},cyn € HeHyjieBbIMU (U yOBIBAIOIUMU
1o aBCoNOTHON BeIWIHHE) COOCTBEHHBIME YHCJIAMH. 3aMKHYB JIAHEHHYTO
000JI09KYy BCEX 3THX BEKTOPOB, PACCMOTPHUM OPTOrOHAJBHOE JOMOJHEHUE K
aToii 060Jiouke. Ha 3TOM OpTOroHAJLHOM JIONOJHEHUM = 110 IIOCTPOEHUIO
(Az, ) =0 Va € 2, m.e. A—nyneoii oneparop. Ilpucoeauaus 6asuc B = K
{z"*}, monyanm TpeGyemprit 6azuc B X . Teopema nokazaHa.

§6.4. 3akJIIOYNTEJbHBIA KOMMEHTAPUIA

T'eomerpus kak Hayka pommiaack rae-to Ha pybexe VIII—VII B. mo H.3.
CoryacHo jereHze poaOHAYAJBHIKOM M€OMETPHH, IEPBBIM 9eJIOBEKOM, KO-
TOPBIH MBITAJICI OCO3HATH, YTO TAKOE TOKA3aTEIbCTBO, OB HOHUMCKHUHN Ky-
rer;, @astec. EMy npunuchiBaroT mepBbie TEOPEMbBI, B 9aCTHOCTH, TEOPEMY O
PaBEHCTBE YTJIOB IIPU OCHOBAHUU PABHOOEIPEHHOTO TPEYTroIbHUKA. VI3 Beu-
KHX TeOMETPOB APEBHOCTH HeoOX0oamMo Ha3BaTh eme lludaropa, Eskimmaa,
Apxumvena u Anosutonus. Iludarop 6bLT OpraHU3aTOPOM MEPBOI HAYIHON
mWKOJIBL (B KOTOPO# — IO IIPETAaHAUI0 — IOKA3aHA TEOPEMA, HOCAIIAS €r0 UMs ).
DjieMeHTapHAs reOMeTPuUs Ha IJIOCKOCTH U B IPOCTPAHCTBE ObLjia BIIEPBBIE
n3joxkena B «Hagasiax» EBkimnna, reopusi uaMepeHus Iomaaeil u 00’beMoB
cozmaa EBnokcoM (a Beiten 3a Tem ApxuMe]; pa3paboTall Cioco0bl BBIYHC-
JIEHUS NJIOLIAAM NOBEPXHOCTH Chephl U 06beMa mapa), Teopus KOHUIECKIX
cedeHul — ATIOJITIOHIEM U ero IpeIieCTBEeHHUKAMU.

C magasiom snoxu Bo3poxkiennsi HayKa yCTPEeMIIach K HOBBIM pybezkaM.
B XVII 8. ®epma u JlekapT nocrponsin ajaredpandecKue MOJIEM IreOMeTPUI
Ha miaockoctu, Jesapr u [lackaab cramu paspabaTbiBaTh Hadala TPOEKTHB-
HoOIt reoMmerpuu. laymireit, Kemrep n HproToH Hawga m co3zmaBaTh HAyKy O
upupoge. (C Toil mopsl reoMeTpus cTana a3bIKOM ecTecTBo3HaHUA. OGHADY-
2KWUJIOCH, B YACTHOCTH, 9YTO TPAEKTOPHUH IIJIAHET U OPOIIEHHBIX IO, YIJIOM K
TOPHU30HTY Te€JI OIUCHIBAIOTCA KOHNYICCKUMU Ce‘{eHI/IHMI/I.)

Boccoenunenne anreGpbl B reOMeTPHU IIPUBENO (Cpequ MpOvero) K po-
XKyeHno (B Tpymax Diinepa) abdUHHONE reoMeTpUN M MeOMETPU3AIUA Te-
opuu JIUHEIHBIX ypaBHeHui. B Hadaje mpomnuroro Beka BCe 9TO O3HAMEHO-
BaJIoCh (pyHIamMeHTaabHOU Teopueit Ppearosbma JTUHEHHBIX YPAaBHEHHUI B
GECKOHETHOMEDHOM ITPOCTPAHCTBE.

Konuemnmusi eBkJIMI0Ba IPOCTPAHCTBA, IIPETEPIEB CO BpeMeH EBKJmia
0oJiee YeM IBYXTBHICSIEIETHIOK BOJIIOINIO0, IPUBEJIA, C OJHON CTOPOHBI, K
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[MOHATUIO OECKOHEYHOMEPHOIO I'miib0EPTOBA IPOCTPAHCTBA, & C APYroi — K
HOHSATHIO TJIaJKOr0 (PUMAHOBA) MHOT0OODA3HSL.

Teopema ['mipbepra 0 KOMIIAKTHBIX KBaAPATHIHBIX (popMax B IHIbOEp-
TOBOM IIPOCTPAHCTBE — OHA M3 KPAWHAX TOYEK TEOPWUW, UCXOAHBIM IIyHKT
koTopoii — «Konuku» Amnojuionusi.

MuoroBekoBble Pa3MBbIIIEHAS HAJ, IATHIM IOCTYIaTOM EBKimma ¢ ox-
HOW CTOPOHBI, Pa3BUTHE MIPOEKTUBHOU U juddepeHnnaibHON reoMeTpun C
APYroif U KOMILIEKCHOTO aHaJjm3a ¢ Tperbeit npusenau laycca, JlobageBcko-
ro, Boitan, Beabrpamu, Kaan, Kneitna, Ilyankape n Apyrux K 0CO3HaHHIO, &
[TOTOM ¥ K JOKA3aTeJIbCTBY HEIIPOTUBOPEINBOCTHU reomeTpun J1obadaeBcKoro.
Obmas kounennus PruMana mocTpoeHust reoMeTpUIECKUX 00bEKTOB, HBIHE
Ha3bIBAEMBIX PUMAHOBBIMU MHOr000Opa3msmu, ObLIa OIOJHEHA dPJIAHIEH-
ckoit mporpammoit Kieitaa. B urore 6611 BeIE€H Kitacc MHOrooOpaswmii mo-
CTOSIHHON KpUBU3HBI, 00bequasAmmuii reomerpun EBkiauna, JlobaueBckoro
u Puvana. ['eomerpus JIobageBckoro okasajgach BaKHEHIIEH KOMIIOHEHTOM
COBPEMEHHOI'0 BO33pEHHs HA OKPYZKAIOIWil HAC MUpP: HA Heil basmpyercs
Teopus OTHOCUTEIHLHOCTH.

Poxenne B Tpysmax MUHKOBCKOTO BBIMTYKJIONH r€OMETPHUHU IIPUBETIO, C O/I-
HOM CTOPOHBI, K BO3HUKHOBEHUIO JIMHEHHOTO (DYHKIIMOHAJIHLHOTO aHAIN3a, &
C IPYTOil — BBIMYKJIOTO aHAJIN3a, SBJSIOMErocs 0a30if TeOpUH IKCTPEMaJIhb-
HBIX 33/34.

060 BceM TOM MbI CTapaJIUCh PACCKA3aTh B HAIlell KHUTE.

MHOI‘I/IX Ba2KHbIX aCIIEKTOB reOMeTpuu Mbl HE 3aTPOHYJIN. B 9aCTHOCTH,
y HAC HUYIEro0 HE CKA3aHO O TOM, UTO MPOUCXOAWIO B TE€OMETPHUH 33 II0-
Ce/IHAE TATHIAECAT JIeT. A CIBUTH, MPOM3OIIENe B MOCIEHEe BpeMs B
reoMeTpPUYeCcKoil Hayke, orpoMubl. ODO3peBas IBOJIIONMIO HAIIEH HAYKU B
nocienuue necaruierus, B. . Apronba numer: «Ha Beiciiem yposae co-
BPEMEHHAs MAaTEMATUKA U TeOpeTUIeCKast (DU3NKA BHOBb CJIUBAIOTCH B OIHY
HayKy. ['eoMeTpust BEKTOPHBIX PACCIOEHUN U CBI3HOCTEHM, CHMILIEK TUIECKAST
TOIOJIOTHS M KJIaCcCU(pUKAIKs IeTHIPEXMEPHBIX MHOTO00pa3mil, TeOpus y3-
JIOB U KOC, CyIe€pCHMMeTpusi u Teopusi ajredp Jlu, KBAaHTOBBIE DBl U
6ostee obrmrue anredbpsr Xormda, 0COOEHHOCTU TUIIEPIIOBEPXHOCTEN U TUIEp-
KJIEPOBBI CTPYKTYPbI, ACHMOTOTUAKA TMIIEPreOMETPUIECKUX HHTErPAJIOB U
noacC4YeT 4YucCJjia palnruOHaJIbHBIX KPDUBBIX Ha aJIFe6pa,I/I‘-IeCKI/IX IIOBEPXHOCTAX,
HeJIMHENHbIE YPABHEHUS C YaCTHBIMU MPOU3BOJHBIMY U CIIEKTPAIbHAS TEO-
pust muddepeHnnaIbHBIX OMEPATOPOB — BCE ITH 00IaCTH YUCTEUIIEeil MaTe-
MaTuKu (oYTH BCce mpuHasiexamue reomerpun! — Ipum. asm.) oKa3biBa-
FOTCH PA3HBIMU ACHEKTAMU KBAHTOBOII TEOPUU IIOJIS».

Muorue u3 3TUX JOCTUKEHUUW COBPEMEHHOU IeOMeTPUU JOJIKHBI CTATh
IIpeIMEeTOM H3y4YeHHs B JAJbHEHIMHNX KypcaxX IeOMeTPHYeCKOr'o COmeprKa-
HUS.



JonosHeHnue

§ 1. 'eomeTpus nu pusuka

Bpoiiennsie Tesa ABMXKYTCs 10 napabosam
(Tasmureit 1 HproToH)

Besukasa kuura [Ipupoasl HanucaHa s3bIKOM I€OMETPUH.
Tanunets

PooHa9aIbHUKOM COBPEMEHHOI'O €CTECTBO3HAHUS IO MPABY CYAUTAETCS
Tamuneo Tamuneit. On nepseiit crasa 3agasarsh [Ipupose Bonpocs: Bcepbe3 —
BIIEPBBIEC B UCTOPUN HAayKW OH Ha4daJl CTaBUTH (i)I/ISI/I‘-IeCKI/Ie 9KCIIEPUMEHTBDI.
IIyckas Tesia CKOJIB3UTH IO OTIOJUPOBAHHON HAKJOHHOW IIOCKOCTH U 3a-
Mepsis BpeMsi IO OMEHUIO MyJIbCa, OH OTKPBLIT HaYa/IbHbIE 3aKOHBI MEXaHUKH.

Tanumeit coBMemman HayYHbIE UCCIIEI0OBAHUS C MPENOJaBaHIEeM — OH 00y-
gas maremaruke cryaerToB [Iuzanckoro, a 3arem Ilajyanckoro yHusepcu-
rera. On Bocxumaics Eskiannom u Apxumenom. 3Haj 0 TEOPUM KOHUYECKUX
cevyenuit Anosonusi. CoeuHUB PE3yJIbTAThl IKCIIEPUMEHTA, U MATEMATHUKY,
lanuneit cymen onucaTh TPAEKTOPUU OPOIIEHHBIX TEJI.

3aBepIeHHy0 TEOPHUIO JBUKEHN MaTePUAIbHBIX TeJl Jajl HboToH, me-
peBea 3aKOHBI KJIACCAIECKON MEXaHUKY (U, B 9ACTHOCTH, 3aKOHBI [ anmes)
Ha A3bIK MATEMATHIECKOTO AHAJIN3A.

Coracuo 3akonam Mexamukn Hprorona ma 7
OpoIIIeHHOEe TEJI0 MacCchl m JeficTByer cuia F =
= —mg B obpaTHOM HanpasJjieHnu K ocu Oy, Ha- mg
[OPaBJIEHHON BEPTUKAJILHO BBEPX (IO OTHOIIEHUIO ()

K IIOBEPXHOCTU 3€MJIH, KOTOPYIO 3/1eCh CIUTAEM O T
mtockoii: cm. puc. J1.1). CieoBareasno, TpaeKTo- Puc. J1.1

pus (z(t), y(t), z(t)) Tena, GpoleHHOrO N3 Hada-

JIa KOOPAMHAT 1oz, yrioM (yrioM 6pocarus) ¢ K ocu Oz B mockoctu Oxy
U MMEOIIEro HAYaJIbHYI CKOPOCTh ¥, COTJIACHO 3aKoHaM HbioroHa ymosie-
TBOPSET yPaBHEHUSIM

mz”" =0, my'=-g, mz'=0

u HagaabHbIM JaHHEIM 2(0) = y(0) = 2(0) =0, 2'(0) =vcos ¢, ¥'(0) =vsing,
2'(0) =0.

Wurerpupysa st ypaBHEHUS, HAXOAUM

2
x(t) =vtcosq, y(t)=uvtsing — %7 2(t) =0,
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OTKy/1a [IOJIy9aeM yPaBHEHUE I TPAEKTOPHUH OPOIIEHHOI'O TEJa:

2
=xtgQ — ————.

y 8P~ 22 cos? 0]

Ilonyunnu ypaBHeHue mapaboJibl — OHOI M3 BaXKHEHIINX I'€OMETPHIECKHUX

duryp, cocTaBIAIONNX A3bIK, HA KOTOPOM HUIIYTCH 3aKOHbI IIpupossr.

Ilnadersl ABUKYTCSA IO IJLIMAIICAM, ACT€POUIALI — 10 KPUBBLIM
Broporo nopsazaka (Kemnsep u HeroToH)

4 numy coro kuHury. [Ipourercs jm OHA MOMMH COBPEMEHHUKAMU WJIM
MOTOMKaMH, OHA BCe PAaBHO Halimer cBoero unraress. Passe l'ocogs Bor me
2K/IaJ IIEeCTh THICAY JIET CO3ePHATes CBOEro TBOPeHms?

Kenaep

B urore muHOroserHeit Kpomnorauseiineii 06paboTKH BECbMa TOHKHX Ha-
Oiromennii nerkerns miaHer (npowmsseneHHbIx Tuxo Bpare) Kemnep npn-
IeJI CHavaJ/1a K HECKOJIbKO HEOXKUJIAHHOMY 3aKJ/II04YeHuI0, 9To mwiaHeTbt Coli-
HEYHOHN CHCTEMBI IBUXKYTCS 110 OKDPY’KHOCTAM (M 9TO OBLIO 3aMedYaTesbHO,
100 OKPYKHOCTH — OCHOBHAS FeOMEeTPUIeCKasi KPUBAsl AHTUIHON MaTeMAaTH-
ku. CYUTAIOCh, 9TO BCE PA3yMHOE JIOJIZKHO COBEPINATH KPYTOBOE JIBUYKEHUE
WM B KPAtHEM CITy9ae HEKOTOPYI0 KOMOWHAIINIO KPYTOBBIX ), HO — 0, y2Kac! —
camo Cosane He OBLIO PACIIOIOKEHO B HEHTPe!

970 mokazasock Kermiepy ogeHb CTpaHHBIM, U OH CTaJjl MEPECIUTHIBATH
BCe 3aHOBO W eIre OoJiee TarespbHO. U TOrma y HEro moJiydmiioch, 9To mjia-
HETHI Ha CAMOM JejIe ABUXKYTCS IO JJLIAMCAM, HO C OY€Hb MAaJIbIM JKCIIEH-
TPHUCUTETOM U HOTOMY OH [IEPBOHAYAJIBHO UX IPUHSI 3a OKpyzkHOCTH. Camo
ke CoJlHIle PACIOJIOKEHO B OIHOM U3 (DOKYCOB JLIMIICA. DTO yTBEPKIEHUE
HBIHE W3BECTHO Ka’KJOMY U3 HaC Kak nepsuiti 3axon Kenaepa.

ITepBrIit 3aK0H (BMeCTe CO BTOPBIM, TaK HA3BIBAEMBIM 3GKOHOM NAOULA-
deti) 6pu1 omybsmukoBan Kertepom B 1609 .

Tonuyro reopuro mianerHbix aprkenuit mocrpoun Heroron. OH BbiBes
3akoHbl Keliepa u3 CBOUX 3aKOHOB MEXaHUKM M 3aKOHA BCEMUPHOI'O TSIO-
TeHusi. [IpoBesieM 3TOT BBIBOJ U MBI.

Ecnu 3anucars Bropoit 3akoH HbOTOHA 1 3aKOH BCEMUPHOTO TATOTEHUS
B Buge HpopMyi (1J1d NIIOCKOrO [BUKEHUS IJIAHETHI MM KOMETBI MaCChI 1M,
JIBUKYIIENCS 10T efiCTBUEM COJTHEYHOI'O TATOTEHNUsI, IpeHedperas npu STOM
BO3IEHCTBUEM APYTHX KOCMHYIECKUX TEJI), TO MOJYy9ATCS CIEMYIOIAs Kap-
THUHA.

1CnoBa snurpada B3arer u3 kaurn Kemnepa «[apmonus Mupas, B kotopoii Kermrep
[IOABOAMUJI UTOTW CBOUX TPY/OB IO MCCJIEJOBAHUIO J[BUXKEHUS IJIAHET.
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Cuna F Bo3gelictBusi Ha IutaHery wim Komery co cropoubl Coun-

t t
Ia paBHA IO 3aKOHY BCEMHDPHOIO TATOTEHHS —k%, rae r(t) =
= (22(t) + y*(t))"/?. Orciona, 3anuceiBas Bropoii 3akon HeioTona, momyanm
k k
mr' = - oy =y (1.1)

(22 + y2)3/2” (22 + y2)3/2°
IIepexonsa K MOJIAPHBIM KOOPAMHATAM T = T COS (9, Y = T Sin ¢, IoJIydaeM
' =r'cosp —rsinge’, y =r"sing+rcosey’. (1.2)
ITosTomy
'sing —y coso=—rqg’, z?+y?=r"+1r"? (1.3)
a u3 ypasrenuii (/1.1) nonyaaem
x"sing —y” cos =0. (1.4)

N3 coornomennit ([1.1)—(1.4) mocie muddepeHppoBaHns IPUXOAUM K
JIByM 3HAMEHUTHIM 3aKOHAM COXPaHEHWUSI:

m(T4) i, (115)
e = % (1.6)

Pasencrso (/1.5) BBIpazkaeT 3axon corpanenus suepeuu, a (.6) — saxon
naowadet; Kemrepa, 0 KoTopoMm roBopmiioch ebime (kocranTa L nmeer du-
3quCKHﬁ CMBICJI, HO MbI Ha, 3TOM HE OCTaHaBﬂHBaeMCH).

U3 coornomenwnit (/1.5), (1.6) u (1.3)6) npuxoaum K CleLymeMy pa-

BEHCTBY: )
ﬂ(rm_i_(i) )+E:H7
2 mr r
paBHOCHIbHOMY AupHepeHnnaIbHOMY yPABHEHIIO
dr 2 k L?
a:\/a(ﬂ—;)—m~ (A7)
W3 3axona mromaneit (1.6) mmeem
de L
E = mr?’ (rﬂs)

A w3 nocnenaux aByx coornomenuit (/1.7) u (/1.8) npuxonum K uHTErpuUpy-
eMoMy auddepeHITuaILHOMY YPABHEHTIO

de _ L/ (mr?)

dr \/Q/m(H —k/r) — L2/m2r2.
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IIpoussens uaTErpHpOBaHUE, IOIYyIaEM OKOHIATETIHHO

B p o _ |2HL? Y e
T_1+ecos<p’ p_m|k|’ €=V e +1, L=mlklp.

Suaunt, eciim H < 0, opbura smaunrudeckas, eciim H =0 —napabonmaeckasi,
a npu H > 0— runepbosmdeckast (BCIOMHAM TO, O YeM FOBOPUJIOCH B IJIaBe
0 KOHUKAX U KBaJPUKaX). DTO Jiu He anodeo3 TeoOpur KOHUIECKUX CedeHMii!

Teomerpus u cnenuajibHasi TEOPUS OTHOCUTEIBHOCTH
(Ditrmreiin 1 MuHKOBCKMIA)

Mup ycrpoen npocro. Ogens npocro. Ho e 6osee Toro!
Anavbepm dunwmetin

IlonpobyeMm mMOHATH OCHOBHBIE (DOPMYJIBI CIEITAAIBLHON TEOPUU OTHOCH-
TeJIbHOCTH Ha (OTHOCHTENIHHO) IPOCTOM IPUMEDE.

IIpeacraBum cebe Takyto curyarnuio. [lo mpsamonnaeiiHOMY y9acTKy 2Ke-
JIE3HOU JOPOTHW CO CKOPOCTBHIO U HIET moe3d. B TamOype TpeTbero BaroHa
crout Kypuiabmuk (nasee K). B Tor cambiii MoMeHT, Korga TaMGyp TpeThero
BaroHa MPOHOCUTCA MUMO JIe2KyPHOTO 110 cTanmmu (mamee [1), Tam mogsiseT-
ca naccaxwup (namnee I1), maymmit BIOIb OE3/1a € TOCTOSTHHON CKOPOCTBIO ¥’
Homnyctum, 910 1 y /1€2KyPHOr0, U y KyPUJIbIIAKA, U Y TACCaKAPA UMEIOTCS
XPOHOMETPHI.

CopammuBaercsi, KakOBa CKopocTh V maccaxkupa 11 orHOCHTENBHO mE-
Kypsoro 17

Ho mosBosbre, ckaxer Jif060ff HOPMAJIBHBIN 9€I0BEK, Opu 9eM TYT K,
npu 9em TyT XxpoHomerpoi! OdeBugHO ke, aro V = v + v’

" HeroToH 0TBeTHI OBl TOYHO Tak ¥ke. A BOT y DifHIITElHA Oy IUIach

v+
1+vv'/c?’
HMEHHO II0 9TOMY IOBOJy ObLiIa COYMHEHA CJIE/yTOIasi CATUPA;

coBceM apyrag opmyna: V = TIIe ¢ — CKOPOCTh cBeTa. KaxKeTrcs,

Boun cymumit Mup rirybokoit TbMO# OKyTaH,
«/la 6yner Ceer», —ckazau [ocromp,

N tyT asunca HeioTowH.

Ho Carana HeZoaro »/1aJl peBaHIIa.
OitHinTeitHA OH SIBUJI,

" mpaxk macran. Kak panbire.

(IlepBast 9aCTh TOTO CTUXOTBOPEHMS NPUHAJIEXKAT AHMIIAHCKOMY MO3TY
Agnexcannpy Iomy (1685-1744). On nucas:

Nature and Nature’s laws lag hid in night.
God said: «Let Newton bel» And all was light.)
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JlaBaiiTe ke — BO BCEOPYKHUU T'€OMETPHUUECKHX 3HAHHII — IMOIpobyem
pa30bpaTbCs B TOM, TaK JI YK MPAIHO OOCTOUT JI€JI0 C TeOprueil OTHOCH-
TEJIFHOCTH, KaK 9TO MIPEICTABJISIETCS aBTOPY CATHUPHI.

IIpexx e Bcero HEOOXOAMMO CKa3aTh, 9T0 HBIOTOH He 3HAJ OIHOIO BazK-
HOTO (haKTa, KOTOPBIHA OBLI SKCIIEPUMEHTAIFHO YCTAHOBJIEH JIAIIb B HAYAJIE
Hamero Beka. OGHAPYKUIIOCh, YTO CEEM UMEEM NOCMOAHHYIO CKOPOCTD 6
4106017 UHEPUUAALHOT cucmeme Koopdunam, (T.e. cucTeMe KOODAWHAT, JIBU-
JKYIIEHCS ¢ TIOCTOSTHHOIN CKOPOCTBIO) W CKOPOCTH CBETA HUYTO IPEB30HTH He
MOXKET.

Tak 49T0 ecjam B TOT caMblil HAYAJbHBI MOMEHT BCE TPOE — OJIUH HEIIO-
memkabi (1), apyroit exymuii co ckopocthio moesna (K) m Tpernit, nve-
FOIIUIA eI JONOHUTENBHYIO CBOIO cobcTBeHHY 0 cKopocTh (II), BeimycTram
ObI TPU COJIHEYHBIX 3aM9YUKa BJOJIb JJOPOTH, TO TU 3aWYUKU (KaK 39TO HU I10-
KayKeTCsl yAUBUTEIbHBIM) Oekau OBl BPOBEHb, He OTCTaBas U He OOrOHssS
APYT JpyTa.

Orcioma ¢ Hen36eKHOCTBIO BhITeKaeT, 9ro xpoHomerpsr I, K u IT BexyT
cebs no-pasaomy! U 6osiee Toro, KOOpAMHATEL U BpeMs HE MOLYT paccMarT-
puBaTHCA HE3aBUCUMO.

VY Hac, CKaxKeM, IMEIOTCS TP PABHOIIPABHBIX CUCTEMBI KOODIUHAT: OHA
cBsizaHHas ¢ /I (HemomBmKHas), npyras — ¢ K — mogBuKHas ¥ TpeTbs — C
II — «eme bosiee momBukHasi». B KaKIbIil MOMEHT BpEMEHU MMEIOTCS TPH
noka3anus xporomerpos: t, ¢’ ut” gus I, K u II coorBeTCcTBEHHO, U Ka K IbIi
13 HUX UMeEeT (B Ka,)KI[OfI N3 CUCTEM KOOp,Z[I/IHa,T) CBOU KOOPAWHATHI.

IIycrs, Hanpumep, B Hekuit MomeHT ¢t 10 xponomerpy J u ¢’ no xpono-
merpy K maccaxup I1 mmeer koopauaarsr x B cucreme | u 2’ B cucreme K
coorBercTBeHHO. CumTasi cupaBeaIMBLIM 3aKOH mHepruu lanmnes, corsac-
HO KOTOPOMY BCE MHEPIHAJBbHBIE CHCTEMBI KOODIWUHAT PABHOIPABHBI (T.e.
€CIM 3aHAaBECATH OKHAa B TaMbype, To K He cMoOxkeT yCTaHOBUTH, €€T OH
W CTOWT), ECTECTBEHHO IIPEJIIOJIOKHATD, 9TO C8A3b MexHcy napamu (x, t)
u (2, t') 3adaemca AUHETHBIMU COOMHOWEHUAMY. DTO — BasKHEHIIMH MO~
cTysnar teopuu oTHOcUTEbHOCTH. (A ecim 6l Ipeobpa30BaHUs KOOPAUHAT
ObLIIU HEJIMHEHBIMU, TOTIA NefiCTBATEIHLHO BCe ObLI0 OBl JOBOJILHO MPAYHO. )
VYcioBuMCd ere, 9TO MBI BHIOpaIn MacmITad BPEMEHH TaK, YTOOBI CKOPOCTH
CBETa C PABHSIACH €JMHMUIIE.

Teneps Bce momyIneHns CAeJaHbl U MOXKHO MPUCTYIATh K BBIBOAY (DOp-
MYJIBL JJISI CYMMBI CKOPOCTEH.

HonyctuMm, uro K B HaUaIbHBI MOMEHT BBIITYCKAET COJTHEYHBIH 3afi9UK 1
gepes Bpems T (o xporomerpy 1) mosioxkeHne 3TOT0 3aii9nKa B HEIIOIBUK-
HOI1 cucTemMe KOOpAUMHAT onpejenserca koopaunaramu (X, T), a B cucreme,
CBsI3aHHOM ¢ moe3om, koopauHaTamu (X', 7). Ho Torma u3 runmoresst o no-
CTOSIHCTBE CKOPOCTH CBeTa BhiTeKaet, uro X /T = X'/T’ = 1, . e. nuneitnoe
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npeobpa3oBaHue JOJIKHO coXxpaHaTh ¢popmy z2 — t2. A Takue npeobpasoba-
HUsA Mbl U3y4YaJind — I3TO I‘I/IHep6OJII/I‘IeCKI/Ie IIOBOPOTHI (yCTpOGHHI)Ie HUYIYTb
He CJIOXKHee, 9eM OOBIYHBIE TI0BOPOTHI):

t'=tcha —zsha, (1.9a)
2’ =—tsha+ zcha. (1.9b)

IIycts Teneps xpornomerp I moka3biBaer BpeMs t. IlookeHne Ky pUIbITIKA
K B aTOT MOMEHT mycTh OyzeT (B cuCTeMe KOOPMHAT, CBS3aHHOM C IT0e3710M)
(0, t'), nbo KypHJIbIIUK BCe KYPUT U KypUT B TaMOype, ero KoopauHaTa &’
Kak ObljIa HyJIeM, TaK HyJIeM U OCTaJaCh, & ero Xponomerp mokasau t'. Torma
u3 (1.9b) caexyer, 9aTo
v= % =tha. (11.10)
A Tenepb 10 GOPMYIIBL IS CJIOKEHUS] CKOPOCTEH O0CTAJIOCh JBa INAra.
B moment ¢ (mo xporomerpy [I) maccakup GyaeT mMeTh B HENOABUZKHON
cucreme koopauaarsl (Vi, t), a B cucreme, cBa3aHHOil ¢ moesmom, — (vt ).
ITosromy u3 coorromenuii (/1.9a) u (1.9b) moxygaem

t=t'cha+v't'sha,
Vt=tsha+v't' cha.

U, 3HAYUT,
sha+v'cha @ v+

:cha—|—v’sha7 14 o0’

Bor u Bce, dopmyna Ditamreitna qokasana. VM HUKaKoro ocO6eHHOTO MpaKa.
Bce mososibHO-Taku mpocro. Jaxe ogensb npocro. Ho me 6osiee Toro!

3agaauMcs BOIIPOCOM: MOXKHO JIM BBIPA3UTh CYTh CIEIUAIHLHONU TeOpUu
orHOCUTENBHOCTH OnHOM dpa3zoit? (Pasymeercs, obpamenHoit k 3HATOKY
Teomerpun).

OKaBI)IBaeTCH, 9TO BIIOJIHE BO3MOZKHO. PaCCMOTpHM OT06pa)KeHI/Ie X —
T +v

— Tr 20 OHO BCTpEYa/IOCh HAM HEOAHOKPATHO. JTO 0TOOPaKEHUE I1EPEBO-
v

v+
1+

nut orpe3ok [—1, 1] B cebg, Touky 0 — B TOUKY v, a TOUKY V', T.€. B
B CyMMy ckopocreit v u V.

Takum 006pa3oM, ¢ OHHON CTOPOHBI, MOJYYWICH COBUT mpsamoit Jloba-
9EeBCKOT0, IPOMOJIEINPOBanHOil uaTepBajsoMm (—1, 1), a ¢ Apyroit — To xe
oTobpaxkeHwue omnpeenseT GopMyIIy JJjis CyMMbI CKOPOCTEH B CHEIUAIBLHON
TEOpHUU OTHOCUTEIHLHOCTH. PaccMOTpUM Teneph «IIpOCTPAHCTBO CKOPOCTE»
[IpU OJITHOMEPHOM BV KEHHUH. 10vUHEe roBOps, BhIOEPEM KAKYIO-TO CHCTEMY
KOOpAUHAT KakK HeHOﬂBI/I)KHyIO. TOFI[a, OCTaJIbHbI€ CUCTEMBI, I[BI/I)KyH_[I/IeCH
BJIOJIb OJHOMN IPAMOIA, OJTy9aT KazKIasd 1Mo CBoeli Touke B mHTepBaJie (—1, 1).
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W npu »TOM CyMMHUpPOBaHUE CKOPOCTEH OCYINECTB/ISETCH CABUIOM IIPSIMOM
Jlobauesckoro. To ke camMoe BEPHO M B JBYMEPHOM CiIy4dae (IUIOCKUX JIBU-
JKeHHit), 1 B 00IIeM — TPeXMEePHOM — CIIydae.

Taxum 06pa3oM, OIHOI U3 TPAKTOBOK CIIEIUAJIHLHON TEOPUN OTHOCUTE b
HOCTH MOKET CJIy?KUTH CJIeIayomas (ppa3a.

IIpocmpancmso ckopocmetl 8 CnetuasbHOT MeoPUL OMHOCUMEADHOCTIU
ECMb HE YO UHOE, KAK NPAMAL 8 00HOMEPHOM CAYUGE, NAOCKOCMD 6 NAOC-
KOM CAYUGE, G 8 MPETMEPHOM — NPocmparcmeo Jlobauescrozo.

Takomy B3Iy Ha IIOCKOCTH JloDaueBCKOro MOCBsIIeHa KHHUra «Pe-
JIATUBUCTCKHUI MHp» !, Iyle YuTaTe b MOXKET y3HATh MHOIO HHTEPECHOTO O
reOMeTPUYECKUX UHTEPIPETAIUAX MHOIUX (PU3NIECKUX SABJIEHUN HA A3bIKE
reomerpun JlobageBckoro.

§ 2. MHOrorpaHHUKM M MHOTOYT'OJIbHUKU

BbIl'IyK.TlI:Ie MHOTI'OI'DaHHHUKHA

Teopust BBIMTYKJIBIX MHOTOIPAHHUKOB — KOJIBIOETh BBITYKJION reOMETPUH.
3mech, B JlonomHeHnn, Mbl yaejseM el MHOTO MeCTa.

Beimykiyro obosouky N Todek B n-mepHOM adOUHHOM TPOCTPAHCTBE,
cpeny KOTOpbIX ecTb N+ 1 adpduHHO HE3aBUCHMAas TOYKA, HA3BIBAIOT 1-MeP-
HOLM BBINYKADM MHO202DAHHUKOM.

Tuneprutockocts [1"7! HasBIBAIOT 2UNEPNAOCKOCMILIO 2PAHY T-MEPHOTO
muOrorpananKa M™ C R", ectm M™ jiexXuT «110 0Hy CTOpOHY» OT 1" m
nepeceaenne M™ ¢ [I"~* apasercs (n — 1)-MepEBIM MEOTOrpaHHAKOM. Ilepe-
CedeHne TUIePIUIOCKOCTH IPAHU C N-MEPHBIM MHOrOrpaHnHuKOM M™ Ha3bIBa-
10T (n — 1)-mepHoii rpanbio Maororpanauka M™. Ilo uanyknun (n — 2)-mep-
HYyIO IPaHb MHOTOTDAHHWKA MOKHO ONPENEeJUTh KakK (n — 2)-MepHYIO rpaHb
ero (n — 1)-mepHoii rpanu, u T. 1. HyabMepHbIe I'DaHU Ha3bIBAIOT 8€PUIUHG-
MU, & OJTHOMEPHBIE — PEOPAMU.

MHororpaHHUKE B MHOIOMEPHBIX IIPOCTPAHCTBAX HEPEIKO 00JIaIafoT
HEOXKHJIAHHBIMU CBoOiicTBaMu. Bor onuH u3 Hambosiee SPKHUX HPUMEPOB:
MHOI'OPAHHUK C JIFOOBIM YKMCJIOM BEPIIWH, HO 0e3 jJuaroHaJieii!

Teopema 1. [[as awbozo N =5 6 R* cywecmeyem evinyxavlli mHo-
20zpannuk ¢ N eepwunamu, Yy Komopozo aobvie dse 8ePULUHDBL COEOUHEHDL
pebpom.

HokasaTenscTso. Paccmorpum B R* kpusyto v(t) = (¢, t2, t3, t*) m
BeIOepeM Ha Hell N pasmmasbix touek A; = (t;, ¢2, t3, t}). ITlokaxkem, [aro
BBIITyKJIast 0DOJIOUKA ITUX TOUEK 00JiamaeT TpebyeMbIMu cBoiicTBamu. Jlis

ICMm.: Jy6posckuit B. H., Cmopomsuuckuit d. A., Cypkos E. JI.
Pensrusucrckuit mup. M.: Hayka, 1984. (Bubnunoreuka «KsanT» 34).
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Touek A; u A; paccMOTpUM MHOTOYIEH
(t—t.)%(t —t;)® = ap + art + axt® + ast® + a,t*.
ITokazkem, 9TO IHIEPILIOCKOCTD
ag + a1 + asxe + asrs + agx, =0

IepeceKaeT KPUBYIO Y POBHO B IBYX Todkax A; u A;, a Bce ocTajJbHbIE TOYKI
KPHBOil Y JIe?KaT IO OJHY CTOPOHY OT 3TO¥ rurepiuiockoctu. lelicTBuresb-
HO,

ap + art + ast® + ast® + agt* = (t —¢,)°(t — t;)* = 0.

Takum obpazom, Bce Touku A, ..., Ay JIeXKaT MO OJHY CTOPOHY OT pac-
CMATPUBAEMON TUIEPILIOCKOCTH, IPUYIEM HA CAMOIN MUIEPILIOCKOCTH JIeKAT
aumb Touku A, u A;. Ciaenosarensuo, A; A; —pebpo MHOrOrpaHHUKA, SIB-
JISIFOLIETOCS. BBIITYKJIOM 000J104KO0iT Touek A, ..., An. O

®opmyna Ditnepa—Ilyankape [Jisi aJlbTePHUPOBAHHON CyMMBbI
KOJIMYeCTB rpaHeil (pa3HbIix pasMepHOCTE)
BBINIYKJIOI'O MHOTOTPDAHHUKA

B 1758 r. Diluiep jmokasaJj, 4TO JJis BBILYKJIOIO MHOrOrpaHHuka B R3
YUCJI0 BEPUIVH U, YUCJI0 pebep € u 4nciio rpaneil f cBsi3aHbl COOTHOIIEHUEM
v —e+ f=2. ra dopmyna 6buta usBectHa lekapry (1620 r.), HO OH He
omybamkoBas ee. Boociencreun dopmyna Ditepa Obia 0606mena [lyan-
Kape Mg 7N-MEPHBIX KJIETOYHBIX KOMILIEKCOB, B 9aCTHOCTH JJif T-MEPHBIX
BBIILYKJIBIX MHOI'OIPDAHHUKOB. BOT KaK OHa BBIIJISIWT.

Teopema 2. ITycmo N, — wucao k-mepHuT eparets 8vnyKa020 n-mep-
1020 muozoepannuxa M™. Tozda

n—1

S (1N = (=1)" "+ 1 (11.11)

k=0

HdokazareabcTso. llpumennm manyknuio mo n. llpu n =2 yTBep-
KJIeHAE OYEBUIHO: YUCJIO BEPIINH BHIIYKJIOI0 MHOTOYTOJIbHUAKA PABHO 9HC-
ay ero cropos. IIpemmonoxunm Tenepb, aro dopmyna (/1.11) Bepra muas
JI0060T0 BBITYKJIOrO (1 — 1)-MepHOro MHOTOIpaHHUKA, Tae 1 > 3. g naHHo-
r'0 BBIIYKJIOTO MHOTOrpaHHUKa M ™ MOXKHO BHIOpATh NPAMYIO | Tak, 9TO0BI
[IPOEKINY BEPINWH MHOTOIDAHHUKA HA Hee ObLIN MOMapHO pa3naudHbl. Jleii-
CTBUTEJIHHO, HMEETCH JIUIIb KOHEIHOE YUCJIO IPSAMBIX, COEIUHSIONUX APl
BEPIIUH MHOIOI'DAHHUKA; IpsMas | JI0/2KHA ObITh HE OPTOrOHAJIBHA HU O-
HOI u3 3Tux npsaAMbIX. [[poBeieM depe3 Ha9IaI0 KOOPAMHAT BCE THIIEPIIIIOCKO-
CTH, OPTOTOHAJIHFHBIE PACCMATPUBAEMBIM MPSIMBIM, a 3aTE€M IIPOBEJIEM HUepe3
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HA4YaJI0 KOODAWHAT IPAMYyIo [ Tak, 9TOOBI OHA HE JIeXKaJla HU B OJHOIN w3
9TUX T'MIIEPIIOCKOCTEM.

IIycth a; < ay < ... < @, — IPOEKIUU BEPIINH MHOTOTDAHHUKA Ha MPS-
Myto [, a b; —To4Yka mpsAMOii [, pacmoIoKeHHAS MEXKIY a; U 4;,,. lIpoBemem
gepe3 TOYKH a1, by, Ay, bs, ..., b,_1, a, runepmiockoctu H,, ..., Hs, 1, Op-
ToronaybHbIe mpamoii [. [lpu 1 =2, 3, ..., 2v — 2 mHOXKecTBO M; = M"™ N H;
sIBJIsieTCs BBITYKJIBIM (1 — 1)-MepHBbIM MEOTOrpanHukoM. (Touka a; npuaar-
nexnr Hy; ,, Touka b; npuHammexnt Ho;.)

Iycts F* —HekoTopad k-MepHad rpadb MHOrorpananka M™. Tlomoxum
$(F*, M;) =1, ecim MEOrOrpaHHuKy M, IpuHAIEKUT XOTS OBI OZHA BHY-
TpenHdAs TouKa rpanu F¥; B nporusrOM ciywae ((F*, M;) = 0. IIpoekuus
rpanu F'* ma mpamyio [ mpejcrasiser coboit orpe3ok [as, ai]. Ilpu sTom
G(F*, M;)=1upui=2s,2s+1, ..., 2t — 2, a 3nauur,

20—2

Y (CLUW(FY, M) =1.

1=2
ITpocyMMupoBaB TaKHe PaBeHCTBa IO BCeM k-MepHBIM TpasaM F* | momxyamm

20—2

SO (CD)UW(EFER, M) = N,

k-rpann =2

3arem PaCcCMOTPpHUM aJIbTEPHUPOBAHHYIO CyMMY IIO k IIOJIY9IE€HHBIX PABE€HCTB:

2v—-2 n—1

Z YT D (DR, M) =) (=1)FN,. (1.12)

k-rpann =2 1

£
Il

OcHoBHas wes MpeIaraeMoro JoKa3areiabecrsa ¢hopmyasl Jitiepa—Ilyan-
Kape 3aKJ09aeTCd B TOM, YTOOBI, MI3MEHUB MOPSI0K CyMMUDPOBAHUS, BOC-
[TOJTF30BATHCS MPEAIOJIOXKEHNEM HHIYKIUA JJisi MHOTOTPAHHUKOB M, a Tak-
XKe TeM, 9T0 v = Ny.

Iycrs N, (M;) —uaucno k-mepubix rpaneit muororpanauka M;. Torna

D B(F, M) = No(M;) — e (i), (1.13)

l-rpann

rae €, (1) = 1 mpw HeweTHOM § U €, (¢) = 0 npm 9eTHOM 4. eficTBuTensHO, mpn
YeTHOM { BCE€ BEPIIUHBI MHOTOTDAaHHWKA M; SBISIOTCS BHYTPEHHUMH TOY-
Kamu pebep MHOrorpaHamka M™, a mpu HedeTHOM i = 25 — 1 — Bce, KpoMe
OJTHO} BEPIIUHBI G,, KOTOPAs ONHOBPDEMEHHO SIBJISIETCS BEPIIMHON MHOIO-
rpanauka M". Eciu xe k > 1, To

D G(FF, M) = Nia (M), (11.14)

k-rpan
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Takum o6pasom, u3 coorromennii (/1.13) u (/1.14) moxyaem

ST ST B, M) = SO (1N (M) + 1 i),

CorsacHO IpPeIoJIOKEHUIO UH LY KN

S (AN (M) = —(—1)"2 1) = —1 + (—1)"
II09TOMY -
ST YT G M) = (—1) 4 eai),

rae €5(i) =¢€,(i) — 1. CoremoBarensHO,

2v—2 n—1
DY (DR Y G M) =
1=2 k=1 k-rparn
20—2 20—2 2v—2
=) YD Y (D) = (1) Y (D) ().
=2 =2 i=2
3mech €5(i) = 0 npu HEYeTHOM i U €5(i) = —1 npm gerHOM 4. ITosTOMY
2v—2 n—1
S EDI DY G, M) = (1) - L
1=2 k=1 k-rpaHu

CpaBHuBasi 5T0 BeIpaxkeHue ¢ cootHomeHueM (J1.12), momydaem

n—1 n_1
SN = (1" = No+1, me. Y (DN =(-1)""'+ 1. O
k=1 k=0

JIBolicTBEHHbIE MHOTOT'PAHHUKU

Ilycts A, ..., Ay —BepiuHbI BHITYKJIOr0 MHOrorpanauka M B R™, mpu-
geM Hadasio KoopauHar O — BHYTPEHHsS TOYKA MHOTOTDAHHIKR M,re. M
cozepKuUT map paauyca € ¢ nearpom O. Iogoxum a; = O A; 1 paccMoTpuM
MHOXKeCTBO M*, 3amanHoe cucTeMoil HepaBeHCTB (X, a;) < 1,i=1, ..., N.
OTa KOHEYHas CHCTeMa HEPaBEHCTB SKBHUBAJIEHTHA OECKOHEYHOU CHCTeMe
HepaBeHCTB (2, a) < 1, rme a — IpoM3BOIbHAS BHITYKJIAs JUHEHHAS KOMOU-
Halys BEKTOPOB d;, T. €. aiz Niai, > N =1m\; > 0. Ilo-npyromy a MOKHO
oupezesurb Kak Bekrop OA, rue A € M.

Muororpannuk M comepxur cdepy paguyca € ¢ nearpom O. [Tosromy
eciu © € M*, To (x, a) < 1 mjia Bcex BEKTOPOB a IMHBL €. Takum oGpa3oM,
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|z| < e, T.e. mOXKECTBO M* orparmaeno. C qpyroil CTOPOHBI, MHOTOIPaH-
uuk M copepxurcs B cepe HEKOTOPOro pajauyca R ¢ nearpom O. [Tosromy
ecm |z| < R7Y, To (z, a;) < 1. Takum o6pazom, MEHOKeCTBO M * comepKuT
map paguyca R~! ¢ mearpom O. YuuThiBas, 9T0 MHOKECTBO M * 3a1aHO KO-
HEYHOW CHCTEMON JIMHEIHBIX HEPABEHCTB, IOJIydaeM, 9T0 M ™ — BBIOYKJIBIHA
MHOTOI'DaHHUK.

Ecmae M ube M*, to (b, a) < 1. Bosee Toro,

M*={b|(ba) <1Vae M}, M={a|(ba)<lVbeM}. (IL15)

Jloka3piBaTh 37eCh Hy»KHO Jumib BKitoudenue {a|(b, a) <1Vbe M*} C M.
ycre o’ ¢ M. Torpa cymecrByer runepiiockocts (z, h) = 1, orgensromas
a or M, r.e. (¢, h)>1u (a, h)<1 pna scex A€ M. Takum o6pasom,
heM*u (a, h)>1.

CummerprasocTs paseHcTs ([1.15) o3ragaer, aro M = (M*)*. Ilo sToii
npuyune MHOrorpanHuku M u M* HaswpBator deoticmeenHvimu (OTHOCH-
renbHO ToukH O).

JlBe rpaHM MHOIOIDAHHUKA HA3bIBAIOT UHUUOCHMMHbLMU, €CJIA OJHA W3
HUX NPUHAJJIEXKAT JPYTOMN.

Teopema 3. Meocdy k-MepHoMU 2PDAHAMU N-MEPHO20 BVNYKA020 MHO-
2oepannuxa M u (n—k — 1)-mepromu epanamu 080GUCMEEHH020 MHO202PAH-
Huka M* umeemcsa 63aumMHO 00HOZHAMHOE COOMBEMCMBUE, COLPAHAIOULEE
unyudenmmuocmo (ecau Fy C Fy, mo Fy D Fy).

HokazareabcTBo. Husa rpaau F' muororpanamka M paccMoTpum
BCe OIIOPHBIE THIIEPILTOCKOCTH MHOTOrpanHuka M , nepecekaromre M B T0o4-
HoctH 10 F, T. €. Bce runepmiockoctu Bunaa (x, b) =1, myis koropeix (a, b) < 1
upu Bcex a € M, Ho paBeHCTBO (a, b) = 1 mocTuraerca aumb g rex a € M,
KOoTOpBIe mpuHamIekaT rpanu F'. KoHnpr BeKTOpoB b, COOTBETCTBYIOITUX
9TUM ONOPHBIM T'MIEPILIOCKOCTSM, 06Pa3y0T NBOMCTBEHHYIO rpanb F'*.

IIycts V u V* —addbunnasie MmHOrOOOpa3msi, MOpOKAeHHBIE TpaHaMu F'
u F*. Jlerko npoBeputs, uto ecian dim V =k, ro dim V* =n — k — 1. [eii-
CTBUTEJIHHO,

Ve ={z|(z,a)=1VaeV}.

DurcupoBas ag € V, aug V* moayduM cucTeMy OJHOPOJIHBIX JIMHEHHBIX
ypaBHeHuii (x, a — ag) =0Va € V u Heomuopoguoe ypasuenue (x, ag) = 1.
PemmenneM cucreMbl OJHODPOIHBIX yPABHEHMI CJIy2KHT IIPOCTPAHCTBO Pa3-
MepHOCTHU 1 — Kk, B KOTOPOM HEOIHOPO/HOE YPAaBHEHUE BBICEKAET MUIIEPILIIOC-
KOCTh pasmepaoctu 1 — k — 1.

CoxpaHeHue MHIMAEHTHOCTH IPaHeil cjemyer us Toro, 9yro ecou U C V),

To U* D V™. O
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®opmyna 'pama—CoMmmepBuid AJjisd ajIbTEPHUPOBAHHON CYyMMBI
TEJIECHBIX yIJIOB I'PaHell BBIMYKJIOr0 MHOTOIDAHHUKA

ITycts M™ — BBIMYKJIbIA 1-MEDHBI MHOrOrpaHHMK, F' — o/HA U3 ero
k-mepubix rpaneit (0 <k <n —1). Tesecuniii yros npu rpanu FF MoxKHO
onpejiesuTh ciepyomum obpasom. Ilycrs A — BHyTpeHHss To4YKa rpaHu F°
(ecm k=0, To A= FF), S(A, €) — cdepa pamnyca € ¢ nearpom A. [Ipu mo-
CTaTOYHO MaJIOM € oTHommeHue (n — 1)-mMepHbix 06bemos duryp M™NS(A,€)
u S(A, ¢) me 3aBucur ot ¢. Hazosem 3T0 OTHOmEHHWE Y2.10M 8 AOCOMOMHOL
mepe npu rpanu FF unu meaecnvim yaaom 6 abcoaomuoti mepet. Yroa B
abCOJIIOTHOI Mepe 1pu rpanu pasmepHocTu 7 — 1 paBen 1/2.

IIycTh 0} —CyMMa TesleCHBIX YIJIOB B aDCOJIIOTHOM Mepe mpu Beex k-mep-
HBIX TPAHSAX BBIILYKJIOro MHOrorpanuuka M". Eciu n =2, 1.e. M" — BbIyK-
JIBIi M-YTOJIHUK, TO TEJIECHBII yTOJI P BEPIINHE PABEH [IOJIOBUHE YIJIA B
pasmaHax OpU TON BEPIIMHE, a TEJECHBIH yros npu peGpe (CTOpoHE MHO-
royroJpHuKa) paseH 1/2, mosromy oo = (m —2)/2 m o, =m/2, a 3HaqwT,
0, —0p = 1. B 1874 r. I'pam moKka3aJi, 9TO JJis BBITYKJIBIX MHOTOTDAHHUKOB
B R® BHIMOJTHAETCA COOTHOINEHNE Gy — Gy + 6o = 1. JIJ1 n-MEPHBIX BBILYKJIBIX
MHOTOI'DAHHUKOB aHajoruanyo ¢opmyny nokasan Commepsuib (1927 r.),
HO B €r0 JI0Ka3aTe/IbCTBE ObliTa HETOYHOCTD, KOTOPYIO ycTpanmi ['pronbaym
(1967 r.).

Teopema 4 (bopmysa I'pama). ITyems o) — cymma MeAeCHHT Y2a08 6
abcoatommoti mepe NPu 6Cexr K-MEPHBIT 2PAHAL N-MEPHO20 BBINYKAO20 MHO-
2oeparnura M™. Toeda

Opn1—0Opnot...+(=1)"""oo=1, m.e. Z(—l)kok =(-1)""

k=0

Hoxaszareabcrso (Ienapy). Ha xaxioit rpanu FF soibepem BHY-
TpeHHIOI0 TouKy A um paccmorpum KoHyc, 0GpPa3OBaHHBIA Jydamu, UCXO-
namumu u3 Toakn A m mpoxongmmmvu gepes Toukm mMHOTOrpanHEKa M™.
IIycte O ) — HAYAIIO KOOD/MHAT. Ileperecem mapaJsuIeIbHO KazKIblii KOHYC HA
BekTop AFO; npm srom momaydum Komychl ¢ obmeit Beprunoit O. Tpeby-
eTcd JIOKa3aTh, YTO €CJIM Mbl IPUITHIIEM KaxKjoMy Kouycy sec (—1)*, rae
k — pa3sMepHOCTH COOTBETCTBYIOIIEH TPAHU, TO KaXK/1as TOYKa MTPOCTPAHCTEA,
(3a UCKIIFOUYEHNEM I'DAHUYHBIX TOYEK KOHYCOB) OyIeT MOKPHITA KOHYCAMH C
KpaTHOCTEIO (—1)" ™!, T.e. CyMMa BeCOB BCEX KOHYCOB, COJIepPKaluX JaHHYTO
TouKy, paHa (—1)""'.

LO6branbii TETECHDIH YrOJI OTJIMYIAETCS OT TEJIECHOTO YIiIa B AGCOMIOTHOR Mepe HOpMU-
POBKOIi: ITOJIHBIA TeJleCHBIH yrou paBeH (n — 1)-MepHOMY 06beMy eauuHuIHON (N — 1)-Mep-
HOI1 cdepsl, a IIOHBINA TeJIECHBIH yros B abCooTHOR Mepe paBeH 1.
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Ilycte x — BekTOp, HEe HpHWHAIJIEKAIMIT I'PAHANAM PACCMATPUBAEMBIX
KOHYCOB, T.€. BEKTOP & HE€ IapaJuleJiIeH HU OHOU u3 Kk-MEpHBbIX rpaHeil
muororpaaarka M™ (1 < k <n —1). Konyc, coorBercrByommii rpann F)",
COZIEPKUT BEKTOD T TOTHA U TOJBKO TOTHA, KOTIA MPU JOCTATOYHO MAJIBIX
£ >0 Touka A* + ex npunagnexur muororpannuky M". Ilo-mpyromy 3To
CBOMCTBO MOXKHO OIHCATh ciemytomum obpasom. Ilycrs w,(M™) — oproro-
HaJIbHAsi NPOEKIMsi MHOrorpananka M ™ Ha IUIEPINIOCKOCTH, OPTOrOHAJIb-
HyI0 BeKTOPY Z. MHOrorpanank n,(M™) mOKDBIT B JBa CJI0S MTPOEKIUAMMA
rpaneit MmHOrOrpanHuKa M " . [lepBolii cj10i 00pa3yOT MPOEKINK IPAHEH, 11
KOTOPBIX COOTBETCTBYIOIIIE UM KOHYCHI COIEPKAT BEKTOD X, & BTOPOH CJIoi
00pa3yoT MPOEeKIWUy I'PAHEM, HJIg KOTOPBIX COOTBETCTBYIOIIAE UM KOHYCHI
comepkar BekTOp —z. Ho mpm sToM rpansam,
IPOenupPYIOMUMCA Ha TIPAHUIy MHOIOIDAHHUKA
7. (M™), COOTBETCTBYIOT KOHYCHI, KOTOPBIE HE CO-
JlepKaT HU BeKTOpa &, HU BekTopa —z (puc. [1.2).

ITycrs N, —uucno k-mepHbIx rpaseii (n — 1)-
MEPHOr0 MHOroyrojbHuka m,(M™), N, — gucio
k-MepHBIX rpaHeil mepBOro CJIOsi, IOKPbBIBAIOIIETO
7 (M™), T.e. KommaecTBO k-MEPHBIX rpaHeil MHO-
rorparauKa M", KOTOPBIM COOTBETCTBYIOT KOHY- Puc. JI.2
cpl, comepxkaimue BeKTop z. Ilomoxum Ny = Nj +
+ N;!. Touno Takue ke paccyzKJeHns, KaK U IIPU J0Ka3aTeIbCTBE (POPMYJIbI

n—1

Aitnepa—Ilyankape (Teopema 2 Ha c. 178) nokassisatot, uro »_ (—1) N, =1,
k=0

T. €. - -
D CDENI =1 (~1)*N;.
k=0 k=0

IIpu »srom N/ =0 wu cormaceo ¢dopmyne Ditnepa—Ilyankape

—92 —

S (=1)*N] =(=1)""2+ 1. Cnemosarembro, y. (—1)*N; =(-1)"""', uro
k=0 k=0
u TpebOoBaJIOCh. O

Teopema I'aycca— Bonue

Ilycts A — BepmmHA BBITYKJIOr0 TPEXMEPHOrO MHOrOrpaHauka. Ompe-
nmenuM kpususny k(A) Kak pasHOCTb MeXKIY 2% U CyMMOM YIJIOB IIPU BEp-
mure A Beex rpameif, cxongmuxca B BepmmHe A. DTO OmpeseseHne NMeeT
CMBICJI HE TOJIBKO JiJIsi BEPIINH, HO U JJI BCEX TOYEK MOBEPXHOCTH MHOTO-
rpannuka. Ho Kak Jig BHyTPEHHUX TOYEK I'DaHell, TaK U JIid BHYTDEHHUX
To4eK pebep KpUBU3HA PaBHA HYJIIO. TO CBA3AHO C TEM, YTO MaJlylo OKPECT-
HOCTh TOYKHM A, jiexkameil Ha pedpe, MOXKHO «Pa3BEPHYTh» M OHA CTAHET
IIIOCKO# (MOJ, MaJIoii OKPECTHOCTBIO MBI 37€Ch IOIPA3yMeBAeM MHOXKECTBO
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TOYEK OBEPXHOCTH MHOIOIDAHHUKA, YIAJIEHHBIX OT TOYKH A HA PACCTOSHUE
He Gosbme €). MaJryto OKPECTHOCTD BEPIIMHBI TOXKE MOXKHO «Pa3BEPHYTH»,
cnesaB pa3pe3. Ho npu sTom obpasdyeTrcss «Iieiab» — OHA KaK pa3 U paBHA
KpUBU3HE.

Teopema 5. Iloanas xpususna mnozozpannuka (m. e. cymma KpuGu3H
BCET €20 BEPWIUH) PABHG

2TE(N0 — Nl + Ng),

2de Ny —wucao eepuwun, N; —wucao pebep, Ny — wucao epamed.

dokazareascrso. CymMma KpUBU3H BCeX BepuiuH paBHa 21N, — o,
rjie 6 —CyMMa BCeX yTJIOB IpaHeil MHOrorpanauka. CymMma yriios i-if rpanu
paBHa (n; — 2)1, TA€ N; — 9UCIO0 CTOPOH i-# rparu. ITosTomy

No

c= Z(nl — = an — 2nN,.

=1

Scro Takxke, 9TO Y n; = 2N, TaK KaK Kaxka0e Pe6PO MPUHATIEXKAT POBHO
JBYM I'DaHSM, & IIOTOMY KaK/i0€ Pedpo BXOIUT B Z n; ABaXK/bl. O

IIpu jmokaszaresibCTBE TEOPEMBI H MBI HE MOJIH30BAJIMCH BBHIMYKJIOCTHIO;
OHa BEPHA W JJIs HEBBIMYKJIBIX MHOTOTPAaHHUKOB. HO B Cilydae BBIMTYKJIBIX
MHOTOIPDAHHUKOB MOXKHO BOCITOJIB30BaThCHA (popmyioit Ditnepa: Ny — N; +

+N2:2

Ucropuyeckuii kommeHTapuii. /lekapry 6bLI0 U3BECTHO, 9TO IOJIHAA KPUBH3HA
BBIIIYKJIOI'O MHOTOIDAHHHUKA PaBHA 4T, HO ero [OKa3aTeIbCTBO He COXPaHMIOCh. JIpyroe
BbIparkeHue Ui Kpusu3Hbl (kpususna pasHa 2n(Ng — N1 + N2)) Hekapry rakrke 6bL10
n3BecTHO. Takum obpasom, popmyrna Ng — Ni + No = 2 6bl1a usBectHa Jlekapry 3amoiro
no Diinepa, HO g0 1860 r. 3T 3amerku /lekapra He mybiukoBaiuck. [losTomy dhopmysry
No — N1 + N2 = 2 gacro massiBator He dpopmynoit Jlekapra, a dopmynoit Ditnepa.

Teopemy o TOM, 9YTO moOJIHas KpPHUBU3HA IIOBEPXHOCTH MHOIOTDAHHUKA pPaBHA
2n(No — N1 + N2), unorga nassiBator Teopemoii [aycca — Bonne B ¢Bs3u ¢ Tem, 9TO OHU
JIOKa3aJIl TaKylo »Ke TeopeMy JUIs INIaJKux nosepxHocredl. (Teopema [yisi MHOrOrpaHHH-
KOB IIOJIy4aeTCsl U3 TeOPEMbI IS IVIAJKUX [OBEPXHOCTEH PeJesIbHBIM IePEXOI0M. )

st n-MepHBIX MHOMOTPAHHUKOB TOXKE M3BECTHA TeopeMa, 0000IIAoasd
reopemy 5. Jlns ee mokasarenbcrBa Ham norpebyercs dbopmysa 'pama (Te-
opema 4 Ha c. 182), mosToMy yrusl Mbl GyZieM U3MepSITh B aOCOIIOTHON Mepe,
T. €. CIUTATH MOJIHBIA yroJ paBHBIM 1.

Paccmorpum cragasma wersipexmeprsiit MmHOororpassuk M. Ilycrs V; —
Bepmmna, E; —pebpo (1-rpars) sroro muororpanauka. Ilomoxum ko (V;) =
=1—3s3(Vi), tme s3(V;) —cymma TesecHbIx yrios ¢ BepmmHOil V; Beex 3-rpa-
Heil, comepxammx Bepumny Vi; ki (E;) =1 — s5(E;), tme s2(E;) —cymma
JIBYTDAHHBIX YIJIOB ¢ pebpoM E; Bcex 3-rpameil, comepxamux pebpo E;.
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Teopema 6 (I'prorbaym—Ilenapn [G4]). Cnpasedauso pasercmeo

> ko(Vi) =Y ki(E;) = No — Ny + No — Ny = 0.
i J

HokazaTensbcTso. Hua kaxmnoit 3-rpanu F), mHOrorpanauka M 3a-
numeMm dpopmyny ['pama.

oo(Fy) — 01(Fy) + 02(Fy) =1,

rae oo(Fy) — CyMMa TeJIeCHBIX YTJIOB NPH BEPIIMHAX MHOTOTpaHHUKA F,
01(F),) — cyMMa JBYrpaHHBIX YIJIOB Ipu pebpax MHOrorpaHHuka Fj,
oy (Fy) — mosmoBmHA 4ncia 2-rpaHell MHOrorpamHuka Fj. Croxus Takme
PaBEHCTBA /I BCEX 3-IPaHEl, MOy 9uM

ZOO(Fk) — Zol(Fk) + ZOQ(Fk) = N3,

T.e. 83 — 8o + Ny = N3, 1€ $3 — CyMMa BCeX TeJIECHBIX YIJIOB (JJIst BCex 3-Tpa-
Heil MHororpanHuka M), s; —cyMMa BCexX IBYIDAHHBIX yIJIoB. V13 ompenere-

Hus caexyer, 9to y_ ko(V;) =No—s3(Vi) u Y ki (E;) = Ny — s2(E;). Ilosromy

ZkO(Vi) =No —s3(Vi) — Zkl(Ej) =N — s:(Ej) =
:NO—N1+82—S3:NO—N1+N2—N3. O

s n-MepHOro MHOTOrpaHHUKA M aHAJOTHIHO JOKA3BIBAETCS CJIEYIO-
Iee yTBepIK/eHNe.

Teopema 7. IIycmo ki(F")=1—s,_1_;(F"™"), 2de s,_,_;(F""") —
cymma 6cex meaechur yeaos npu (n — i)-eparu F"~* das scex (n — 1)-epa-
nel mmozoepannura M, codeporcawux F™~ 4 k(M) — cymma ki(F™*) no
scem (n — i)-epanam mnoeoepannuka M. Tozda

n—1

z_ij) =D (-'N.

i=0
Teopema MuHkoBCKOro

Ilyctes M — BBIDYKJBIE M-MEPHBIE MHOTOTDAHHUK, N, ..., N} — €I0-
HUYHBIE BEKTODPHI BHEMIHAX HOpMaJieil K ero (m — 1)-rpanawm, F, ..., F, —
(m — 1)-mepHbIe 00beMBI 9TUX IpaHeil. Jlerko nmposeputh, uro » | Fyn; = 0.
HeiicTBurenbHO, mycTh 11 — mpon3Bo/ibHAS THIEPILIOCKOCTD, 1 — €UHIIHAS
HOpMaJb K Hell. Torma (n, n;) — KOCHHYC yTiIa MeXKJy HIePILIOCKOCTHIO 11
U TUIEPIIIOCKOCTHI0 rparn F, mostomy (n, n;)F; — (m — 1)-mepHBIit 06bem
npoeknuu rparu F; wa I, B3areiil ¢ coorBeTcTByommM 3aakoM. [Ipoekiinn
rpaHeit MHOTOrpaHHUKa M NBaKIbI MOKPHIBAIOT €TI0 TPOEKIIHIIO, TPUIEM JIJTs
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OJTHOW W3 JIBYX I'paHeil, MOKPHIBAOIIUX OJHY U Ty K€ TOYKY, BBIIOJHIETCSH
HepaBeHCTBO (N, n;) >0, a jyIa APYroi rPAHM BBIIOJIHSETCS HEPABEHCTBO
(n, n;) <0. Hosromy > (n, n;)F; =0, n.e. (n, Y Fyn;) =0 mua moboro exu-
HuaHOro Bekropa n. Ciaemosaresnbro, » . Fin; = 0.

JLJ1s1 BBIIYKJIOTO 7M-MEPHOTO MHOTOIPAHHUKA BEKTOPBL 1y, . . ., N} JOJK-
HBI IIOPOXKIATH BCE 1M-MEPHOE IPOCTPAHCTBO. JleiicTBUTEILHO, eciiu ObI BEK-
TOPBI Ny, . . ., N, JEIKAJIA B HEKOTOPOI runepruiockoctu 11, To B HanmpasaeHnn
vopMmasu K Il MEHOrOrpanHuK OBLT OBI HEOTDAHUYIEH.

MuHKOBCKHIA TOKa3aJI, 9TO ITU ABA YCJIOBUS Ha BEKTOPHI 1; U ducjia F;
HE TOJILKO HEOOXOIMMBI, HO U JOCTATOYHBHI.

Teopema 8 (Munkosckuit). ITyemo ny, ..., nj — eOuHUYHbIE BEKMOPDL
6 R™, nopoorcdarousue ece npocmparcmeo R™; Fy, ..., F, —maxue noaootcu-
meavhuie wucaa, wmo y, Fyn; = 0. Tozda cywecmeyem eunykavidi m-mep-
HoLl MHO202DAHHUK, Y Komopozo obsemv, (m — 1)-epaneti paswo, Fy, ... Fy,
a 8EKMOPLL Ny, - . ., Ny ABAAIOMCA BEKMOPAMU EOUHUNHBLE BHEWHUL HOPMA-
A€ K IMUM 2PAHAM.

Hoka3zaTeabcTso. IIpexae Bcero 3amMeTnM, 9T0 BEKTOPBI My, . . . , M
HE€ HalIpaBJIEHbI B OHO IIOJIyIIDOCTPAHCTBO, T. €. HE CyIIEeCTBYET TaKOI'O BEK-
Topa n, 9to (n, n;) >0 upu Bcex i. B camom mene, ecmu (n, n;) >0 npn
BCex i, To (n, Y Fin;) =Y Fi(n, n;) >0, rak xak F; > 0. C apyroit cropo-
vel, (n, > Fin;) =0, tak kak »_ n,F; = 0.

Ilycts Ay, ..., hy —noonoxurenbHble dncaa. [lokazkeM, 9TO MHOXKECTBO
M(hl, ey hk):{xERme, nl)éh“ Z:]., ey k}

ABJIAETCS M-MEPHBIM BBIIYKJIBLIM MHOTOTPAHHAKOM. JIJjIsi 9TOTO Hy2KHO IIPO-
BEPUTb €ro M-MEPHOCTb W OTPAHWIEHHOCTb. PasMepHOCTb pacCMaTpUBae-
MOrO MHOXKECTBA DPABHA 171, IOTOMY 9YTO OHO COAEpXKWUT map |z| < minh;.
OrpaHuYeHHOCTD CJIEIYET U3 TOrO, 9TO JJid JI060ro BekTopa e # 0 Haliner-
csl Takoil BeKTOD Nn;, 9o (€, n;) > 0, m03TOMY TOUKH JIyda te MPHHAIIeKAT
M(hy, ..., hy) mams upm t < h;/(e, n;).

Oycts  V(hy, ..., hy) — obbem wmuororpamauka M (hi, ..., hy);
F,(hy, ..., hy) — (m — 1)-MepHBIll 00bEM mepecedeHusl MHOTOIDAHHHUKA
M(hy, ..., hy) ¢ runepmnockocreio (2, n;) = h,; (3TOT 06BEM OTIMIEH OT
HyJId JIAIIb B TOM Ciy4ae, Korna y muororpamaumka M (hy, ..., h) ectsb
(m — 1)-rpasb ¢ BEKTOPOM BHeIIHeH HOpMAaJH 7). JIerko mpoBepuTh, ITO

OV (hi, ..., h
W:Fi(h‘h ey hk:)

Heiicreurensro, ecnu Fi(hy, ..., hy) >0, To npn 3amere h; 5a h; + € k MHOTO-
rpanruxy M (hy, ..., h;) nobaeuaserca durypa, 06beM KOTOPOi IPH MAJIBIX
€ > 0 mpubsusurensuo pased eF;(hy, ..., hy). Ecmm ke Fy(hq, ..., h)=0, 10
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B CJIy9ae, KOTJa TAMEPILUIOCKOCTD (T, 1;) = h; He mepecekaeT MHOTOTDAHHUK,
00beM He M3MEHSIeTCs, & B CJIydae, KOTJa MANePINIOCKOCTD (&, 1;) = h; mepe-
CEKaeT MHOTOTPDAHHUK 10 TPAHM Pa3MEPHOCTU MEHbIIe M — 1, 1obaBasgeTcs
durypa, 0b6beM KOTOpOi — OECKOHEYHO MaJjasi BeJnmdnHa 00jiee BBICOKOIO
[OPSIKA.

Paccmorpum Bce muororpanauku M (hy, ..., hy), 2Jis KOTOPBIX IOJIOKH-
TesbHBIE TuCaa Ny, ..., hy CBs3aHBl cooTHOmeHmeM Y Fih; = 1. Tlokaxem,
9TO Cpeau 9TUX MHOI'OI'DaAaHHUKOB €CTh MHOT'OI'DAHHUK HaI/I6OJ'H)H_IeI'O O6'beMa,.
W3 Toro, uro uucaa Fy, ..., F}, TNOJOXKUTENbHBI, CJIEIYET, UTO MEpeCceIeHNe
runepmiockocTr » | Fyh; =1 ¢ mojoxurensabiM opradTom x, >0, ..., x, >0
npencrasager coboit (k — 1)-meprbrit cuvmuteke. Ha sTom cummuiekce Henpe-
poisHag dyskmua V (R, ..., h;) nocturaer mMakcmMyma, HO HAM HYKHO
A0Ka3aTh, 9TO MaKCHUMYM JOCTUrAa€TCA BO BHyTpeHHeﬁ TOYKE€ CHMILJIEKCA.
IIycTh MakcEMyM Ha CHMIUIEKCe JocTHraerca B Touke hY, ..., h). Mak-
CHMYM TIOJIOKHTEJIeH, modToMy MHOXKecTBo M (hY, ..., hY) mpencrasmsier
co6oit BBILYyKJIbLA (1M — 1)-MepHBI MHOrOrpaHHUK (06 9TOM ClleAyeT yImoMs-
HYTb, IOTOMY 4TO IIPEKHEe 3aMe9IaHIe O TOM, YTO HTO MHOXKECTBO COIEPIKUT
map |z| < minh;, B ciaydae Hynesbix h; HeBepHO). Ilycth a € R™ — mpoms-
BOsIbHBIA BekTOp. Hepasencrsa (z, n;) <h? (i=1, ..., k) n HepaBencTBa
(x4a,n;)<h? (i=1, ..., k) 331a10T MHOrOrPDaHHUKH, KOTOPBIE MOJIyIai0T-
¢ IpyT w3 Apyra capuroM Ha +a. Ilpm 3ToM HepasencTBO (T + a, n;) < hY
SKBUBAJIEHTHO HepaBeHCTBY (I, n;) < hf, tne h, = hY — (a, n;). Beibpas nmox-
XOJSIIAM 00pPa30M BEKTOP ¢, MOXKHO JIOOMTHCsI, YTOOBI HAYAJIO KOOPIAUHAT
0Ka3aJI0Ch CTPOTO BHYTPH MHOTOTPaHHWKA, T.e. ) >0 (i=1, ..., k). IIpn
9TOM 00'b€M MHOTOTpaHHUKA He m3MeHseTcs. Kpome Toro,

S R =Y Fh =Y Fl(a,n)=Y_ Fhl—(a, Y Fmn;)=Y_ Fh,

TaKk KaK y_ Fyn; = 0.

Urak, y nenpepwsBHO mubdepermupyemoii dynakmun V(hy, ..., hy)
upu yciaosuu . Fih; =1 umeercs Touka makcumyma h?, ..., hY ¢ moJo-
xurenabHbIMEA hY. DT0 03HaYaeT, 9TO runepnoBepxHOCT V (hy, ..., hy) =
=V(hY, ..., h)) xacaerca runepmwiockocru Y Fih; =1 B Touke hY, ..., hY,

T. €. BEKTOPBI HOPMaJleil K TUIEePIIOCKOCTH B K THIEPHOBEPXHOCTH B TOYUKE
hY, ..., h{ mponmopnmoHAILHBL:

0 0
WL o) 3, =1k,

Ho, xak OBLIO TOKa3aHO BBIIIIE,

VRS, ..., hY)

N )
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rne F;(hY, ..., h)) — (m — 1)-mepHBIi 06beM TpaHH C BEKTOPOM BHEITHEH
HOpMasim Nn;. Takmm obpa3om, 0ObeMbI TpaHeifl MHOTOIPDAHHUKA
M(hY, ..., h?) mponmoprmonanbaEBl TpebyeMbiM obbemam Fi, ..., Fj. Ilo-
sTOMy TpeOyeMblil MHOTOrpaHHHK MOXKHO mnomyuamts w3 M(hY, ..., hY)
romoreTreit ¢ Kosddumumentom A~ (M-, O

TeopeMa Koiu o xkecTkocTu BBIIIYKJIBIX MHOI'OTPaHHUKOB

JlBa MHOrOrpaHHUKA HA3bIBAIOT IKGUGAACHMHBLMY, €CIIA MEXKIY HuX
rPaHAME YCTAaHOBJIEHO B3aMMHO OJHO3HAYHOE COOTBETCTBHE, COXPAHMIOIIEE
Pa3MEpHOCTh PAaHU W OTHOIIEHUE WHIUAEHTHOCTH, T.€. TPAHU Pa3MepPHO-
cru k COOTBETCTBYeT IpaHb TOM 2Ke caMOil pa3MepHoOCTH k 1 eciu rpanb F)
comepuTCcA B rpanu F,, To cooTBeTCIBYyIOIIAs eif rpanb F) comepxkurca B
rparu Fj.

Teopema 9 (Komm). Ecau coomeemcmeyrowue epany 08yr K6u6a-
ACHMHBT SUNYKAWT MHozozparnukos M u M’ 6 R® usomempuunv (npu
UBOMEMPUL BEPULLHDL NEPETOOAM 6 COOMBETMCMEYIULUE BEPUWUHBL), TO U
CAMU MHO202PAHHUKY U3OMEMPULHDL.

3ameuanue. [[jisi HEBBIYKJIBIX MHOIOIDAHHUKOB aHAJIOIMYHOE yTBEP-
XKJIEHWEe HEBEPHO. B KadecTBe mpmMepa MOXHO B34Th KyO W MOCTPOUTH Ha
OZIHO} M3 ero rpaHeil ABYMs Pa3HBIME CIIOCO0aMU (BHEIIHUM U BHY TPEHHIM )
IUpaMUIy, OCHOBAaHHEM KOTOPOI CJIy’KUT 3Ta IPaHb.

IHokazareabcTBo. IIlyctb O m O’ — COOTBETCTBEHHBIE BEPIIUHBI
muororpanaukoB M u M'. Paccmorpum aBe cdepbl Majoro pajmyca € C
nearpamu O u O’. Ilepeceuenus: srux cdep ¢ muororpanaukamu M u M’
SABJIAIOTCA BBIMYKJIBIMU CQEPUUECKUME MHOTOYToJIbHUKaMu A, ... A, mu
A’ ... A, y KOTOPBIX IO YCJIOBHIO COOTBETCTBYIOIINE CTOPOHBI PABHBI. Jljist
JI0Ka3aTesIbcTBa TeopeMbl Komu HaM noTpebyoTcs 1Be JIEMMBI O CBORCTBAX
cepudeckux MHOIOYTrOJIBHUKOB.

JIemma 1. IIyemv A,... A, u A, ... A — swnykave chepuseckue
MHO20Y20ALHUKY, Y KOMOPHIT OAUHDL 6CET COOMBEMCMEYIOULUT CMOPOH,
xpome |A1 A, | u ALAL, paswol, u LAy < LAL, ..., LA, < LA . Toeda
AAL| < |44,

HokazareabcTso. [Ipumennm maayknuio mo n. IIpu n =3 Tpebdy-
eMoe yTBepXKIEeHHE CJefyeT U3 C(hepudecKoil mepBoil TeopeMbl KOCHHYCOB
(em. c. 112):

cosa = cosbcosc + sinbsin ccos a,

HOJTOMY IPU BO3PACTAHWHA YTJIA 0L BO3PACTAET JJINHA CTOPOHBI .
Ipepmonoxum Tenepsb, 9ro TpeGyeMOe YTBEDXKIEHWE IOKA3AHO IS

BBITYKJBIX (1 — 1)-yronpaukos. Haurem ¢ Toro, 4ro gmokaxem Ttpely-

eMoe YTBEDPXKIEHWE JJisd BBINYKJBIX 7N-YTOJbHUKOB, y KOTOPBIX DaBHBI
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yraer mpu Bepmmuax A; m A, 1 <i<n. [eficrBurensHO, TPEyroiabHU-
kn A; 1 A;A . m Al AJA] | paBHBI, IOCKOJIbKY y HUX PaBHbI JjB€ CTOPOHDI
u yros Mexay HuMu. [TosToMy y 9THX TpeyrosbHHUKOB CTOPOHBI A; 1A,
! /
u A; A, W ymIBI TpE 3THX CTOPO-
HAX PaBHBI, & 3HAYUT, K MHOTOYIOJbHUKAM
! /7 I I
A1---A¢71A¢+1-'-An n Al"'AiflA'H»l"'An
MO2KHO IIpDUMEHUTH IIPEIIIOJIOZKEeHUE NHAYK-
[UH.

YTo0bl M0Ka3aTh IIar WHIYKIWHA, MOXK-
HO TONBITATHCS CJEJATh PABHBIMHU YIJIBI MDA
KaKHX-HUOYb BYX BEPIIUHAX, HAIIPAMED IPH
Bepmmuax A, ; u Al . IloBeprem mia sro-
ro cropony A,_iA, Tak, 9T06bI yTON NpH
BepmmHe A, _; yBeamuwmicd uW CTajl Obl pa-
BeH yruy mpu Bepmuae A/ . Ecin B pe3yis- Puc. /1.3
TaTe MOJIYYUTCH BBIMYKJbI MHOIMOYTOJBHUK
A .. A, 1A, To nokasarenancTBO 3aBepiiero. Ocraercss pazobpaTh Ciy-
9aif, KOrma MoJIydaeTcs HEeBBITYKJbli MHOroyrompHuk (puc. J1.3). B stom
caydae TIPOJOJIKeHnme cTOpoHbl A; A, mepecekaer oTpe3ok A, A, B Heko-

5 — / !/ ’ !
Topoii Touke B. fcHo, uto |AB|=|A:B| — |A1As| u |AJA| > |ALAL| —
—|AJ AL =]ALAL | — |A1As]. K BeinykasiM (n — 1)-yroasaukam AsA; . ..

A, 1 Bu ALA, .. Al | Al OpEMEHHMO NIPENOJIOKEHNe UHIYKINH, II0-
sromy |AsB| < |ALAL|, a 3maumT, |A; B| < |A} Al |. Kpome Toro, B Tpeyroan-
nukax A A, 1A, u AA,_ 1B cTopoHbI, BBIXOAMAIINE U3 BepmuHbL A, 1,
pasubl, u LA A, 1A, < /LA A, 1B. Caenosarenbro, |A;A,| <|A1B|<

! ’

Jlemma 2. ITyemv A, ... A, u A} ... Al —eunykavie chepuveckue mHo-
20Y20ALHUKU, Y KOMOPLIL OAUHDL BCET COOMBEMCMBYWUT CINOPOH PASHDL,
HO CaAMU MHO20Y20AHUKY HE pasHbi. [lomemum yzon A; snaxom +, ecau
LA; > LA, u 3nakom —, ecau LA; < LA]. Toeda npu 0b6xode mroeoyzonn-
Huka A ... A, Koauwecmeo cmpozuT nepemer 3HAKG He menvuie 4.

okazaTeascTso. [Ipeanomoxnm, 90 HIOMEYEH TOJBKO OJUH yTOJI,

’ !
manpumep A,. Torma u3 nemwmer 1 crenyer, aro mubo |A; A, | > |A} AL |, mbo
|A A, | < |A}Al|, gero e moxer ObiTh. Te ke cample pacCyKIeHHs MOKa-
3BIBAIOT, YTO BCE TIOMETKHU HE MOTYT OBITH OJIUHAKOBBIMU, CPEIM HUX JI0JIXK-
HBI OBITh KaK TJTIOCHI, TaK U MUHYCHI. [103TOMY OCTaeTcs JIUIIb UCKJIIOIUTH
CUTYaIWIO0, KOTJa MOXXHO IPOBECTU OTPE30K P(), pa3meNsronuii mIrochl 1
muHychl (puc. J1.4).

IIpeamnonoxum, 9ro Takoit 0Tpe3ok MoxkHO nposectu. [lycrs P’ u Q' —

COOTBETCTBYIOLIME TOYKH HA CTOPOHAX MHOroyrousHuxa A’ ... A’ . Ilpume-
HUB JleMMy 1 K MHOroyroabHukam M; u M/, monyuamm |PQ| > |P'Q’|, a
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[IPUMEHHUB Ty K€ CaMylo jJeMMy K MHoOroyroiabHukaM M, u M., momydnm
PQ| < [P'Q|. O

Teneps MOXHO HEPEHTH HEMOCPEACTBEHHO K JI0KA3ATEBCTBY TEOPEMBI
Komm. IIpenmosoxxum, 94To y paccMarpuBaeMbix MHOrOrpanaukos M u M’
HE BCe COOTBETCTBYIOINWE IBYTCDAHHBIE YIJIBI PaB-
bl [Tomernm pebpa mHOrorpamuaumka M 3HaKaMm
+ U — B 3aBUCHUMOCTH OT TOTO, 60.HI)HIe HNJIN MEHbIIIE
JBYTPAaHHBIE YTJIBI TP 9TUX pedpax, 4emM COOTBET-
CTBYIOIIWE IBYTPAHHBIE YIJIBI MHOrOrpaHHUKa M.
Eciiz n3 KaKoii-TO BepIINHBI BBIXOJAUT IOMEYEHHOE
pebpo, TO COryIacHO jJeMMe 2 U3 ITOI BEPIINHBI BbI-
XOIUT He MEHee JeThIPEX [TOMEeYeHHbIX pebep, mpu-
- qeM mpu 00X0/1e BOKPYT ITOM BEPIITUHBI TPOUCXOINT
o KpaitHeil Mepe 4 mepeMeHbI 3HAKA.

Paccmorpum cragasa cirygait, KOraa moMedeHbl
BCe pebpa mHororpanauka. Obiiee 9uC/I0 IepeMen
3HAKa Ipu 00X01aX BOKPYD BEPIIMH PABHO ODIIEMY 9YHCIIy IIEPEMEH 3HAKA
npu 06xozax rpaseit; 06o3nadum 310 yuciao N. I[lycrs a;, —aucio k-cropon-
HUX rpaHeil. Yuciio mepeMeH 3HaKa mpu 00xome k-CTOPOHHEN rpaHM YETHO
7 He MPEBOCXOIUT K, TOITOMY

Puc. /1.4

N<2a3+4a/4+4a5+6a6+...

dAcuo Takxke, 910 a3 + a4 + as + ... = Ny u 3as +4ay + bas + ... =2N,, rue
N, —uaucno pebep, N, —aucio rpaneii. CiremoBaTenbHO,

4N1—4N2:2a3—|—4a4+6a5—|—8a6—|—...2N.

Cormacao  dopmyne imepa 4N, — 4N, =4N, — 8. Takum obpasowm,
N < 4N,y — 8 <4N,. C apyroit croponsl, npu 06x0/1e BOKPYT KaxKI0# Bep-
[IAHBI TTPOUCXOUT HE MEHEE UeThIPEX IepeMeH 3Haka, modromy N > 4N,.
ITonygyeno mporuBopedne.

B cnyuae, korma momedensl He Bce pebpa, MOXKHO BOCIOJIB30BATHCS TOM
Ke caMmoit cxemoil paccyxzenunit. Ilycres N; —umcino momedeHHBIX pebep,
N{ —auciio BepiinH, U3 KOTOPBIX BBIXOAAT IIOMeYeHHbIe Pebpa, N, — 9uciio
obJiacreil, Ha KOTOPbIE IIOMEYEHHBbIE pedpa pa3buBaiOT MOBEPXHOCTH MHO-
TOTPAHHUKA, @) — YHCIO 3TUX 00JacTeil, OrPaHUYEHHBIX K MOMEYEeHHBIMUI
pebpamu. CeTh mOMeYeHHBIX pebep He 00sa3aTe/IbHO CBS3HA: OHA MOXKET
COCTOSITH M3 HECKOJIbKIX KOMIIOHEHT, He COEIMHEHHBIX APYT C IPYTOM IIOMe-
gennbiMu pebpamu. Ho nBa BakHelmmx cBOMCTBA COXPAHSIOTCS: CIIPABE-
JIIBO PABEHCTBO a5, = () 1 Yepe3 a00yI0 BEPIINHY CETH IPOXOAUT 10 KpaitHeit
Mepe JIBa IOMEYEHHBIX Pedpa, T. €. HET «CBODOIHBIX» IIOMEYEHHBIX pedep, u3
KOHIIOB KOTOPBIX He BBIXOAAT JPYTHe IoMedeHHble peGpa (mepBoe CBOHCTBO
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O9eBUIHO, a BTOPOE CBOWCTBO cienyer m3 seMmbl 2). [losromy Ta xe ca-
Masl CXeMa PaCCyKIEHUN IPUBEJET K IIPOTUBOPEYUIO, €CIIM TOJIBKO YIAACTCS
JoKa3aTh, 9o 4N, — 4N, <4N] — 8, T.e. Ny — N, + Nj > 2.

Bynem moodepearo mobaBiATh K mOMedeHHBIM pebpaM oCTajibHbIE PeOpa,
1ob6aBIsis HA KAXKIOM IIare OgHO pebpo, y KOTOpPOTro Mo KpaiiHeil Mepe OfHA
BEPIMUHA MPUHAIIEKUT JTHO0 MOMedeHHOMY pebpy, 1ubo yKe m00aBIeHHO-
My pebpy. Ilpm kaxkaom TakoMm mgobaBiieHUM YUCTO Pebep yBEeIUINBAETCH
Ha 1, a 4uciI0 BepHIMH ILIFOC 4MCI0 obsacreit aubo yBesamumBaercs Ha 1,
aubo He m3MeHsercsd. JleficTBUTENBHO, eCau N0OABIsSETCS HOBAs BepIINHA,
TO 9uCI0 00JIaCTell He M3MEHSeTCs, a ecjid nobaBIeHHOe pebpo CoennHsAeT
JIB€ CTapble BEPIIUHBI, TO JTHOO 3TO Pebpo pas3buBaeT OgHYy 00JACTH HA JIBE
obutactu, 1ub60 3TO pedPO COEIMHSAET BEPIIMHBLI ABYX PA3HBIX KOMIIOHEHT U
He pas3buBaer Ha JacTu HU OAHY m3 oOsacreir. Takmm obOpazom, BeJMIHMHA
Ny — Ny + N, Ha Kax0M mare qu0o He U3MEHSETCS, 00 yMEHbIIAETCS
Ha 1, a B caMOM KOHIIe, KOoraa nobaBiieHbl Bce pebpa, 9Ta BeJIMdrHA PAaBHA 2.
CuenoBarensro, Nj — N; + NJ > 2, 4T0 1 Tpe60BaIOCH. O

HpaBI/IJII:HbIe MHOTI'OIrpaHHHUKHA

IIpasuavroim N-y204bHUKOM HA3bIBAIOT BBIMTYKJBIA N-YTOJbHUK, Y KO-
TOPOrO BCE CTOPOHBI U BCE YTJIBI PABHBI. YTOJI MPABUJIBHOTO NM-yTOJbBHUKA
paseH (n — 2)n/n. U3 sroro ciemyer, 9T0 NPABUILHBIA 7-yTOJBHUAK €IUH-
CTBEH C TOYHOCTHIO 110 1o100usi. CyIrecTBOBaHNEe IPABUIBLHOIO 71-YTOJIbHAKA
J0CTAaTOYHO O4YE€BHUIHO. HO-,Z[pyFOMy HpaBHJIbeIfI N~-yroJIbHUK MO2KHO OIIpe-
JIeJTATHh KAK BBIMYKJIBII N-yTOJIbHUAK, KOTOPBIA MepexoauT B ceds mpu mMOBO-
poTe Ha Yyroj 27/n BOKPYT HEKOTOPON TOYKH.

Omnpenesnenne MpaBUILHOIO MHOTOrpaHHUKA B R® TpebyeT y2Ke HEKOTO-
POii OCTOPOKHOCTHU: PABEHCTBO BCEX I'PAHEN M BCEX MHOIOIDAHHBIX YIJIOB —
sIBHO HE TO yCJIOBHE, KOTOPOe HyKHO. B camoM jiesie, BO3bMEM [IPOU3BOJIb-
HBI OPAMOYTOJIBHBIN IapaJijieleiuiie]] ¥ PacCCMOTPUM OJWH U3 JIBYX TeT-
pPa’apoB, pedpaMu KOTOPBIX CIYKAT JAATOHAJIN I'DaHell Hapalleslenunea.
JIerko mpoBepuTh, YTO BCE TPAHU U BCE TPEXI'PAHHBIE YIJIBL TOTO TETPAIPA
DABHBL.

IIpaBuibHBIE MHOTOrPAHHEKE B R® MOXKHO OIpe e/ IuTh Pa3sHbIMU CIIOCO-
6amu. O 1HO U3 orpejiesieHuil TaKOBO: BBILYKJIbI MHOrorpanHuk B R® Hasbi-
BAIOT NPasuUAbHbBIM, €CIIA BCe €ro JBYIDAHHBIE YIJIbl PABHBI, & BCe I'DAHH —
paBHBbIE TPABUJILHBIE MHOTOYTOJBHUKHA. BMECTO paBeHCTBa IBYTPAHHBIX yT-
JIOB MOYKHO TOTPeO0OBATH, YTOOBI JIJisi BCEX BEPIINH KOHIIBI BBIXOIANIX U3
HEUX pebep 00pa30BbIBAIM PABHBIE IPABUILHBIE MHOTOYTOJBHUKH. JleiicTBu-
TE€JIbHO, €CJIN U3BECTHO, 9TO BCE€ I'PAaHU — PaBHBIE IIPABUJIbHbBIE MHOI'OYT'OJIb-
HUKHU, TO 063, yCi10BU4d 3KBUBAJIEHTHBI TOMY, 9YTO BCE€ MHOI'OIrDAaHHBIE YTJIbL
PaBHBI U SBJISIOTCS NPABUIBHBIMA. (BBIMYKIIBIH n-rpaHHbIi yroa Ha3bIBa-
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FOT IPABWJIBHBIM, €CJIM OH IIEPEXOMUT B cebs IpH MoBOPOTE Ha yroa 2m/n
BOKDYT HEKOTODOIi ocu.)

ITokazkeM, 9TO BHyTpH NMPaBUJILHOIO MHOTOTDAHHHUKA €CTh TOYKA, PaB-
HOyJaJIeHHAs OT BCEeX ero BepmuH. [IpoBegeM 9epes NeHTPhI IBYX CMEXKHBIX
rpaHeil IepneHIuKyJIaphl K 3THM rpasM. OHE IepeceKafoTCs B TOUKE, yIIa-
JIEHHOH OT IEHTPOB I'PaHeil Ha paccrodHue atg @, rie a — PacCTOdHHE OT
LIEHTPa T'PAHKU JO €€ CTOPOHLBI, & (p — IOJOBHHA JBYIDAHHOI'O yIJIa MEXKIy
rpaHsgMu MHOrorpanuauka. lIpoBemeM Temneph MEPIEHIUKYJIAPHl K TDAHIM
9epes IMEeHTPHI BCeX TpaHel M Ha KaskKJ0M MepIeHIuKyJIsSpe OTMETAM TOYKY,
YAAJIEHHYIO OT IeHTpa PaHN Ha PaccTOsHUe atg ¢ (BHyTPh MHOIOTDAHHU-
ka). s KaKAOH maphl CMEXKHBIX TPaHel IOCTPOEHHBIE TAKHM 06pPa3soM
TOYKH COBIIQJIAIOT, IO9TOMY BCE ITH TOYKH COBIAJAIOT. B mTore mosyda-
eM TOYKY, PABHOY/AJEHHYI OT BCEX BEPIIMH MHOIOIDAHHUKA. DTY TOUYKY
Ha3bIBAIOT UEHIMPOM TPABAIBHOIO MHOTOIDAHHUKA.

Baitmemcsa KiaaccuduKanuell IpaBUIBHBIX MHOTOrpaHHHKOB B R3. Ha-
30BeM cumeoaom Illredau MPaBAIBLHOTO MHOTOIPAHHUKA YIIOPSIOYCHHYIO
napy 9mces {7y, '}, TIe T, — IACJI0 CTOPOH IDAHA MHOTOTDAHHUKA, Ty —
9HCJI0 CTOPOH MHOIOYIOJIbHUKA, 00Pa30BAHHOIO KOHIAMU Pebep, BbIXO/d-
WX 73 OJHOH BEPIITUHEI.

Teopema 10. a) IIpasuavnvie muozoepannuky 6 R® moeym umemo
auws caedyrowgue cumesonv, Ilnedau: {3, 3} (mempaadp), {3, 4} (oxma-
adp), {4, 3} (xy6), {5, 3} (dodexasdp), {3, 5} (urocasdp).

6) an £axc0020 U3 NEPEVUCACHHHIT Bbitue cumeoaos Lllaedau npasuro-
HOL MHO202ZPAHHUK CYULLCTNBYEM U eQUHCTNBER C MOYHOCMbI 0 N0006UA.

HokasaTeabcrso. a) [Iycrs a; — niauHa pebpa NPaBUIBHOTO MHO-
rorpanauka ¢ cumsojiom lnedmu {ry, r,}, R; — pagmyc ero onmcanuoi
cepsl; a; — AyIIHA CTOPOHBI IPABUJIBHOIO MHOTOYTOJIBHAKA, 06PA30BAHHOIO
KOHIAM# pebep, BBIXOAANMX U3 BEPIINHBI, Ry — PajmyC ONMUCAHHONW OKPYZK-
HOCTH TOr0 MHOTOYTOJBHUKA. 1loKaxkeM, 9T0 BeamamHbI p3 = (a3/2R3)? n
p2 = (a2/2R,)?* cBABAHBI COOTHOIEHUEM

cos?(n/r1)
ps=1- I (/1.16)

IIycre O — menTp npaBUIbHOIO MHOrorpaHHuka, A — ero Bepuna,
B, ... B,, — IpaBUJbHBIA T'5-yTOJbHUK, 00pa30BaHHBINA KOHIIAMH Pebep, BbI-
xomamux u3 Bepumubl A. Torma ecimu ZB1OA =29, 10 a3 =2R3sing u
R, =ajcos¢g. I'paHp paccMaTpuBaeMOro MHOIOIDAHHHKA SBJISETCS IIPa-
BIJILHBIM 71-yTOJIBHAKOM CO CTOPOHOW (3, IPHYEM JJIAHA €r0 HAMMeHb-
mell AmaroHaJm pPaBHA 4y, MOITOMY G = 2a3cos(n/ry). CmemoBaresnbHO,
s = (a3/2R3)? =sin® ¢ m py = (a2/2Ry)? = cos?(n/r,)/ cos? ¢. U3 srux dop-
My paBeHCTBO (/I.16) BBITeKaeT 0U4eBHIHBIM 00pa30M.
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JIerko mpOBepHTH, UTO Py = sin’(n/ry), T.€. Py 3ABUCHT TONBKO OT Tsy.
Dopmyna ([1.16) nokasbiBaeT, 9TO p3 3aBUCUT TOJIBKO OT {71, 5 }. IloaTomy
ymobHO BBecTH 0003HadeHus p{rs} =p2 u p{ri, ra} = ps, KOTOpBIe yXKe He
3aBHCAT OT MHOIOTDAHHHKA, & 3aBHCAT TOJBKO OT cumBbosa Illnedan mHO-
rorpaHHHKA.

N3 dopmynsr (1.16) m ogeBnmporo mepasencTBa p3 >0 ciemyer, 9r0
P2 > cos?(n/ry) > cos?(n/3) =1/4, T.e. sin(n/ry) > 1/2, a 3maunmt, ry < 5.
HeCJIO)KHI)Ie BbIYUCJ/IEHUA ITOKa3bIBAKT, 9YTO

p{3} =3/4 u mepasenctBo p{3} > cos?(n/r,) BHIMONHAETCA WL PA

1 <55

p{4} =1/2 u mepasencrBo p{4} > cos®(n/r;) BBIONHAETCA UL IPU
< 3;

o{5} = (5 — /5)/8 u mepasencrso p{5} > cos®(n/r,) BBIIOIHSETCS JTHNTE
mpu r; < 3.

6) Cragasna moKaxkeM €JUHCTBEHHOCTD (C TOYHOCTBIO A0 MOmo0us) mpa-
BUJIBHOTO MHOTOTDAHHHMKA C JaHHBIM cuMBosioM Illmedpsm. IIpeo6pasosa-
HHEEM [0700Hs IIPABUJIbHbIE MHOTOIPDAHHUKH C OJHHM U TE€M K€ CHMBOJIOM
ITiredii MOKHO PACIOIOKUTH TaK, YTOOBI OJHA I'PaHb OJJHOIO MHOI'OTI'PDAH-
HUKa COBIIJaJa C FPaHbIO APYTOr0 MHOTOTPAHHUKA, IPIYeM MHOTOIDAHHH-
Ku GyJ/IyT HaXOJUTHCH 10 OJIHY U Ty YK€ CTOPOHY OT IJIOCKOCTH, COZepIKaIIei
a1y 06mgyto rpab. ducmo (as3/2R3)? = p{r,, r»} momHOCTBIO OmpenerAeTCA
cumBosioM Illrednn, mosToMy y paccMaTpUBAa€MbIX MHOIOTPAHHUKOB COB-
Na/Ial0T PAJUyChl ONMUCAHHBIX cdep, a 3HAYUT, COBIAJAIOT U IIEHTPBI ITUX
MHOT'OI'DaHHUKOB. HOSTOMy COBIAIA0T 1 CaMU MHOT'OT'DaHHUKMH.

IlepefimeM K I0Ka3aTeIbCTBY CyMIeCTBOBAHHSA MPABUIbLHBIX MHOTOIDAH-
auKoB. CyInecTBoBaHue IPABUIBLHOIO TeTPasApa U Kyba odeBuIHO. BhITyk-
Jiast 000JTOYKA IEHTPOB rpaHeil Kyba ABJIsIeTCI OKTadIpPOM.

Brinykitas 060s109Ka MEHTPOB IpaHeil MKOCAdapa sB-
nsiercst noaekaspom (u Haobopor). Ilosromy mocraroano
[IOKa3aTh CyIIeCTBOBaHUE UKOocadapa. OpueHTHpyeM pe-

Opa OKTa3apa TaK, 9TOOBI 11 KasK A0l IPaH’ 0Ty YUIoCh

KaKOe-TO OIpee/ieHHOe HAIpaBJIeHne 00X0a ee TPaHUITbI

(pmc. [1.5). 3arem nogeanm pebpa B orromenunn A : (1 — )

B COOTBETCTBUU C uXx opueHranueii. [lokaxkem, 9410 A MOXK-

HO BBIOpATh TaK, 9T0 OTMEYeHHbIE TOYKHU OyIyT BepIIHHA- Puc. 1.5

Mu uKocadapa. [lpu moboM A\ y mo/ly9eHHOr0 MHOTOIDAaH-

HHUKa €CTh JBa THIa pebep — IPUHAJIeKAIe IPAHAM OKTA3Apa U He IIPH-
Hazytexkammue uM. Ecnu qymHa peGpa oKTasapa paBHa 1, TO KBaIpaT I IUHbBI
pebpa mepeoro tuma paseH A2 4+ (1 — )2 — 20(1 — ) cos60° = 3\* — 3\ + 1,
a KBaJpar JyiuHbl pebpa Broporo Tuna pased 2(1 — A)? =2 — 4\ + 202 (30
pebpo ABJISETCS TUTOTEHY30i MPSAMOYTOJBHOTO TPEYTOJLHAKA C KATeTaMH
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mmmoit 1 — ). Taxmm o6pasom, ecti A= (v/5 — 1)/2, To BCe rpanu aBIOTCS
IpaBUJIbHBIMA TpeyI‘OJIbHI/IKaMI/I. PaBeHCTBO ﬂBpraHHLIX yI'.HOB HOJIyqGHHO—
ro MHOTOTDAHHHKA CJIEAYET M3 TOrO, 9TO (It J06oro \) Bce OTMEIeHHBIE
TOYKH PaBHOYIAJEHBI OT IEHTPa OKTad/Ipa. O

IIpaBUIbHBIT MHOTOIPDAHHHK B R"™ MOXKHO ONPEIEIHTH IO HHIYKIAH:
BBIITYKJIbIA MHOTOIDAHHHK B R™ Ha3bIBAIOT NPAGUAbHLLM, €CITH BCE €ro
(n — 1)-rpaEu — paBHBIE NPABUIbHBIE MHOTOIDAHHUKN M Il BCEX Bep-
[IAH KOHIIBI BBIXOAAIMNX M3 HUX pebep 00pasyioT paBHBbIE MPABUJIbLHBIE
(n — 1)-mepuble MuOrorpammanku. Cumsos Illmedsm Toxke ompemesieT-
Cd 10 HMHAYKIUH: €CJIH 2-TPaHb HPAaBHJILHOTO MHOTOIDAHHHUKA SABJISETCH
r1-yroabHuKOM, a cuMmBoJ [Ilnedsn mMHOrOrpanamka, 06pa30BaHHOIO KOH-
namu pebep, paBeH {7y, ..., Iy, }, TO cumeon Illaedau MEHOrOrpaHHUKA PABEH
{ri, roy co oy 1}

JlokazaTeanCTBO CyIeCTBOBAHUS IEHTPa MPaBUJIBHOTO MHOTOTDAHHUKA
OPOBOIATCA TOYHO TaK 2Ke, KAK U B TPEXMEPHOM CJIydae.

Iomoxmm p{ry, ra, ..., Tn} =pn = (an/2R,)?, tme a, —mymHA pebpa,
R, —pamuyc ommcanmnoii cdeprr. Popmyina (/1.16) npuanMaer B

cos®(n/r1)

e{re, ..., rn}’ (1L.17)

of{ri, ra, ..., Tt =1—

JokaspiBaercs 9Ta HOPMyJIa TOIHO TAK K€, HY?KHO JIAIIb BMECTO TPaHei
paccMaTpuBaTh 2-TPaHU.

Teopema 11. a) IIpasuavnvie muozozpanhuky 6 R* moeym umems
auwo caedyrowue cumeoan, Ilaepau: {3, 3, 3}, {3, 3, 4}, {4, 3, 3}, {3, 4, 3},
{5, 3,3}, {3, 3, 5}.

6) Ilpasuavroe mHozoepannury 6 R™, n >4, mo2ym umems Auws cae-
oyrowue cumeoav Ilnepau: {3, ..., 3}, {3, ..., 3,4}, {4, 3, ..., 3}

B) as Kacc0020 U3 NEPEUCACHHHT Bbitue cumeoaos Lllaedau npasuro-
HOLT MHO202DAHHUK CYWECTEYEM U eOUHCTBEH C MOYHOCTILIO 00 N0J0OUS.

Hokaszarenscrso. a) I3 dopmyast ([1.17) caenyer, aro p{ry, r3} >
> cos?(n/ry) = 1/4. Ilo dopwmyae (1.16) moxuO Bbraumcants p{rq, 3} i
BCEX MPABUJILHBIX MHOIOIPAHHUKOB. DTH BBIYHACIECHUS IIOKA3BIBAIOT, ITO

e{3, 3} =2/3, mosromy 1, < 5;

p{4, 3} =1/3, mosromy 1, < 3;

o{5, 3} = (3 - V5)/6 < 1/4;

p{3, 4} =1/2, mosromy r; < 3;

0{3, 5} = (5 — /5)/10, mosromy 7, < 3.

6) PaccmoTrpum cHagasra npasuibHbe MEOTOrpaHHUKE B R°. Jlerko mpo-
BEDPUTH, ITO HEPABEHCTBO p{71, I'y, I'3} > 1/4 BBINONHSAETCS INIIB [JIs1 CHMBO-

noB [lnedan {3, 3, 3} u {3, 3, 4}. IIpu sTom p{3, 3, 3} =5/8 u HepaBeHCTBO
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5/8 > cos®(n/r,) Beinonnserca mumb upu 7 < 4; {3, 3, 4} =1/2 n mepasen-
ctBO 1/2 > cos?(nt/r,) BBMONHSETCA M 1pH 7 < 3.
Ilpu n > 5 nyig MHOrOrpaHHUKOB B R™ mojydaeM, 9ToO

e{3,...,3}= n2+ L HEPaBEHCTBO n2_+1 > cos?(n/r,) BHIMOJHSAETCS
g opu 7y < 4 " "

o{d, 3, ..., 3 =1/n<1/4;

0{3, ..., 3,4} =1/2 n mepasencrso 1/2 > cos?(r/r,) BbONHAETCA ML

upu 7 < 3.
B) E,Z[I/IHCTBGHHOCTB IIPaBUJIBHbIX MHOTI'OI'DaHHUKOB B Rn C 3aJlaHHBIM
cumBosioM I1ltedsm moKa3bIBaeTCa TOYHO TakK K€, KaK U B R,
IIpaBunbHEbI cuMmmuiekc B R™ MOXKHO HOCTPOUTH KaK IME€pECedeHne I'H-
MIEePILIOCKOCTA X1 + ... + X, 1 = 1 C IOJIOKUTEHHBIM OPTAHTOM 2, 2> 0, ...
., ni1 2 0. Kyb crpourcss ogeBmaHbIM 00pazoM, a C IOMOIIBIO Kyba
CTpouTCA JABOUCTBEHHBIM €MY MHOI'OI'DAaHHUK C Be€pHIMHAMU B LINEHTPaAX
(n — 1)-mepHBbIX TpaHell Kyba. IlosToMy OcCTaeTcd JMIIb JOKA3aTh CyIle-
CTBOBaHWE MHOTOTPaHHUKOB B R* ¢ cumbostavu Illnedan {3, 4, 3}, {5, 3, 3}
u {3, 3, 5}.
Hecnoxuo mokasarh, 9T0 MHOrOrpaHHmK ¢ Bepmmuavu (+2, 0, 0, 0),
(0, £2, 0, 0), (0, 0, £2, 0), (0, 0, 0, +£2), (£1, +1, +1, £1) sBAsIeTCs Npa-
BubHBIM 1 uMeer cumBost [lnedmm {3, 4, 3}. Ecam k Bepmmuam 3TOTO

VE+1

MHOTOTPaHHHUKA 706aBuTh Toukn: (T, +1, +17! 0), roe t= 5 aTaKKe
BCE TOYKH, KOTOPBIE IIOJY4alOTCH U3 3THX TOYEK Y€THBIME [IEPECTAHOBKAMU
KOODHMHAT, TO B PE3Y/IbTATE II0JyYUM IPABUILHBII MHOIOTPAHHUK C CHMBO-
nom Mnedan {5, 3, 3}. JIBolicTBEHHBI! €My MHOTOTDAHHWK HMEET CHMBOJI

lnedbnu {3, 3, 5}. O

Popmysna Kommn

IIycrs S ! — enunnunas cepa B R", f: S"~! — R — HenpepbiBHas
dynknus Ha cdepe. Bosbmem MHoOrorpaHnuk, BnucaHubiii B cdepy S"!,
u paccMoTpuM uHTerpaibHyo cymmy » . f(&x)Vi, tme Vi — (n — 1)-mepHbrit
obbeMm k-if TpaHHW, &), — MPOM3BOJIbHas TOYKa 3TOH TpaHW. Ecim MHOTO-
rPaHHHUK NOpHOIMKaeTcd K cdepe, T.e. MAKCAMAJbHOE PACCTOSHHE MEXKIY
TOYKAMHU IPAHU CTPEMHUTCHA K HYJIIO, TO HHTEIPAJbHBIE CyMMbI CTPEMATCH K
olIpe/IeJIeHHOMY ITpeJlesly. DTOT peiesl Ha3blBaIoT ukmezpasom pyHKIuu f
o cdepe S*~! u oboznauaroT /Snil f(&)dp.

BakHeilmuM CBORCTBOM HHTErpaJia 1o cdepe aBIgeTCs ero MHBAPHAHT-
HOCTHh OTHOCUTEJIBHO JiBuzKeHuil: eciau g: R™ — R™ —oproronaabaoe nmpeos-
pasoBaHUE, TO

| e[ @

n
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VHBapHaHTHOCTD OYE€BUIHBIM 0OPA30M CJIEAYET U3 OUPEIeNeHIs HHTErPalb-
HBIX CyMM.

Teopema 12 (dopmyna Kommn). ITyemo M C R™ — swnykavnd mrozo-
epannur, £ €S u f(&) —(n — 1)-mepruiti 0bsem npoexyuy MHOZ0ZPAHHU-
xa M ma 2unepnaockocmo, opmozonasvHyto edunusromy eexmopy &. Tozda

| f@w=p.r

ede B,_1 —obsem (n —1)-meprozo edunuunozo wapa, P — «naowads nosepz-
Hnocmuy muozoepannura M, m.e. cymma (n — 1)-meprox 0bsemos ecex e2o
epaned.

HdokaszaTenscTso. Paccmorpum ornensao oxmy u3 (n — 1)-MepHBbIX
rpaneit M. IIycte f;(£) —o6bem mpoekmuu 3TOI rPaHu HA TUIEPILIOCKOCTD,
opTOroHaNBHYI0 BekTOpy &. fAcmo, aro f;(8) =|(&, n;)|V;, tme V; — obbem
rpaHu, n; — eINHAIHBIN BEKTOP HOpMaJu K rpanu. VI3 nHBapmaHTHOCTH WH-
Terpajia o cdepe BBITEKAET, ITO

/”\@nmw=%
gn—1

— KOHCTAHTA, 3aBHUCAINAA TOJBKO OT padmeprocTu n. llosromy

| few=ev.

Kazxnas Touka npoekuun MHOrorpanauka M (3a UCKIIOUYeHneM MHOXKe-
CTBa MEpPBI HyJIb) IIOKPHITA POBHO ABYMS IPOEKIMAMU IPaHeil. DTO 03HAYA-
€T, 4To

fod=[ 3 h@da=G Y V=GP

YT00bI BBIYUCIUTH KOHCTAHTY, yIO0OHO B KadecTtBe M B34Th HE MHO-

sn—1

FOTPAHHMK, & €JIMHWUYHBIN map (9TO MOXKHO CIeaTh, BOCIIOJb30BABIINCH
IpeJebHBIM epexonoM). B stom ciygae f(8) =B,-1, a 3HaunT,

f@)dy=BnrP,
sn—1
rae P — (n — 1)-mepHbrit 06bem cdeprsr S”™™!; B paccMaTpmBaeMOM Cirydae
OH COBIIQIAE€T C ILJIOMIAIbI0 MOBEPXHOCTH €AMHUIHOTO Imapa M. O
Caencreue. Ecau sHympu 00H020 6biNYKA020 MHO202PDAHHUKA AEHCUM
Opy2oti BLINYKAVLT MHO202PAHHUK, MO NA0WADL NOBEPTHOCTU GHYMPEHHE20
MHO202PAHHUKAG MEHLULE NAOULAOU NOBEPLTHOCTIU BHEUIHEL0 MHO202PAHHUKA.
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Popmyna Ilreiinepa—MHUHKOBCKOro

Ilycts M CR™ — BBIIYKJIBIit MHOTOTDAHHUK, 1" — HEOTPHUIATEILHOE YUCTIO
u M, — MHOXKeCTBO TO4YEK, yjaaaeHHbIX oT M Ha paccrosHue He OoJbIre 7T,
T. €. O6'beILHHeHI/Ie BCE€X HmIapoB pPaJauyCa 7" C OHEHTPpaMMW B TOYKaX MHOXKeE-
crBa M. Jlerko mpoBeputrh, 90 MHO2KeCTBO M, BhImyKjI0€. lelicTBuTeIHHO,
ecmn a, be M u |ul, |[v] <7, 7o npu 0 <A <1 rouka AMa+u) + (1 —A)(b+v)
ymageHa or Touku ha + (1 —A)be€ M ma paccrosume |[Au+ (1 —N)v| <.

Teopema 13 (dbopmyna HIteitrepa—Munakosckoro). Obsem V,. mmoorce-
cmea M, noAuHOMUAABHO 3a8UCUM OM T, O UMEHHO

Vi=Vo+Pr+...4+0B,0",

2de Vy — obsem mrozozpannuka M, P —naowads noseprrocmu mHo202pam-
nuxa M, B, — 0bsem edunuU“HO20 N-MEPHO20 WAPA.

HdokazaTeabcTBo. [IpoBemeM mokasaTelbCTBO MHIYKIMEH MO 1. C
nomoisio (opmyisr Komu (a1y dopmyy mMbl chopMyaupoBanu u goKa3a-
JI JIJ1¢1 BBIMLYKJIBIX MHOTOTPAHHUKOB, HO C TIOMOIIBIO IIPEIEHHOTO IEPEX0Ia
€e MOXKHO IepeHeCTH Ha BeimyKible Gurypsr). [Ipn n =1 dopmymna HlTeitne-
pa—MunukoBCcKOro odeBugHa. IIpeanosioxkum, 9ro GhopMysia J0Ka3aHa JIJis
(n — 1)-MepHBIX MHOTOTDAHHWKOB, W PACCMOTPUM BBITYKJIbIH MHOrOTDaH-
Huk M B R". Ilycth p:(M) —npoeknus MHOrorpaHHuKa M Ha THIEpPILIOC-
KOCTb, OPTOIOHAJIbHYIO € UHIIHOMY BeKTODY &. SlcHo, uro p: (M), =p:(M,).
Iycre V,.(£) — (n — 1)-mepmsiit 06bem maOKECTBA p: (M,.). Ilo mpeamomoxke-
HUIO WHYKIAQ

Vo) = Vol®) + .. 4B

IIycts P, —mnomans nosepxuaoctu tena M,. Ilo dopmyne Komm

ps;ilPrz/ V@)= [ Ve@dut ...+ [ Burldu—
sn—1

gn—1 sn—1

=B Potair+...+a, ",

rae aq, ..., G,_1 — KOHCTAaHTHI.

. av.
13 reomerpudeckux coobpazkeHuit siCHO, ITO = P,, mostomy
T

M.:%—l—/ Psds:Vo—l—/(P0+a/13+...—|—a;715”_1)ds:
0 0
=V0—|—P07“+b17°2...—|—bn,17‘n.

3nmecy Py = P—nnoniaas noBepxuocTr MEOrorpanauka M, koaddunueHTb
b1, ..., b,_s 32aBUCAT TOJIBKO OT MHOTOI'DAHHUKA, & MOCAeAHIN KodDhunmenT
b,_1 He 3aBHCHT AK€ W OT MHOTrOrpaHHWKa. J[JIst BBIPOXKIEHHOIO MHOIO-
I'PaHHHKA, COCTOSAIIETO U3 ofHo# Touky, V,. =f3,7", nostomy b,,_; =0,. O
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Treitaep mokazan dopmyny gnug V,. B ciydae n =2 u 3; B 00meM ciy-
qae 3Ty dopmyiy pokazan Munkosckuit. [Ipu n = 2 mokasaresabcTBO sICHO
u3 puc. /1.6. IIpu n = 3 amajorudHo mosiydaeM, BO-IIEPBBIX, YaCTH, U3 KO-
TOPBIX CKJIAJBIBAETCS AP, a BO-BTOPBIX, MPU3MbI, OCHOBAHUSIMHU KOTOPBIX
CIy’>KaT TPAaHU MHOTOTPAHHWKA. JIOMOJIHUTEFHO MOJydaeM IUINHIPUYIE-
CKHUe CEeKTOPBI, OIUH U3 KOTOPBIX m300paxkeH Ha puc. I1.7. Pebpy nmunoit a;,
JBYTDaHHBIA yIoJI IPU KOTOPOM PaBeH (;, COOTBETCTBYET LIUJIUHIPUICCKUIA
cexTop obbeMoM a; (T — ;) /2.

d

I

D

Puc. ]1.6 Puc. 1.7

MHoroyroabHuku B R™

Ob6cynum 31eCh HEKOTOPBIE CBOWCTBA MHOIOyroJbHukoB B R™. TIpeasa-
PUTEIBHO OTMETHM CJIeYIONIee BaXKHOEe CBOWCTBO HabOPOB TOYeK B R™.

Teopema 14. IIycmo {A,, ..., A} w{B, ..., B,} —dea nabopa mo-
weK 8 M-meprom eeKAudosom npocmparcmese, npuswem |A;A;| = |B;B;| dan
mobwnx i u j. Toeda cywecmseyem uzomempus, Nepesoodsuas Kaxrcoyo moy-
xy A; & coomeemcmeyrowyro mouky B;.

HokaszaTeabcTno. Touky A; MOXKHO TepeBeCTH B B ¢ TOMOIIBIO
b0 TOXKIecTBEHHOro orobpakenud (ecou A, = B;), smbo cuMMeTpun or-
HOocuTeNIbHO runepiuiockoctu (ecau A, # By). IlpeamosoxuM, 9To mocTpo-
eHa m3oMmerpud f, nepepoisdimas TOYKu Ay, ..., Ay B By, ..., B,. B Tom
ciyqae, kKorga f(Agy 1) # Bii1, IPAMEHAM CHMMETDPUIO g OTHOCHTEIBHO TU-
HEPILIOCKOCTH, COCTOAIIEH U3 TOYEK, paBHOYIaJeHHBIX 0T f(A 1) u Byi.
IMpui=1, ..., k rouka f(A,) = B; paBHOynaneHa or To4eK f(Aj1) u Byyq.
ITosromy u3omerpus g o f nepeBoaut Touku Ai, ..., Ay B By, ..., Bryy
COOTBETCTBEHHO. O

Ilycts Ai, ..., A, — NONapHO Pa3JIWMYHBIE TOYKU B IN-MEPHOM €B-
KJU0BOM TPOCTPAHCTBE. 3aMKHYTYIO JIOMaHYI0 CO 3BeHbaMu A, A, ...

., A1 AL AL AL HA3BIBAIOT  NPOCTMPAHCMEBEHHBIM  MHO20Y20ALHUKOM
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Ay ... A,. IIpocTpaHCTBEHHBII MHOIOYIOJIbHUK HA3BIBAIOT K-pa6HOCMOPOH-
Hum, eci pimHa orpeska [A;, A, ;] He 3aBucur or i upu j=1, ..., k.

s BBIMYKJIOTO TJIOCKOTO MHOTOYTOJBHUKA U3 2-PaBHOCTOPOHHOCTH
ciaenyer k-paBHOCcTOpoHHOCTH Tipu Jiobom k. Ho, kak Bumao u3 pwuc. 1.8,
n300paKEHHBIA TaM IIeCTUYTOJbHUK SBJISIETCS 2-PaBHO-
CTOPOHHHM, HO He 3-PaBHOCTOPOHHKM.

N3BecTHO, 9TO /1500011 2-PAaBHOCTOPOHHUN IATHYTOTH-
auK B R? gBiagerca miockuM. DTO yTBEPXKICHHUE IOIMYC-
KaeT ceayrolee 00obmeHune.

Teopema 15. Pasmeprocmd MUHUMAADHO20 apduH-
H020 nodnpocmpancmea, codeporcause2o k-pasHOCTNOPOH-
nutd (2k + 1)-yeoavruk, wemna.

Hokasarenbcrro. [lycte Ay, ..., Aspyy — Ja8-
HBI k-paBHOCTOPOHHMI MHOTOYroabHUK. OH gBiIgeTCs
d-paBHOCTOPOHHUM Tipu BCeX d > 1, Tak Kak JI00bIe JBE €ro BEPIIHHBI CO-
eJIMHEHBI JIOMAaHOM, comep:kareii e Gosee k 3BenbeB. Ilomoxkum B; = A, ;.
Torpa |B;B;| =|A;A;| upm Bcex 4, j. Ilo Teopeme 1 cymecrByeT m3omer-
pusa f, nepesogamas Touku A; B B; npm Bcex i =1, ..., 2k + 1. Touka
(2k+1)"'(A1 4+ ...+ Aspy1) ABIISIeTCS, OYEBHIHO, HEMOIBIKHON TOYKOIL
sToro orobpaxkenus. ObozHaunM 3Ty To4uKy OykBoit O. BribpaB ee B Ka-
YeCcTBE HAYAJA KOOPJAWHAT, MOJIyIaeM, 9TO U30METPUS ABJISEeTCs JINHEHHBIM
orobpaxkenueM. JIuneitnyro 060s09ky Touek Ay, ..., Ay 0603HAYNM OYK-
Boii I1. dcuo, uro f nepesoaur I1 B cebsi 1 MOXKHO PACCMOTPETH OrPAHUYEHHE

Puc. J1.8.

nzomerpun f Ha I

HomycTuMm, 9T0 pa3MepHOCTb TPOCTpaHCTBa 11 HedeTHa. Jluneiinas n3o-
MeTpHs B HEYETHOMEDPHOM IPOCTPAHCTBE COXPAHSIET HEIOABUKHOM HEKOTO-
PYIO IpaMyO (XapaKTePUCTUIECKUI MHOTOYJIEH OPTOrOHAJIBHON MATPHIBI
nMeeT KOpeHb +1), U P\ 9TOM OPTOTOHAIBHOE JOIOJHEHUE K STON IPAMOM
TaK»Ke WHBapWaHTHO. TakmM 00pa3om, ecau xXOoTd Obl omHa Todka A; mpwm
MPOEKINY Ha WHBAPUAHTHYIO MPSAMYI0 HE MOMAIET B HyJIb, TO BCE TOYKH
CIPOEKTUPYIOTCH TyHa Ke, W, 3HAYUT, CpeIHee apudMeTHIeCKOe BCEX TO-
4geK He Oyzer coBmagaTh ¢ To4UKoi O. A ecjm BCe OHM MOMAJAYT B HYJb, TO
JnHefiHAsA 000JI09KA HAIINX TOYEK OYIEeT JIeKATh B OPTOrOHAJIHHOM JOIOJI-
HEHWW, T.€.B 9eTHOMEPHOM npocTpaHcTBe. Ho 910 mporuBopednt Tomy, 910
uX JuHelHas obosiouka coBmagaeT ¢ 1I. Teopema mokasama. O

W3 sroro pesynbraTa cpa3y CIEAYET, YTO 2-PABHOCTOPOHHUN MSTHYTOJIb-
HUK B TPEXMEPHOM €BKJIMJIOBOM [IPOCTPAHCTBE SBJISETCS ILIOCKUM, n00 pa3-
MepHOCTh adPUHHON 000J0YKH BCEX €ro TOYEK UeTHA W He OOJIbIme Tpex.
BriBatoT u HemIOCKUEe 2-pPaBHOCTOPOHHME MATUYTOJBHUKHI, HAIPAMED, MOXK-
HO B34Tb BE€PIINHBI IIPABUJIBHOI'O Y€ThIPEXMEPHOI'O CUMILJIEKCA U COCIUHUTDH
X B MPOU3BOJILHOM TOPSIKE 3aMKHYTOM JIOMAHOIA.
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Wurepecunie mpumMeps! k-paBHOCTOPOHHAX MHOTOYTOJBHUKOB B 2k-Mep-
HBIX €BKJINJOBBIX IIPOCTPAHCTBAX MO?KHO IIOJIYy9IUTH C IIOMOIIbBIO KpI/IBOﬁ

x(t) = (cost, sint, cos2t, sin2t, ..., cos kt, sin kt),
B35B B Ka4eCTBE BEPHIMH k-PaBHOCTOPOHHErO 7-YTOJbHUKA TOUYKH

Ajzx(%), 1<j<n.

§ 3. JlomosHuTEILHBIE BOIIPOCHI IPOEKTUBHOMI
reomMeTpuu

KommiekcHoe npoekTusHoe rpocrpancTso CP"

KomMmiutekcHOe NIPOEKTHBHOE MOPOCTPAHCTBO OHPENEsISeTcd [0 AaHAJIO-
IUU C BEHIECTBEHHBIM. TOYKAMHU KOMNAEKCHO20 MPOEKMUBHO20 NPOCMPAH-

cmea CP" ciyxar HaGOpBI guces (21, ..., 2,41), 0ae 2z; € C u He Bee dncia
21y « -y Zns1 DABHBL HYIO; HAOOPBL (21, ..., Zny1) U (N1, - ooy NZpy1), THE
)\ € C, cauTaroTcs YKBUBAJEHTHBIMH.

Touku upocrpancrsa CP" Bunma (1, ..., Tni1), e x; € R, obpasyior

[IOJIMHOXKECTBO, KOTOPOE €CTECTBEHHBIM 00DPa30M MOXKHO OTOXKJIECTBUTH C
RP". ITosromy npocrpauncreo CP" moxHO paccmarpusBars kak RP™, monoJi-
HEHHO€ KOMILIEKCHBIMU TOYKAMH.

Be3 paccMoTpeHns KOMILIEKCHON MPOEKTUBHON ILIOCKOCTH HEJb3s, Ha-
[IpUMEpP, OCMBICIUTH HECKOJIBKO 3araJ09HyI0 CHTYAIUI0 C OKPYKHOCTIMH.
JBa saaumca MOryT IepeceKaTbCsd B UEeTHIPEX TOYKaX, HO JBE OKPYZKHO-
CTH HEe MOI'YT [IEPECeKaTbCs Hojiee ueM B AByX TOYKax. Kak 310 00bsicHUTD?
A nento B ToM, 9TO J1I00BIE ABE OKPYKHOCTH TEPECEKAIOTCS B ABYX (DUKCHUPO-
BAHHBIX TOYKAX KOMILIEKCHON DECKOHEYHO yIAJeHHON HPsMOM, HE MPUHAI-
JIEZKAIIIX BEIECTBEHHON MPOEKTUBHON IJIOCKOCTH. TodYHee roBOpsi, MMEET
MECTO CJIEJIYIOIee yTBEPKICHUE.

Jhobas oxpyosrcrocms npoxodum wepes mouku (1, 4, 0) w (1, —i, 0).

IeficTBUTEIbHO, B OJHOPOAHBIX KOODAWHATAX YPAaBHEHUE OKPYKHOCTH
MMEET BHJ

(x —az)® + (y — bz)* = R*2%. (/1.18)

JJisi HaxOXKIeHUsI TOYEK MepPecedeHns OKPYKHOCTH ¢ OECKOHEYHO y/IaJIeH-
Hoii psimoii z = 0 noacrasuM B ypasHernue ([1.18) sHauenue z = 0. B pe3yian-
tare noxydnM z2 +y? =0, T.e. y = tiz. Takum 06pazoM, J06asd OKPY2KHOCTh
npoxomut gepe3 Toukn (1, +i, 0), sexxamue Ha GECKOHETHO YIAJIEHHON IPsi-
MOM. Y TBEpKIEHHE JJOKA3AHO. O

Tlo amasorum ¢ k-mepHbiMu miaockocTamu B RIP" MOXKHO onpeneaurb
k-mepubie minockoctu B CP". Teomerpus npocrparncrsa CP" mo HeKoTOpOIt
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CTelleHr aHaJIoru4dHa reoMerpun npocrpancrsa RP", Hanpumep, jitobbie aBe
npsameie 8 CP? mepecekarorcs: B 0HOM TOUKe. DTO CBS3AHO C TEM, YTO CHCTE-
Ma ypaBHEHUI a;x + bly +c12=0, axx + b2y + oz = 0 uMeeT eJUHCTBEHHOE
C TOYHOCTBHIO JI0 IPOIMOPIMOHAJBHOCTH PEIleHne KakK Haz mojeM R, Tak u
uas mojnem C. Ho cBoiicTBa KoHGUrypalyii TOYeK U IPSMBIX HA KOMILIEKC-
HOII IPOEKTUBHOII IJIOCKOCTH A Ha BEIIECTBEHHOHN IIPOCKTUBHOU IIJIOCKOCTHU
MOryT U CymeCTBEHHO Pa3/In9aTbCAd. OI[HO nu3 HaI/I60.Hee UHTEPECHbIX ABJIC-
Huit Takoro poga — kourpapumep 8 CP? k ciemyromeii reopeme CuibBecTpa,
orHocsmelics k RP2.

Teopema 1 (Cuibsectp). IIycmo mouru X, ..., X, sewecmseennot
NPOEKMUBHOT NAOCKOCTNY MAK0S, “Mmo na 110600 npamoti X; X; sesrcum
ewe romsa 6v. 00na mouxa Xy, omauwnas om X; u X;. Toeda sce moury
X, ..., X, aescam na 00Hol npamot.

HokazaTeabcTsBo. Teopema CumbBecTpa MpOEKTHBHAS, HO HambO-
Jlee TIPOCTOE ee IO0KA3aTeIhCTBO HCIO/Ib3yeT MeTpuky. llepexom or mpoek-
THBHOH IIJIOCKOCTU K €BKJIMIOBOI IJIOCKOCTHA MOXKHO BBIIOJIHUTH CJIEIYIO-
muM obpaszom. PaccMorpum mpsamyro [, He IPOXOIAIIYI0 HE 9epe3 OIHY U3
Touek X,;. M0XKHO canuTaTh, 9TO dTa NpsAMasi OECKOHEYHO yaajeHHas. Ecin
73 MPOEKTUBHON IJIOCKOCTU MCKJIIOYATD MPAMYIO [, TO Ha OCTAaBIIEMCS MHO-
2KECTBEe MOYKHO BBECTH JeKapPTOBBI KOOpAWHATHI. [Ipemmosoxxum, 910 He BCe
Touku X; Je2kar Ha omHoil npamoiil. IIposenem Bce mpamere X, X; n Haii-
IeM 9uciao d — HauMeHbIlee U3 HEHYJIEBBIX PACCTOSAHHUII OT JAHHBIX TOYEK
10 9TuX npaMbIX. IlycTs fjis onpeesieHHOCTH PACCTOSHUE OT TOYKU X 710
upsmoit X, X5 paBao d. Ha npsimoit X, X3 110 yCI0BUIO JIEXKUT €m1e HEKO-
topad Touka X,. Onyctum u3 Touku X, mepneHaukynap X; A Ha OpaMYyO
X, X3. e u3 Touek X5, X3, X, mexar Ha 9TOI IPSAMOI IO OHY CTOPOHY
or Touku A. Ilyctb nnsa onpenenersoctr To9ku Xo u X3 Jie2KaT IO OIHY
cropory ot toukn A, mpuaem |AX;| < |AX,| (puc. [1.9). Torma paccrosaune
or Touku X3 ;10 npsamoit X; X, menbie d. [losyueno nporusopeune. O

Ha xoMmiekcHO# Ke MPOEKTHUBHON IJIOCKOCTH MOXKHO yKa3aTh KOHQU-
Cypanuio U3 JAeBATH TOYEK, /i KOTOpoil Teopema CuibBecTpa HE BBIIOJI-
HseTcs. VmeeT MecTo cliemyroinee yTBEPXKIEHUE.

ITycmo €3 =1, no € # 1. Paccmompum 1a Komnaexcroti npoexmueHoti
NAOCKOCMU, caedyrowsue 0e8AMb Moyek:

(0,1, -1), (0,¢? —¢), (0,¢, —¢),
(_1a Oa 1)) (_€27 Oa 1)5 (_Ea 0) 1)7
(17 _1a O)a

—~

-, 1,0), (—€2,1,0).

Imu mouku ne aexcam Ha 00HOT NPAMOT, HO A100aA NPAMAA, NPOTOOAULAA
yepe3 dge u3 HUT, COOePIAHCU eule 00HY U3 IMUT MOYEK.
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JokaxeM 3T0. JIErKo MPOBEPHUTD, ITO KazKJasd U3 JTBEHAIIATH IPAMBIX
=0, y =0, z =0,
z+y+2=0, z+y+ez=0, x+y+eiz=0,
r+ey+2=0, ax+e’y+2=0, ecx+y+z=0,
er+y+2=0, x+ey+e’2=0, z+e’y+ez=0

COZIEPKUT POBHO TPH U3 JAHHBIX TOUeK. CXeMaTudeCcKu KOH(MDUTYPAIIUs ITUX
npsaMbIx n30bpazkena Ha puc. 1.10. Yepes mro00yio mapy SaHHBIX TOYEK IPO-
XOZUT POBHO OHA U3 YKA3AHHBIX JIBEHA/IIATH IPSIMBIX, [IPAYEM TA IPAMAT

COZIEPZKHUT eITe OJHY U3 JAHHBIX TOYEK. Y TBEPXKICHUE TOKA3AHO. [l
X1
d
Xo X3 A X4
Puc. J1.9 Puc. 11.10

C momompto Touek I, J = (1, i, 0) € CP* M0okKHO BBIpazKaTh MeTpHde-
CKH€ BEJIMIWHBI Y€Pe3 JBOMHOE OTHOIIEHWE, T.€. IPOEKTHBHO-MHBAPUAHT-
HBIM 00Pa30M.

Paccmorpum, manpumep, npsivbie [} u o

I Ay Az J
2=0 Ha IIoCKocTH R?, 3aJaHHbIe ypaBHEHHAMHI
r=ytge, +r, m r=ytge,+r, cooTBeT-
CTBEHHO. YTOJI MeXKIy STHMH HPAMBIME pa-
BeH +(¢; — ¢3). IIpamemv {3 u [, coorBercrBy-
O

0T npsMble T =Ytg@; +riz u x=ytg @, + 1oz
B CP?. OHnu mepeceKaoT GECKOHEYHO YA IeH-
Hyio npaMyio z =0 B Touxkax A, = (1, tg¢,, 0)
u A, = (1, tgps, 0), coorBercrBenHo. IlycTs
O — rouka nmepecedenns npsambix [, u l, (puc. J1.11). Torma

. _tgcpl—i.tgq)g—i
[l 12, O1, O] = [As, Ay, 1, J) = (2B B,

Puc. J1.11.

dAcHo Takxke, 94TO

tgp —1 _ sinp—icosQ g,

e

tgp+1 sing+icoseg
IloaTomy

(I, I, OI, OJ] = %™, (11.19)

[/ie o — YTOJ MEXKIY OPAMBIME [y 1 .
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Dopmyny (.19) masemsator gopmyaots Jazeppa. Ecnin 3amansr Toukm
I n J, T0 OHA MO3BOJISIET BHIPA3UTH yrosl (METPHYECKYH0 BEJIWIWHY) 9€De3
JIBOWHOE OTHOIIEHHE (IPOEKTUBHYIO BEJIMIHHY ).

ITonapa TOYKM OTHOCHUTEJHbHO Kpuboii B CP?

C TOuYKHM 3peHUs IPOEKTUBHON M€OMETPUU CPEJIHEE IapMOHHYECKOE OT-
JITIAETCH OT CPETHEr0 apU(MMETHIECKOTO U CPETHETO T€OMETPIUIECKOTO TEM,
9TO OHO COXPAHSIETCS MPU MPOEKTUBHBIX IMpeobpa3oBaHusx npsmoii. Hamo-
MHHM, 9TO 9YHCJIO T, HA3BIBAIOT CPEOHUM 2APMOHUMECKUM BEIIECTBEHHBIX
9HUCeJI T1, ..., Ty, €CIA

1 1
AL

xo T1 Tn

W3 sroro ompenesieHns He BUIHA POEKTUBHAS WHBAPUAHTHOCTH CPEJIHErO
rapMOHHYECKOr0. UTOOBI HOYy9INTh NHBAPUAHTHOE OIIPEIETeHNe, K HADOPY
TOYEK Xg, L1, - . ., L, HY?KHO TOOABATH HAYAJIO KOOPIUHAT @, IOTOMY 9TO IIPA
M3MEHEHUN HadvaJjia KOODIMHAT CPeJHee TapMOHUYECKOE TOXKE M3MEHSIETCS.
Haszosem TouKy T( cpednum 2apMOHUMECKUM TOYEK Ty, ..., T, Ha IPAMON
C HAYAJIOM KOODAWHAT G, €CJIA

n 1 1
= (11.20)
To—a T —a Tpn — @
PaCCMOTpHM Ha JTAHHOU IIPAMON TOYKY t, OTIMIHYIO OT TOYEK A, Tg, L1, - - -
, L. YMHOKUM 00€ dacTu | paBencrsa (,Z[ 20) ma t — a, a 3aTeM BbIYTEM 1

=—% + 1, B pe3ysbTaTe MOJIYydIuM
w—a0 w—a pesy. y

n3 obeux gacteir. Tak Kak

n(t—xzo) t—x +t—xn
To—a x1—a Zn—a’
T.€
n
t— xT; t— o
E ————=n
r; —a ITo—a
i=1
Wrak, Touka T, — CcpegHee rapMOHHYECKOE TOYEK T, ..., T, Ha MIPIMOI C

Ha4aJIOM KOOPAWHAT G, €CJIU AJId IPOU3BOJIBHON TOYKU ¢ ITONU NPAMOU BBI-
[IOJIHAETCA PABEHCTBO

[x1, o, t, a] + ... + [, X0, T, a] =n.

DTO ompe/ie/ieHNE HHBAPUAHTHO OTHOCUTEIHHO IPOEKTUBHBIX IPeobpa3oBa-
HUN IPAMOU.

3amedaTebHOE CBOWCTBO CPEJHEr0 IapMOHUYECKOI'0 ODHAPYXKMJI yde-
uuk Heiorona Komec (nmenro emy HpOTOH mOpYy9mi HOArOTOBKY BTOPOTO
n3maHus KHurn «MaTeMaTrnaecKue Hadalla HaTypaJbHO# dunocobums ).
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Teopema 2 (Korec). IIpamas, spawatowanca 6okpye mouxu A, nepe-
cexaem kpusylo cmenenu n 8 n mowkar X, ..., X,,. Toeda cpeduee 2apmo-
nuseckoe mouek Xy, ..., X, dsuosicemea no nekomopot npamot. (Touka A
CYUTAETCS TPU ITOM HAYAJIOM KOODIMHAT; OHA JIOJIXKHA OBITH PACIIOJIOXKEHA
BHE PacCMaTPUBAEMOl KPHUBOIA. )

lokaszaTeunbcTBO. MOXKHO cunTaTh, 4T0 TOYKa A mMmeeT Koopau-
marsl (0, 0). Kpusas crenenu n 3amaercs ypasrenmem » . a;;z'y’ =0, rae
i,j>0n i+ j<n. Kpusaz ) a;;x'y’ =0 He mpoxomur uepe3 Touxy A,
MO3TOMY gy 7 0. Ilpamasi, mpoxozgmas depe3 Touky A, 3ajaercsa ypaBHe-
HEeM Yy = kx (uckirogenue cocrapiser jumb npamas © = 0). IloncraBus s3To
COOTHOIIIEHUE B yPaBHEHHUE KPUBOI, [TOJIy UM

0 = Za”k].’l;l+J = Qqo + (alo + ka()l)f[: + ey

rJe MHOrOTOYHeM OGO3HAYEHBI WIEHBI Upl?, ..., 0, 2"; B JAJbHeMmeM pac-
CyK[ieHUH OHM Jyif Hac OyayT HecymecrseHHbl. Ecmu 2y, ..., 2, — KOpHH
HOJIy9eHHOT0 MHOTO4JIeHa, TO (1, kxy), ..., (Z,, kz,) — Toukm mepeceae-

HUsi pacCMaTpUBaeMoil KpuBoii ¢ upsamoit y = kx. CpejHee rapMOHUYECKOE
9THUX TOYEK MMEET KOODIUHATHI (X, kxg), rae
n 1 1 ToX3 ... Tn + ...+ T1T2... Tn_1 aio + kaor
—=—4 ...+ —= =— ;

Zo T Tn Z1...-Tn aoo

MIPU 3alUCH TOCJETHET0 PAaBEHCTBA Mbl BOCIIOJIB30BaINUCh TeopeMoii BueTa.
Bce Toukn

( naoo knaoo )
_ , —
aio + kao: a0 + kao1

JIeKaT Ha OPAMOR 10T + ag1y + nagy = 0. Ilocaeamee cooTHOIeHUe meii-
CTBUTEJIBHO OIPEIE/ISeT HEKOTOPYI HPAMYIO, IIOTOMY 4YTO (oo 7# 0; ecinm
a19 = ag; =0, TO Ta TpsMas GECKOHEYHO yaajIeHHAS. (BeCKOHeqHO yIaJieH-

1 1
Hagd IpgaMad IoJydaeTcd B TOM Cjlydae, Korga CyMMa — + ...+ — TOXKJe-
T T

CTBEHHO paBHA HyJ0. JIjis1 KOHUKH 3TO O3HAYAET, 9T0 A —IeHTp KO7;-II/IKI/I.) O

Kpusoii crenenun n ma mwiockocrn R?, 3anannoii ypaBaeHneM Y ;2 'y =
=0, MOXKHO COIIOCTABUTH COIIOCTABUTH MHO2KecTBO TodeK B C?, KoTOpOE
3a7aeTCs TeM K€ CaMbIM ypaBHeHmeM. Kpome Toro, 3Toit KpumBON MOXKHO
comocTaBuTh MHOXKecTBa ToueK B RP? u B CP?, KoTOpbIe 3aJa0TCS ypaBHe-
HEEM Y a;; 2y 2" 77 = (). Bee 9TH MHOXKECTBa TOYEK HA3BIBAIOT a42€0pau-
YECKUMU KPUCHLMU.

CpenHee rapMOHHYECKOE MOXKHO OIPEIEJUTh U JJis KOMILJIEKCHBIX 9H-
CeJI C TIOMOIIBIO TOM K€ caMoit (POpMyJIbl, 9TO U Jjist BemecTBeHHbIX. [locite
9TOIr'0 MOYKHO CHadaJia OlpeJIeIuTh CPelHee rapMOHUYECKOE 12 TOUeK Ha KOM-
miekcHoit nmpamoit C! ¢ 3a aHABIM Ha9aI0M KOOPAUHAT, & 3aTeM OIPeIeNTh
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CpelHee TapMOHUYECKOE TOYeK Iepecedenns Kpuboii crenenu n B C? ¢ nps-
MOli, TpOXOIAIIEe Yepes3 3aJaHHy0 TOUKY A.

Ha BemecTBeHHO# TPOEKTUBHOM MJIOCKOCTH IIPAMasd He BCET/Ia MepeceKa-
€T KPHUBYIO CTEIEeHN 7. POBHO B 1 TOYKAX; TOYKHU IEPECEIEHUs] MOTYT OBITH
mHIMBIME. HO Ha KOMILIEKCHOII MPOEKTUBHON NJIOCKOCTH NPSAMas BCErIa
[EPECEKAET KPUBYK CTENEHH 7. POBHO B 7 TOYKaxX (C y9eTOM KDPATHOCTH).
IlosToMy Ha KOMILJIEKCHOM MPOEKTUBHON IJIOCKOCTU s JIFOOOH mpsiMoif,
npoxoAIeil 4epe3 To4uKy A, ONpPEIeseHo CpegHee TapMOHUYECKOE TOYeK
IepeceveHnsT 3TON MpsAMOI ¢ KpUBOil cTeneHu n. Bce cpename rapMoHmye-
CKHUe JIeXKAT HA MPAMON a19T + Go1Y + Nagez = 0. DTy mpsiMyr0 HA3BIBAIOT
NOAAPOUT TOYKH A OTHOCUTEJBHO JaHHOU KPUBOIA.

Jnst KpuBOii Ha BEIECTBEHHOI MIIOCKOCTH (COOTBETCTBEHHO HA BeIle-
CTBEHHOM HpOGKTHBHOfI HJIOCKOCTI/I) noJIApy TOYKHN A OTHOCUTEJIBHO JaH-
HOU KPHUBOH TOXK€ ONPEJIENIAIOT KaK IIPAMYIO,
33JTAHHYI0 YPABHEHUEM (10T + Go1Y + Nagy =0
(COOTBeTCTBeHHO YPaBHEHUEM Q10T + Q1Y +
+ nagez = 0).

Ilonspa Toukm A OTHOCHTEJHHO KOHHKH A
(Ha BeIIECTBEHHOW ILIOCKOCTH) HUMEET BeCh- Q"
Ma IMPOCTOIl TeOMETPUYECKUN CMBICI B TOM
caydae, Korma u3 Touku A MOXKHO mposecTn
npe Kacareiabable AP u AQ) K JaHHON KOHH-
ke (puc. [1.12). Kacarenpras AP mepecekaeT KOHUKY B JIBYX COBIIQIAIOIIAX

P

Puc. J1.12

roukax. CpelHUM rapMOHUYECKUM JIBYX PABHBIX YUCEJI & U T OyZeT 9ucJio T.
CnemoBarenbuo, P — cpeHee TapMOHUYECKOE TOYEK MEPECeYeHUs MPSIMOM
AP c konukoii. Takum obpazom, P(Q) —nojisipa To9ku A OTHOCHTENBHO JIaH-
HOII KOHUKH.

Ectp u 60see 06wt reoMeTpuIecKuii CIrocod moCTPOEHUs MOJIAPhI TOY-
KA OTHOCHUTE/JIbHO KOHHKHU. PaccMOTpmM CHadajga Ciaydail BBIPOXKIEHHOU
KPHUBOW BTOPOTO TOPSIKA, COCTOAIIEH W3 JBYX IEPECEKAIONINXC Mps-
MBIX.

Teopema 3. IIycmov dee npamovie, nporodswue uepes mouky A, nepece-
xatom npamwve 1, u ly, 6 moukax Py, Q, u Py, Q, (puc.1.13); X —mouka
nepeceuenus npamoit PiQs u PrQq. Tozda mouxa X aesxcum na noaspe
mouku A ommocumenvro xkpueot Iy - I, = 0.

Jloka3aTeanbcTso. MOXKHO CUMTaTh, 9TO TOYKA A M TOYKa, B KOTO-
poit nepecekaroTcsa npsamble [; u [y, 6eCKOHEIHO yaaseHHble, T.e. P Py || Q1 Q-
uly ||l (puc. 1.14). Iycts mpavaa AX nepecekaer npamere [, u [, B TOI-
kax X; m X,. Torna X — cepenmna orpeska X;X,. Ocraerca mokasars,
9TO €CJIU HAYAJI0 KOOPAWHAT HA MPSAMO — OECKOHEYHO yIaJeHHas TOIKa, TO
cpegHuM rapMoHmYecKuM Todek X; m X, Oyzer cepeamua orpeska X;Xo.
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Ycaosue
tfxl.t*xo t*xz't7m072
T1—a To—a To—a To—a
IpU @ = 0O MOXKHO 3aIMCaTh B BUIE
t—1’1 t—itz
tfxo tfx() ’
e xo = (z; + 23)/2. O

Py X1 Q1 I

P X2 /Q2
Puc. 11.13 Puc. /1.14

3ameuanue. Touka repecedeHns IPAMBIX [ 1 [; TOXKE JIEXKHUT Ha TOJIIPe
TOouKH A OTHOCHTEIBLHO KpuBOii [y - I, = 0.

IlepeiinmeM Temeph K CIy<Iar0 HEBBIPOXKIEHHON KPUBOil BTOPOr0O MOPAIKA.
IIpu sTom HAM moHAMOOHUTCH Teopema 3.

Teopema 4. ITycmv dee npamovie, nporodswue vepe3 mouwky A, nepece-
Katom xonuxy 6 mouxax Py, P, u Q1, @y (puc. .15); X —mouka nepece-
yenus npamolt PiQs u Po@Q,. Toeda mouxa X aesrcum wa noaspe mouku A
OMHOCUMEALHO QaHHOT KOHUKU.

Q1
P

Py
Q2

Puc. 1.15

IHokaszaTeubcTso. [Tongpa Touku A OTHOCUTEJIBHO JIFOOOH KOHUKH,
npoxofsineit gepe3 touku Py, Py, Q1 u (), onHa u Ta )e. B camom gmede,
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ecm P u () — cpenuune rapmorndaeckme Toaek P, P, u @, Q, (cm.puc. [1.15),
10 PQ —1nousipa 110601 KOHUKM, IPOXOsieit yepe3 Touku Py, Ps, Q1 u Q.
Cormacuo Teopeme 3 Touka X TPUHAIJIEKUT MOJIIPe TOYKUA A OTHOCUTEIHHO
kpusoii |P,Q, | |P,Q-| = 0, mosToMy OHA IPUHAIJIEXKUT U MOJApe TOYKU A
OTHOCHUTEJIbHO MCXOJHON KOHUKW. O
Teopema 5. Ecau noaspa mowku A ommuocumeavho 0aHHOU KOHUKU
npozxodum wepes mouwky B, mo noaspa mouxu B nporodum wepes mouxy A.
HokazaTeabcTso. IIpoBegem gepes Touky B
IpAMYIO, ITePECeKAIONIyI0 KOHUKY B Todkax P, m P». P, Q2
IIpamele AP, u AP, nepecekaloT KOHHKY B TOYKaX \?
@ u Q,; npamasa B(Q), mepecekaeT KOHHKY B TOYKE “4)
Q) (pumc. 1.16). Cormacuo teopeme 4 mpsimas Q1Q- 2
nepecekaer npsamyio Py P, B Touke, jexameil Ha mMO-
nape rouku A. [losromy ecnm npsamas Py P, ormimndna
oT moJispel Touku A, To mpsimast ()1 (), mepecekaeT ee
B Touke B, a 3mauwmt, ()] = ();. MoxHO cauTaTh, ITO Puc. JT.16

A

npamag P, P, oriimana ot mosapsl Touku A. Torma co-
riaacao reopeme 4 npameie PiQ, n Py(Q, nmepecekaloTcss B TOYKE, JIeKaIIe
Ha I0JIApe TOYKU B, a 9TH mpsMble IepPeceKaloTcd UMeHHO B Touke A. [

IIpoekTuBHasi ABOMCTBEHHOCTDH

31ech moiimer peds 0 ABOMCTBEHHOCTH «TOYKE — IpaMbies B RP? u CP?,

Beime 661710 mOKa3aHO, 9TO €C/IM 33/[aHA KOHWKA W TOYKA B jexur Ha
noJsisipe Toukm A, TO Touka A siexkuT Ha nosspe Toukm B. D10 CBOHWCTBO
MO3BOJIET C TOMOIIBIO OJHON JIUID JIMHEAKT [ JII000H IPSMO a TOCTPO-
UTh TOYKY A, moJgpoil KOTOPOil dBjsgeTcd JaHHAd psiMas. Beibepem jyist
9TOro Ha MpAMOM @ ToUYKU B; um By; mycth by u by — DOJAPHI 9TUX TOYEK,
A —TouKa nmepecedeHns NpaMbIX b, u by, Torma mossipa rouku A mpoxogur
depe3 ToYKU B, u By, a 3Ha4nT, OHA COBIIAJIAET C NPAMOI a.

Tlonstpy MBI OIpeesisiin JINIIb [IJIsi TOYeK, He JieKalux Ha KoHmnke. Ho
co0oOparkeHnsT HEIPEPHIBHOCTH MOKA3BIBAIOT, YTO B KAYEeCTBE MOJISIPHI TOY-
KW, JeXKaleil Ha KOHUKe, Hy’KHO B3dTh KACATEJIbHYIO B 9TOi Touke. Takum
00pa3oM, ecitu Ha IPOEKTUBHOM IJIOCKOCTH 33/1aHA KOHHUKA, TO KaXKI0# TOY-
Ke A MOXKHO CONOCTaBHUTH MPAMYI0 — ee moaapy AL, a xaxkmoit mpamoit a
MOXKHO COHNOCTaBUTBb TOYKY a1, HOJIAPOi KOTopoil aBideTca npaMad a. Ec-
JIM TIDU 3TOM TIPAMBIE a1 W G, MEPECeKaloTCss B TOYKe B, TO TOYKHU a; W ay
nexxaT Ha npaMoit B, Ecau nyig KoHbHUrypayuu ToOYeK W IPAMBIX KazKI0i
rouke A comocTaBuTh npaMyto A, a Kaxkmoil IpAMOil ¢ COIOCTABUTDH TOUKY
at, To moryderHy0 KOH(MUTYPaIuio Ha3bBaOT 060ticmeenHol.

Haubosnee npocrast CBsI3b MeXK/1y KOODAMHATAMU TOYKH U yDAaBHEHHEM
ee TOJIAPHI TOJydaeTcd B cIydae KoHHKA x2 + y? + 22 = 0. OTmernm, gToO,
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XOTS W 9Ta KOHUKA HE MMEET BEeNIeCTBEHHBIX TOYEK, ITOJISIPA OTHOCHTEIHHO
Hee OIpejle/IeHa He TOJILKO JIjIsi KOMILJIEKCHON IPOEKTUBHON ILIOCKOCTH, HO
W JIJIs BEIeCTBEHHO. DTO CBA3aHO C TEM, YTO ypaBHEHUE PacCMaTPUBAEMOIt
KOHHKH BEMIECTBEHHO.

Teopema 6. Iloaapa mouku (To: Yo : 29) OMHOCUMEABHO KOHUKY T2 +
+ 3% + 22 =0 3adaemcsa ypasnenuem ToT + Yoy + 20z = 0.

HokazarTenbcTBo. KacareibHble, IPOBE/IeHHble K KOHUKE T2 -+
+y? 4 2% =0 u3 Touku (T : Yo : 20), KACAIOTCH KOHUKU B TOYKaX (T1:Y; :2;)
u (T2:Ys:20). KacarensHasi B Touke (z;:Y;:2;) 3aJaeTcd ypaBHEHHEM
z;x + y;y + 2;2 = 0. Kacarenbubie 210 + Y1y + 212 =0 10 o + Yoy + 202 =0
OPOXOIAT 9epe3 TOUKY (Lo : Yo : 20), MOITOMY Z;Zo + Yilo + 2i20 = 0. Caeno-
BATEJIbHO, IpAMas Lok + Yoy + 202 = 0 mIpoXoauT Uepe3 TOUYKHU (:vl Sy 21)
u (Zy:Ys: 22), @ 3HAUAT, ST IPsAMAsi — HOJIAPA TOUKH (Lo : Yo © Zo)- O

TeoMeTpHIecKHi CMBICI TeopeMbl 6 BecbMa HpocT: ecin Touke A € RP?
COOTBETCTBYeT mpamad a B R®, To mosspe Todku A COOTBETCTBYeT ILIOC-
KOCTh, OPTOTOHAJIbHAS MTPSIMOH d.

Tzt anre6pamdeckoit kpusoit C' C CP? mozkHO onpesenurs kpusyio C* C
C CP?, neoiicreennyio kpusoit C' orHOocuTenbsHo koHuku 1. Jlemaercs 3o
cnepyrommM 06pazom. Kaxknoit Touke x € C' conoctaBuM KacaTeabHyo [(x) K
kpusoit C' B TOUKe &, a IpAMOii [(x) comocTaBuM TOUKY &*, MOJIpa KOTOPOi
OTHOCHUTEJIbHO KOHMKH | coBnazaer ¢ upamoii [(x). Kpusaa C*, cocrosmasn
U3 TOYEK T, Ha3bIBAeTCA KPUBOil, d60licmeenHoti OTHOCUTEIbHO KOHUKHY I .
Anasornaso onpenesnserca ABOHCTBeHHAas KpUBad U Jjid Kpuboit B R2.

Teopema 7. Ecau C — zaadkasn xpusas, mo (C*)* =C.

HoxaszaTenbcrtso. [Iycrs kacaremprste [(1,) = (z7)* nl(z2) = (z5)*
Kk kpuoii C' mepecekatorca B Touke z (puc. .17 (a)). Dto o3magaer, 9To

2

Puc. J.17.

Touku -} u x} Kpusoit C* mexar Ha npamoit x (puc. [1.17 (6)). Yerpemum
TOYKY T K T. B mIpeseie TOYKH X, U T, COBIIQIYT C TOYKOH X, a mpaMad T
COBLAJIET C KacaresbHOUM K KpuBoil C* B Touke x*. Takum obpa3om, TOYKa
(z*)* xpusoit (C*)* coBnamaer ¢ TOUKOM x, a 3Ha4uT, (C*)* =C. O
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Paccmorpum B KadecTBe mpuMepa KpuByIo, ABONCTBEHHYIO KPUBOH y = 13
orHOCUTENHHO KOHUKH 22 + 42 + 2% =0 (MBI cuanTaem, 9ro miockocts R? Bio-
xena B CP? mocpencTBoM oTobpaxenns (r, y) — (z, y, 1)). Kacatemrsras x
kpuBoit y = 2* B TouKe (o, Yo) 3amaETCA ypaBHEHHEM Y — Yo = 32 (T — To),
T.e. =372z +y + 223 = 1. Takum obpasom, Touxe (zg, 23, 1) € CP? comocras-
nsercs Touka (—3x, 1, 223) € CP?. Ilocaennss To9Ka SKBHBATEHTHA TOTKe
(Bl ml

2 7 2

, 1) = (z1,y1, 1). IBoiicTBeHHAS KPUBAasl MOJIy9a€TCs IOYTH Ta
2 3
2Ke camas, OHA 33/aeTCd yPaBHEHHEM (—gxl) =2y,. Ho ectpb m Becbma

cymecrBennoe pasimuue. Jlejgo B roMm, uro rouke (0, 0, 1) coorBercrBy-
er touka (0, 1, 0). B okpecrroctn toukm (0, 1, 0) ymobHO mCIOIB30BATH
koopauHaThl (21, 1, ;). lpm arom z; = =3z m z; = 2], T.e. gBOiicTBEH-
Has KpuBas 3ajaercd ypasHenueM 2722 + 23 = (. Takum 06pasoMm, TOYKe
neperuba (puc. /1.18 (a)) nBoiicrBerHa To4ka Bo3spara (puc. 1.18 (6)). dc-
HO TaK»Ke, 9TO TOYKe CaMOIlePeCcedeHrs IBOHCTBEHHA IBOHHASA KacaTe bHasd
(pmc. [1.19); TouHEE TOBOPSI, TOUKE CAMOIIEPECEUEHUS &' COOTBETCTBYIOT TOY-

" S

a) 6)

Puc. J1.18.

Nl N

Puc. J1.19.

KN T U T, KacaTeJbHad B KOTOPHIX OfHa 1 Ta Ke. IIpm mepexone x nBoii-
CTBEHHOU KpuBOI npsMad [, mepecekaromasa KpuByo C' B TOUKaX Ty, . - ., Ln,
[IEPEXOJUT B TOYKY [ L, Jepes KOTOPYIO IPOXOAAT KacaTe/bHble K Kpuboit C*
B TOYKaX I3, ..., z) (puc. 1.20). CormacHo TeopeMe 7 9TO 03HAYAET, 9TO CTE-
meHb KpuBoit C* paBHa KOJIMYECTBY KaCaTEeJIbHBIX K KpuBoil C, KOTOpBIE
MOXKHO IIPOBECTH U3 TOYKH OOIIEro IOJIOXKEHUS.

W3 kaxkmoit TOYKH, HE JeXKaIeil Ha KOHUKE, K 9TOM KOHUKE MOXKHO IIPO-
BeCTHU POBHO /ZIB€ KaCaTeJ/IbHbIE (OHI/I MmoryT 6bITb MHI/IMI:IMI/I). HOSTOMy cJie-
JyeT OXKUJATh, 9TO JIIOOONH KOHUKE IBOUCTBEHHA HEKOTOPAs KOHUKA. DTO
e CTBUTENBHO TaK. lIpenBapuresibHO BBeAeM YyIOOOHBIE 0003HAYEHUS I
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3amucu ypaBHeHHWs KOHUKHU. 1lycTh o = (2, Xy, 23). Torma mobyr0 KOHEKY
B CP? moxnO 3amars ypasaenumeMm uga rAz” =0, roe A — cummerpude-
ckag Marpuna pasMepa 3 X 3. Konmka x7 + 22 + 22 = 0 3amaeTca B Takux
obozHadenuax ypasHenueM rxl = 0.

ZJ‘

—~

2

x1 x3

Puc. J1.20.

Teopema 8. Kowuwxa zBxT =0, 20e B= A"', dsoticmeenna konuxe
zAz" =0 ommnocumenvro xonuxu rr’ = 0.

HdoxaszaTensbcTso. Ilycrs Touka p mpurarexuT Koruke vAxT =0,
T.e. pApT = 0. KacaTelbHas B TOUKe p K 3TOH KOHHKE 33aeTCA ypPaBHEHH-
em pAxT =0, T.e. qz7 =0, rme ¢ = pA. Takum 06pa3oM, TOUYKE p COOTBET-
CTByeT To4Ka p* = pA mpoiicTeeHHo# KpuBoit. [losTomy ecm B = A™!, To
p*B(p*)" = pABApT = pAp” = 0. (Hamomunm, aTo maTpuna A cuMmerpn-

geckas, T.e. AT = A.) O
R a? 0 0
Hns spmnca — + The 1 marpuna A umeerBun [ 0 572 0. ITosro-
@ 0 0 -1
a® 0 0
My B=[ 0 v* 0], 1e. sToMy smmncy pBoiictsen ssumunc a’x? 4 b?y? =1.
0 0 -1

x
B gacrrOCTH, 11U ab = 1 monygaeM mapy ssaamcos f, = o +a*y? —1=0

2
u fo =a’x?+ z—z — 1 =0, npoiicreennbix apyr apyry (puc. 1.21). Paccmor-
puM KpuByio f; fy =€, T € — JOCTATOYHO MaJjioe 4ucjo. B 3aBucumoctu oT
3HAKA YHCJIA € 9Ta KPUBAs MMeeT OAUH U3 ABYX BUIOB, N300DaKEHHBIX HA
puc. /1.22. CoorBercrByOIe UM JBONCTBEHHBIE KPUBbIE M300DaXKEHBI HA
puc. /1.23.

B Teopeme Ilanma m Teopeme le3apra pedb mMIeT TOJHKO O IPUHAJI-
JIE)KHOCTH TOYEK NpaMbIM. Jljisi yTBepKIeHUt TAaKOro poja IMepexoioM K
JBOMICTBEHHOM KOH(MUIYPAIMH MOXKHO IIOJYIUTh JBONCTBEHHBIE YTBEPKIE-
Husi. B TOM ciydae, Korja yTBEpXKJEHHE CBA3aHO C KOHUKAMU, MPUIEM
peYb uaeT JIMIIb O INPWUHA/AJIC2KHOCTHU TOYEK KOHUKAM U IIPDAMBIM, MOXKHO
PacCMOTPETH ABOWCTBEHHYIO KOHUKY U TOJIYyYUTh JBONCTBEHHOE yTBEPXK/IE-
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mre. Takum o6pa3om, u3 ABYX ABONCTBEHHBIX IDPYT APYLY YTBEPKIEHUM
JOCTATOYHO JI0KA3aTh 0/HO. HeTpyaHO MOHATH, 9TO CAEAyIONINe ABA yTBED-

XKIeHUd OBORCTBEHHBI OADYT OPYTY.

a
O
J

Puc. /1.21 Puc. /1.22

Puc. J1.23.

Teopema Ilackass. ITycmv mouku A, B, C, D, E u F aeocam na
rxonuke; P, Q, R —mouku nepecevenus npamur AB u DE, BC w EF, CD
u FA. Toeda mouxu P, Q u R aesrcam na 00HoUT npsamod.

Teopema Bpuanimona. I[fycmos npamuvie a, b, ¢, d, e u f kacaromcs xo-
HUKU; P, ¢, T — NPAMDBLE, COCOUHAIOWUE MOYKY NEPECEYEHUS NPAMBIT ., b U
d,e;b,cue, f;¢,du f,a. Toeda npamvie p, ¢ u r nepecexaromcs 6 00Hol
movKe.

(MabIME citoBaMu, IUATOHAJIM ONUCAHHOTO BOKDPYT KOHUKU IIECTHYTOJIb-
HUKA IIEPECEKAIOTCI B OJHON TOUKe. )

HenmoaBu>KHble TOYKHM MPOEKTUBHBIX IIpeobpa30oBaHU MpPAMOiA
u nocrpoenue Illreiinepa

IIpoekTHBHOE TPeOBpPA30BAHME HPAMON MOJHOCTBIO OIPENENTETC 06-
pasamm Tpex ToueK. B wacTHOCTH, ecim 3amaHbl 06pasbl TPEX TOYEK, TO
MOXKHO HANTH HENOJBUXKHBIE TOYKHU IPOEKTUBHOIO Ipeobpa3oBanus. Koo
IITmetinep (1796—1863) yxasasm crmocob MOCTPOEHUST HEMOABUZKHBIX TOYEK
HNPOEKTHBHOTO TIPe0BpPa30BaHAs MPAMOIl ¢ TOMOIIBIO OHOI JININb JUHEHKA
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B TOM CJIy4ae, KOIr/ia Ha ILJIOCKOCTU HAPUCOBAaHA HEKOTOPAs KOHWKA, HAIIPU-
Mep OKPY2KHOCTb.

Bribepem myis aToro Ha KoHHKe HEKOTOPYIO TOuky M. Touke X mamwHoOi
IpsAMOii | MOXKHO COIMOCTaBHATH TOYKY X' KOHHKH, B KOTODOIl ee mepece-
kaer mpamasg M X (puc./1.24). IlycTb mpu mpoeKTUBHOM IpeoOpa3oBaHAU
rouka X mepexomur B X;. Comocrasmag mpamoit O'X; mpamyio O;X],
IIOJIy9UM IIPOEKTHBHOE COOTBETCTBUE (Tqua O dukcuposana, a Toudka X
nepemenHsas). Jeficreurensho, coorsercreue M X — M X' npoekTtusHOe, a
LX'OY' =/ZXMY n £X]07Y) = ZX; MY;. llpamoit O'O; cooTBeTCIBY-
et npamasg O)0’, mosromy Bce Toukm mepecederns npameix O' X, u 07X’
nexar Ha oxHOHM mpamoit A (teopema 2 ma c. 66). Toukm mepeceuenus
npsaMoit A ¢ KOHHKOH COOTBETCTBYIOT HEIOABUKHBIM TOYKAM IIPOEKTUBHO-
ro npeobpasosanus. Takum 06pa3oM, npamas A 3aBUCAT JHUIIbL OT CAMOIO
[POEKTUBHOTO NPeobpa3oBaHus U He 3aBUCAT OT BbIGOpa Touku O (B TOM
caydae, Korja npamad A He mepecekaeT KOHUKY, Hy>KHO PAaCCMOTPETH KOM-
ITEKCU(DUKAIIIO ).

Y X O 01 Xi Y

Puc. J1.24.

TTocTpoenue npsimoit A B TOM cirydae, Korma 3agaabl 06passr O, X, u Y]
touek O, X u Y, mokazano ua puc./1.24. Touku A’ u B’ COOTBETCTBYIOT Ipu
9TOM HEMOJBUXKHBIM TOYKaM A u B paccMaTpuBaeMOro mpoeKTUBHOTO Mpe-
obpazoBanus. [locrpoenne IllTeiinepa MOXKHO HCIOIB30BATD IS PEIIEHUS
MHOI'HX 33724 Ha mocrpoenue. [IpuBenem nBa npuMepa Takmx 3a31ad.

1. Ha mwiockocTu JaHbl TPU TOYKM U TPU UpsiMbie. [locTpouTh TpeyTroib-
HUK, BEPIIUHBI KOTOPOI'O JIEXKAT HA JAHHBIX IIPAMBIX, & CTOPOHBI IIPOXOST
Jepe3 MaHHbIE TOYKH.
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Paccmorpum npoekTuBHOE mpeobpasoBaHUE NMPAMOil, IIPEICTABIILIONIEE
€000 KOMIIO3UIIUIO TTPOEKIIHI

C A B
a—b—c—

(pmc. [1.25). BepmmHOi#i HCKOMOrO TPEYTONBHUKA CIy?KAT JEOOAs U3 HEIo-
JIBAKHBIX TOYEK dTOr0 MPOEKTUBHOIO IMPe0OpPa30BaAHUS.

2. Buoucars B gamubI TpeyronbHuUK ABC mapasrenorpamv AK LM
nmarsoi! mromanu (puc. 1.26 (a)).

B B
L/
K L K L
A M C A M c
Puc. I1.25 Puc. 1.26

Tpebyercst mafitm Touky L, mus xoropoit Besmamna |AK| - |AM| npu-
HUMaeT JaHHOe 3HadeHHe, T.e. BeauuuHa |BL|-|LC| mpuuMmaer JaHHOe
3HageHue k.

Paccmorpum npeobpasosanue Li— L' mpamoit BC, qyia koroporo |BL'| X
x|LC|=k, re.b=1'=k/(l—c) (puc. .26 (6)). 3ama1a cBOmUTCA K mOCTPO-
€HUIO HEMOJABUKHOM TOYKHU ITOTO MPOEKTUBHOTO IPEOOPA30BAHMSI.

JlJ1s IPOEKTUBHBIX MPeo0pa30BaHMil IPAMOIl U3BECTEH YIOOHBIH KpUTe-
pHii, HO3BOJIAIONHI BBHIACHATD, €CTh JII Y HAX HEMOJBHKHbBIE TOYKH.

Teopema 9. ITycmv [ — npoexmuenoe npeobpaszosarue npamoti, O —
cepeduna ompeska IJ, 20e I = f(o0) u f(J)=00. ¥ npeobpazosarus | nem
HENOJBUNHCHUT ToYeK mozda u Mmoavko moezda, xozda mouku f(O) u J ae-
aorcam no o0ny cmopory om mouky O.

JdokasaTenbcTBO. BBemeM Ha NpAMOA CACTEMY KOODAMHAT C Ha-
gajom B Touke O. Torma f(oco)=p u f(—p)=oc. Tpebyerca nokaszars,

HInomame Mosker 66ITh 332K, HATPHMED, HEKOTOPBIM KBaAPaToM. UT0OBb! He yCI1oK-
HATDH 3aJady, MOKHO CYNTaTh, YTO ILIOLUIAAb 3a/aHa IapalljIeJorPaMMOM CO CTOPOHAMH,
napaJjutensabivu npsaMmbeiMm AB u AC.
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4To ypaBHeHue f(T)= T He UMeeT pelleHHuil TOr/a U TOJLKO TOr/a, KOrJa
pa <0, e g = £(0). Hs yeaosuit f(o0) =p, f(—p) =00 u £(0) =g cenyer,
aro f(z)= b +pq ITosromy ypaBHeHuE f ()= SKBHBAJEHTHO yPABHEHHUIO

r+p
2% = pq. Tlocnennee ypaBHEHHE He MMeeT PENIeHHi TOrJa U TOJBKO TOTIA,
korza pg < 0. O

W3 nmokasaresibcTBa TEOpeMbl 9 MOXKHO M3BJIEYb €Ie OJAWH CIOCOD II0-
CTPOEHUS HEIOIBUXKHBIX TOYEK [IPOEKTUBHOIO IIPE0Opa30BaHus MPAMOii. A
MMEHHO, CHadaJsa crpouM Touku I = f(oco) u J = f~!(00). Barem crpouM ce-
pexuny O orpeska IJ u naxogum Touky O’ = f(O). Henonpuxnasa rouka X
ymosaerBopsier coorHomernuto |OX |2 = |01 - |00’|.

Ilycts P —Touka BHe mpamoii [. [Ipeobpa3oBamus IpOEeKTUBHOMN IPSIMOIL,
He MMeIOoNIre HEeNOJABUIKHBIX TOYeK, JOIYCKAI0T IPOCTOe IeOMEeTPHIECKOe
onmcanue. BymeM roBopuTh, 9To mpeobpaszoBanme X — X’ mpamoit | wH-
JIyIIIPOBAHO IIOBOPOTOM HA YTOJI (¢ BOKPYI TOYKH P, eciu OHO yCTPOEHO
Tak, KaK IT0Ka3aHo Ha puc. J1.27.

Teopema 10. Hemootcdecmeennoe npoexmusHnoe npeobpa3osarue nps-
MOU HE UMEEM HENOJBUNCHHLT MOUeK Mo20a U MOoAbKo mozda, kozda 0HO
UHOYYUPOBAHO NLOBOPOTIOM.

HokaszaTeasbcTso. O4eBUIHO, YTO HETOXKIECTBEHHOE TPeobpa3oBa-
HUe TPAMOi [, MHIYIIMPOBAHHOE MTOBOPOTOM, SIBJISETCS IPOEKTUBHBIM U HE
HMeeT HENOABUKHBIX TOYeK. PaccMOTpUM Tenepsb IMPOEKTHUBHOE MpPeobpazo-
BaHwe [ mpAMoil [, He WMerIee HEMOABIKHBIX Touek. llycts [ = f(00),
J = f~*(c0), O — cepenuna orpeska I.J, O’ = f(O). Cornacro Teopeme 9
Ha C. 213 Touku O’ u J nexar mo omHy cropory ot Touku O. Boccrano-
BuM u3 TOYKM (O NEPIEHIUKYJIAD K OPsAMOi | U OTJIOXKUM HA HEM OTPE30K
|OP| = +/]0I|-|00’| (puc..28). Tpeyronpuuku O'PO u PIO nonobusl,
nosromy £O'PO =/PI0 = /ZPJO = ¢. IIpeobpazoBanue, nHIyIuPOBAHHOE
IIOBOPOTOM Ha YT0JI ¢ BOKDPYT Touku P, nmepesoxut Touku 00, O, J B TOYKH
1, O, 0o coorBercTBenno. CliemoBaTeIbHO, 3TO TMPeodpa30BaHUe COBIIAIA-
er c f. O

e
< ¢
<

o’ O I
Puc. ]1.27 Puc. J1.28



§3. HomosHuTE/IbHBIE BOOPOCH! MPOEKTUBHON T€OMETPUN 215

HpOEKTI/IBHbIe HNHBOJIIOIIUU.
FapMOHI/I‘-IeCKI/Ie YeTBEPKUN TOYEK U IIPAMBbIX

IIycte G — npousBosbHOE MHOXKeCTBO. IIpeobpaszosanue f: G — G Ha-
3pIBAIOT uHBoMOUUEl, ecam f(f(x)) =z nma Becex x € G mpm 3TOM IIPEATIO-
Jlaraercs, 9To f — He TOXKJIECTBEHHOE NPeoOpa3oBaHue.

VHBOIIOTUBHBIE TPEOOPA30BaHUS POEKTUBHON MPAMON JOMYCKAIOT pa3-
JINYHBbIE TEOMETPUYECKHE OMUCAHUS, JIBA U3 KOTOPBIX MBI Ceiaac 0bCyauMm.

Konuky C' MOXKHO OTOXKIECTBUTH C IIPOEKTUBHON IPAMON C IOMOIIHIO
crepeorpadmaeckoii npoeknuu u3 Touku M € C (puc. 1.29). ITocae sToro
MOKHO CYUTATh, 94TO Ji000e mpeobpazoBanne X — X | MPOEKTUBHON MPAMO
uHAynupyer npeobpasoBanue X' +— X KOHUKH.

Teopema 11. Ilpoexmusnoe npeobpadosanue X — X, npoexmushot
NPAMOT ABAAEMCA UHBOAOYUET M020a U MOABKO Mo20a, K020a 6ce NPAMbLE
X' X npoxodam wepes o0ny u my orce mouxy A.

IlokazarTeubcTBo. Mbl BoCHoJib3yeMcs npsiMoii A, BBEIEHHOM 11pu
ommcanun nocrpoerns [llreitnepa. [Ipu sToM MBI 1oKaxkeM, 910 A — moJsapa
Touku A.

Bosbmewm nBe Toukn O’ u X’ kouuku C u paccMorpuM ux obpaset O u
X| 1Ipu NPOEKTHBHOII MHBOIIOUUA. B CHIy MHBOJIOTHBHOCTH 0OpPa30M TOY-
ku Y' = X cayxur Touka Y| = X’. Ilosromy mpsamas A npoxomur gepe3
Toukn mepecedenns nap npavex O'X| n 01X, O'X’ n O, X, (puc. 1.30).
910 03HaYAET, UTO MpsaMasa A dBIgeTcs TOagpoil Touku A, B KOTOPOIi nepe-
cekarorcs upameie 0’07 u X' X|. Ecim Z' —npou3BosibHAs TOYKa KOHHKH
C, T0 i moCcTpoeHud ee 00pa3a Z; MpHU JAHHON MPOEKTUBHON HHBOJIIOIIH
Hy2KHO coenuHUTH TouKy O’ ¢ Toukoil mepecedenus npamex A u O Z'. Tak
kak A —uousipa Touku A, upsimas Z'Z, npoxogur depe3 Touky A.

Puc. J1.29 Puc. 11.30

IIpoBepum Teneps, uro mpeobpasoBanue X' +— X koHuku C, mpu Ko-
TopoM Bce mpsmble X' X mpoxonar depe3 (PUKCHPOBAHHYIO TOUKYy A, mpo-
eKTUBHO (MHBOJIIOTUBHOCTH 3TOr0 IpeoOpa30BaHus odeBHIHA). s sTOrO
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JIOCTATOYHO 3aMeTUTh, 9T0 Bce mapbl npamerx O'X| m O X’ nepecekaror-
C Ha OJHOHM LpPAMOI — noJigpe To4ku A. JTO 03HAYAET, YTO COOTBETCTBUE
X'’ — X mpoeKkTuBHOe. O

ITo ycnoButo Touka A ue npunamyiexxur kouuke C. B Tom ciydae, korma
rouka A nexwur BHyTpu Konuku C (puc./1.31(a)), uaBO/IIONMS HE HMeeT
HEIIOJBIKHBIX TOYEK, & B TOM CJIydae, Korna Touka A jexur e konuku C'
(puc. 1.31 (6)), mHBOIFOINST IMEET 2 HEOBUKHBIE TOIKHU.

Jpyroe onucanre WHBOJIOTUBHBIX IMPOEKTUBHBIX IMPEOOPA30BaHU mPsi-
MOi#1 | HCIIOJIB3yeT MyY0K KOHWK, MPOXOIANINX Yepe3 4 (DUKCUPOBaHHBIE TOY-
ku (cm.c. 490). IIpu sTom (buKCHpOBaHHBIE TOYKU HE JOJIKHBI JIEXKATH HA
npsamoii [. IlycTh KOHIKa 13 TAKOTO IIyYKa IMepPeceKaeT IPaMyo | B ToUkax X
u X,. ComocraBum Torma Todke X; TOUKY Xg, & TOYKe Xy — TOUKY X;.

e
A
a) 6)

Puc. J1.31.

Teopema 12. Coomseemcmeue X, < X;, noAyUeHHOE C TOMOWDBIO NYUKG,
KOHUK, NPOEKMUBHO.

HokazaTenbcTBO. llycTh ypaBHEHHS OrpaHUYEHHN IBYX KOHUK
oydKa Ha npamyto | umeror Bug 22 + a;x + by =0 u 22 + a,x + by, = 0. Torma
orpaHuvenue 000N KOHUKU IIy9YKa HA IPSMYIO | 33/1aeTCd ypaBHEHHEM

2%+ a1 + by + k(2® + axx + by) = 0.

a1 + kas
9T0 ypaBHEHUE UMEET KOPHU X1 U Ty, IPUIEM Ty + Ty = BT T1Tog =
b1 + kb
= ik IIycts p, q, r —HeHyIeBbIe PEIIEHUs CUCTEMBI

pby —qa, +7 =0,

pby — qa, + 1 =0.
Torma pri2zs + q(x1 + 22) + 7 = 0. DT0 0O3HAUAET, UTO X1 U Ty MOJLYIAOTCT
Ipyr U3 JApyra ApoOHO-IUHEHHBIM IPeoOpa3oBaHUEM, KOTOPOE, OYEBHJIHO,
HMHBOJIFOTUBHO. ]
U3 reopembr 12 caemyer, 94T0 nepecedeHus IydKa KOHUK C MPAMOM [
3aJal0T MPOEKTUBHYIO MHBOJIONU0. HeTpynHo moka3arh, 9T0 JIIOOYI0 TIPO-
€KTUBHYIO WHBOJIIOIUIO MPIMON MOXKHO MOJIyIUTh TaKuM obpaszoM. B camom
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ZieJie, IyCTh IIPH IIPOEKTUBHON MHBOJIIOIIHI TOYKa A, IepEeXOIUT B TOUKY A,
a Touka B; nepexogur B Touky B,. Torma rouka A, nepexoaur B TOYKy A,
M09TOMY IPOEKTUBHOE TPE0OPaA30BAHUE YKE OTHO-

3HAYHO OIpeesieHo obpaszamu Tpex Touek. Creno- 8
BaTeJIbHO, IyYO0K KOHUK, IIPOXOMISAIIAX Yepe3 TOU- A
ku A, B, C, D (puc.[1.32), 3amaeT UMEHHO 3Ty ¢
WHBOJIIOIATO.

Ob6parure BHUMAHUE, 9TO MblL HE BOCIIOJIb30Ba- A
JECh TeM, YTO TodKa B, mepexomur B TOUuky Bi. 4, A, B, Bs
OTO CBS3aHO C TE€M, UTO CIIPABE/JIUBO CJIEIYIOIIEe Puc. 7132,

yTBEPXKI€HUE.

Teopema 13. /[pobro-sunetinoe npeobpasosa-

HUE, MEHAIOULEE MECMAMU 08€ Padauwhbie mouku A u Ay, uneoatomueko.

HdoxkazaTteascrTBo. Ilycrs f — KoMmmekcudukalps JaHHOTO IIpe-
obpasosanusg. Torma f ummeer HemomBuzKHYI0 Touky B. Ilpeobpasosanue
FA(X) = f(f(X)) nmeer menogsmkable Touku A, A, m B, mpudem Bce OHI
pasmanbl. CrenoBaTesibHO, Ipeobpa3oBanue f2 TOXKIECTBEHHO. O

N3 teopemsr 13 citemyer, 910 Aj1s JIFOOBIX ABYX Iap TOYEK MPOEKTHUB-
uoit mpsimoit A m A’, B u B’ cymiecTByeT NpOeKTUBHAsS WHBOJIIOINS, TEpe-
CTaBJISIONIAs TOYKYM KaXKI0H mapbl. BymeM roBopuTh, YTO TPU HAPBI TOYEK
npoektuBHOit mpsimoiit A u A’ B u B, C u (' Haxomdarcsa B WHBOJIIO-
[UU, ecJid CYIECTBYeT IPOEKTUBHAS WHBOJIIONMS, I€PECTABIAIONAA TOYKU
Kaxko0i mapel. [Ipm 3TOM B KadecTBe TPOEKTUBHOM MPAMON MOYKHO pac-
CMATPUBATH U MYyY0K HPAMBIX, IPOXOAAMNX depe3 (DUKCUPOBAHHYIO TOUKY
IIJIOCKOCTH.

OjuH n3 HanbojIee UHTEPECHBIX MPUMEPOB TOYEK B MHBOJIIOIUU MOXKHO
[IOJIy9UTH C MOMOIIBI0 TeopeMbl 12. Jljs 9TOro Hy»KHO PaCCMOTPETH Mapbl
TOYEK [TepecedeHnsl IPsIMOii | ¢ HEKOTOPBIMU TPeMsi KOHUKAMHU U3 [y 9IKa KO-
HUK, Tpoxoadanmx depe3 dpukcuposanube 4 touku. [logydenuse npu srom
TPH mapbl TOYEK OYIyT HAXOOUTHCH B MHBOJIIONWA. B 9acTHOCTH, KOTZA JIBE
UJIU TPU U3 PACCMATPUBAEMBIX KOHUK BBIPOXKIEHHBIE, IOy IaeM CJIEIYOIIe
YTBEPXKICHUS.

1. Touxu nepecevenus npsamotil ¢ npamomu AB uw CD, AC uw BD, AD
u BC' naxodsames 8 une0A0UUY.

2. Touku nepecevenua npamot | ¢ Konurxol, onucanhol 80KpYe “emovt-
pexyeoavhura ABCD, u ¢ npamomu AB u CD, AD u BC naxodamcs 6
UHBOAOUUU.

Hanomuum, 9To TOYKa b mpsMOil ¢ HAYAIOM KOOPAMHAT ¢ HA3BIBAETCS
CPEJHUM TapMOHUYECKUM TOYEK T U Ty, €CJIU

2 1 1

b—a x1—a T2—a
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CpeiHee rapMOHMYECKOE MHBAPUAHTHO OTHOCUTEIBHO IIPOEKTUBHBIX IIPE06-

pa3oBaHuii, IO3TOMY MOXKHO Cc4uTaTh, 9T0 @ = 0 u b= co. Torma z; = —x,
a 3HAYWT, [a, b, x1, 23] = —1. HasoBem gerBepky Touek {a, b, ¢, d} eapmo-
nuueckol, ecau [a, b, ¢, d] = —1.

Teopema 14. Ilycmsb a u b — Henodsusichvie MOUKY NPOEKMUBHOT UH-
soamoyuu f. Tozda dan ar060G mouku x wemeepka mowex {a, b, x, f(x)}
bydem 2apMOHUMECKOT.

HokaszareabcTBo. Moxno cumrarb, 9o ¢ =0 m b= o0o0. Torma
f(x) = Az, a Tak xak f—wunHBOMIONUA, A = —1. fcHO, uTO

[0, oo, f(@]:%:q. m

Teopema 15 (Hapby). [Tycmv f — nexomopoe npeobpazosanue eewse-
cmeennoti npoexmuenoti npamoti RP', nepesodswee aobyro 2apmonuie-
CKYI0 “emBepKY MoveK 8 2apMoHuYeckyro wemsepky movex. Toeda f — npo-
exmusHoe npeobpazosarue.

HdokaszaTeunscTso. Paccmorpum komnosunuio g( f(x)), rae g —mpo-
exTuBHOE peobpazosanune, nepesoaamee Toukn f(0), f(1) u f(o0) B TOuKH
0, 1 1 0o coorBeTCTBEHHO. B pe3yibrare Moy UM IPeobpa3oBaHue @, OCTaB-
ssroriiee Togkn 0, 1 1 00 HENOBUKHBIMY U [IEPEBO/ISATIEE JIIOOYI0O TApMOHM-
9eCKyI0 9€TBEPKY TOYeK B FapMOHMYECKYIO 9€TBEPKY To4eK. Tpebyercs mo-

A+
Ka3aTh, 9TO 3TO IIpeobpa30BaHme TOXKIECTBEHHO. YeTBepKa {oo, T“, A, p}
rapMOHUYECKas, [IOITOMY

o (%-ZHL) _ CP()\)';CP(H)'

Caenosarensro, 2¢(N) =¢@(2)) u oA + ) = ¢(X) + ¢(u). Tenepn ser-
KO IIPOBEPHUTH, ITO ((m/n)=m/n npu HarypaJbHHX m u n, ¢(0) =0 u
¢(—\)=—¢(\) npm Bcex A € R. Takum o6pasom, ¢(A) =k mpu A € Q. Hecox-
HO IIPOBEPUTH, ITO
22on 1
RN 14

T.e. 9eTBepKa {\, —A, A\?, 1} rapmormgeckas. [TosTomy

o) —o()  1-9() _
P(A2) +o(N) " 14+ ’

r.e. 9(A%) = (p(X))?. Dro, B wacrroCcTH, O3HAUAET, ITO ycuoBus = >0 u
¢(x) > 0 sxBuBanenTusl. YuurbBas, 910 ¢(A) =X upu A€ Q u o(A +p) =
=¢@(\) + o@(u) opu A, p € R, momyunm @(A) =\ mpu A € R.
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Sagaun

HpoeKTI/IBHaSI IIJIOCKOCTBhb M IIPOEKTHUBHbBIE IIPOCTPAHCTBA

J.1. JTokazars, uro maobas apamaz B CP? mepecexaer RP?,

H.2. Hokaxwure, aro Jobas chepa B R"” C RP" C CP" nepecekaer
GECKOHETHO YNAJIeHHYI0 THUIEPIIOCKOCTh Z,,; = (0 1o KBajpuke 22+ ...

.+ 22=0.

J.3. Ha croponax BC, CA u AB tpeyronbauka ABC' B34Tbl TOYKH
Ay, B, u (| rtak, uro orpesku AA,, BB, u CC, nepecekaiorcsa B TOY-
ke M. Jlokaxkure, aro ecam touku A,, By, C\ m M wmmeior ogHOPOIHBIE
koopmurarer (1, 0, 0), (0, 1,0), (0,0,1) n (1,1, 1) coorBercrBeHHO, TO
rouku A, B u C umeror omHopomasle koopmuaarsl (—1, 1, 1), (1, =1, 1)
(1,1, —1).

2 2

.4. JlokaxnTe, 9T0 KaCaATEIbHAA K JJLIUICY % + 22—2 =1, upoBenenHas
u3 Touku (1, +i, 0), mpoxomur gepes ero okyc.

.5, T'unepbosta ¢ mepreHauKy/ISPHBIMA ACHMIITOTAMHA IepeceKaeT bec-
KOHEYHO YJAJICHHYIO IPAMYIO B Toukax (1, y1, 0) u (22, Yo, 0). Jokaxknre,
qTO0 T1%o + Y1Y2 = 0.

H.6. a) okaxkure, 9TO paJdKajbHBIE OCH KaXKIOH Hapbl U3 TpeX
OKPYZKHOCTeIl IIepeceKaroTCd B OJHOU TOYKeE.

6) Tpu xomumkm mmeror obume toukn A w B. Jokaxwure, 910 00rmue

XOPAbI 3TUX KOHUK MMEIT O6H_L_YIO TOYKY.

Ho.nﬂpa TOYKH OTHOCHUTEJIbHO KOHUKHA

J.7. Ha mrockocTu mana KoanKa. C MOMOIIBIO OTHOM JTMHEHKH OCTPOI-
Te:

a) TOYKY, JIEKAIMYIO HA MOJIAPE JAHHOW TOYKH A OTHOCHTENBHO JAHHON
KOHUKW;

6) mossApy JAHHON TOYKH A OTHOCHTEIBHO JaHHOW KOHUKH,

B) KacaTeJbHYIO, IPOBEJECHHYIO U3 NAHHOW TOYKM A K JaHHOW KOHUKE;

') KacaTe/bHYIO K JAHHON KOHHWKE B JaHHOW Touke A, jexameil Ha KO-
HUKE.

.8. Jokaxwure, daro mosspa (POKyca KOHHKH COBIQJAET C JIAPEK-
TPHUCOH.

J.9. Ilpsimbie a, b, ¢ 1 d ABIAIOTCS TOJAPAMHU OTHOCUTEIBHO KOHU-
ku touek A, B, C' m D, nexammx Ha omHO# mpsamoi. Jlokaxkwure, 9ro
[a, b, ¢, d| =[A, B, C, D].

J1.10. Croposst Tpeyrosibauka A; B;C| sBJISIIOTCS 1OJIIpPAMU BEPIIUH
rpeyrosibauka ABC orHOcuTebHO KOHUKU. Jlokakure, 9yro npsivbie AA;,
BB, u CC| nepecekaloTcs B OTHOM TOUKE.
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HpOGKTHBHaﬂ I[BOﬁCTBEHHOCTb

H.11. a) Hdoxaxwure, uaro ecau croporsl AC, CE u EA TpeyroibHuka
AC'E xacaroTcs HEKOTOPOI KOHUKH B Toukax B, D u F' cooTBETCTBEHHO, TO
upsmbie AD, CF u E B nepecekaroTcs B OIHON TOYKE.

6) CdopmymmpyiiTe 1BOHCTBEHHOE yTBEPXKIEHTE.

.12, Tpeyroasauk PQ R Ha3bIBAIOT G6MONOAAPHBLM OTHOCUTEHHO KO-
aukn C, eciin KaxKaas ero CTOPOHA #ABjgeTcs mojapoil (orHocurenbuao C')
[IPOTHBOIOJIOKHON BEPIIUHBL.

a) Jlokaxwure, 9T0 TpeyroabHuK PQR aBTONOIAPEH OTHOCHTEIHHO KO-
HUKN C TOTrJa WM TOJIBKO TOr/ZIa, KOT'/Zla €ro BEepHInHbI COBIAJAA0T C TOYKAMU
mepecevdeHnsl TUaroHajiell u ABYX Map MPOTHBOIMOJOKHBIX CTOPOH HEKOTO-
pPOr0 YETHIPEXYTOJIbHUKA, ONUCAHHOTO BOKPYT KoHuKHU C'.

2 2

6) Komyc 2% = Z—Q + 7 TePeCeKaeT IIOCKOCT IT mo kommke C, a ocm
Oz, Oy u Oz nepecekaroT 3Ty ILIOCKOCTb B Toukax X, Y u Z. [lokaxure,
9T0 TPEyroJabHuK X Y Z aBTONOJISPEH OTHOCUTEIbHO KOHuKHU C'.

J.13. a) lokaxuTe, 9TO MOJIApa TOUKH ¢ OTHOCATENHHO KOHUKH T Az T =
= 0 3amaerca ypasaerueMm aAxT = 0.

6) JlokaxkuTe, 9TO KOHUKA, NBOHCTEeHHas KoHNKe B’ = oTHOCHTETH-
o Konuku rAz” =0, zamaerca ypasmenuem xCx’ =0, tne C = AB~ ' A.

J.14. Paccmorpum okpyzxuocts C' ¢ nearpom (a, 0) u pammycom R.
ITycte C* — kKoHWKa, ABoiicTBeHHas KOHMKe C' OTHOCHTENHHO €IWHWIHON
okpyxkHOCTH T2 + 3% = 1.

a) JlokaxknTe, 9TO ypasHeHne KoHUKE C* mMMeeT BU,

N 2( _1)2
y =e\r )

a

2
rae e = =
6) TokaxuTe, 9To dKcHeHTpUcATeT KOHUKE C* paBeH e, a ee GOKYCOM U
IUPEKTPUCON CIIy’KaT HAYAJI0 KOOPJIUHAT U MOJIspa IeHTpa okpyx)uocTH C
OTHOCHTEJIHHO €JIMHAIHON OKPY2KHOCTH.
J1.15. JIBe konuku nepecekarorca B Toukax A, B, C u D. Ilpsambre AB n
CD, BCwu AD, AC n BD nepecekatorcsa B Toukax P, (), R COOTBETCTBEHHO.
JlokazKkuTe, 9TO TOYKM MePecedeHns 00X KaCaTebHBIX K KOHUKAM JIeXKaT

Ha npambix PQ, QR u PR.

HpOGKTI/IBHbIe MWHBOJIIOIIUU 1 TApMOHMNYE€CKHUE YeTBEPKHU TOYEK

J.16. [lokaxkure, 94T0 Jitobasi NPOEKTUBHASL MWHBOJIIOLMS TPAMON [ 110-
JIy9aeTCsl KaK CEYeHUe NMPAMOI | IIy94KOM OKPY2KHOCTEMH, IIPOXOIAIINX YEPES3
nBe (PUKCUPOBAHHBIE TOYKH.
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.17, JTaHO IpOEKTUBHOE MHBOJIIOTHBHOE HPEOoOpPA30BaHME IIydKa IIPs-
MBIX, TPOXOIAMNX dYepe3 (PUKCHUPOBAHHYIO TOUYKY. Jlokazkmre, 9TO CyTIe-
CTBYIOT JBE€ OPTOTOHAJIBHBIE MPSAMBIE 9TOTO IIyYKa, COOTBETCTBYIOIINE APYT
JIPYTy TIPU WHBOJIIOIUH.

J.18. Touku A’, B’ u C' nexar ua npsmbix BC, AC u AB coorser-
crBeHHo. JIoKaxKuTe, 9TO OPTOroHaJbHbIe mpoeknun Touek A u A, Bu B’
C u C’ Ha TPOU3BOJIbHYIO IPAMYI0 HAXOJAATCH B UHBOJIIOLUU.

J.19. Tpameie AB u CD, AD n BC nepecekatorca B Toukax E un F
O — npousBosibHas TouKa. Jlokaxkwure, aro npameie OA u OC, OB u OD,
OF u OF Haxondarcs B UHBOJIIOLNAM.

J1.20. JTuaronanu dersipexyrosabauka ABC D nepecekatrorcs B Touke O,
a MPOJIOJIZKEHIS er0 CTOPOH ITEPEeCEeKaroTCsa B ToUkax F u F.

a) Jokaxwnre, aro { AO, BO, EO, FO} —rapMoHUYecKast 9€TBEPKA MPsi-
MBIX.

6) IIpamas AC nepecekaer mpamyo EF B rtouke P. Jlokaxwure, 910
{A, C, O, P} —rapmoHudYecKas 9eTBEpKa TOYIEK.

.21, ITocTpoiiTe N-yroJbHUK, CTOPOHBI KOTOPOr'O IIPOXOIAT 9I€pPe3 1
JITAHHBIX TOYEK, a BEPHINHBI JIe2KaT Ha I[a,HHOI./,I OKPY2KHOCTH.

J.22. PaccmoTpuM jBe pas/iMdHbIE TPOEKTHUBHBbIE WHBOJIONMA [ U g
kouuku C, mig koropsix Bee npavbie X X/, rne X' = f(X) wm g(X), npo-
xoxar gepe3 Touku ' u G coorBercrBenHo. Jlokaxure, uro fg = gf Torma
U TOJIBKO TOTJIA, KOrJa ToYKa F' jiexkur Ha mnoJispe ToYKu (G OTHOCUTEIHHO
koruku C.

J.23. Ha xonuke C ¢ukcupoBana Touka A. PaccMoTpum BCEBO3MOK-
uble xopabl X; X, kKoHuku C', KOTOpbIE BUJIHBI U3 TOYKU A MOI TPAMBIM
yraom. Jlokaxkure, 9TO

a) orobpaxenme X, — X, IPOEKTUBHOE;

6) Bce xopapl X X, IPOXOIAT Uepes3 OFHY H Ty Ke TOUKY.

J.24. Oxpyxuoctu S, u S), nepecekarT npsamyio [, Ha KOTOPOil Jiexkar
[EHTPBI 3TUX OKPYIKHOCTEH, B Toukax A; u Ay, By u B,. O6mue KacaTesib-
Hble K OKpyXHOCTaM S, u S, mepecekaroT mpamyio | B Toukax C; u Cs.
Iokaszarhb, uro Touku A; u A,, B, u By, C; u C, HaXondaTCd B MHBOJIIOIIN.

§4. CnenuaJjbHbIe CBOMCTBA KOHUK U KBaJIPUK

Koudoxkanbubie (copOKyCHbIE) KOHUKHA U KBaJPUKHI

Ilycts a m b—uauncna, npuaem a > b. PaccmoTrpuM cemeficTBO KOHUK

A (I1.21)
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3aBucamee ot napamerpa A. Torna u mys smmuancos (b > \), u aua runep6os
(a >\ >b) doxycsr nexar Ha ocm Ox U yIAJIEHBI OT HAYAIa KOODJWHAT Ha
paccrosme \/(a —\) — (b—X) =+/(a =k —k — b) = v/a — b. Takum obpa-
30M, (DOKYCHI BCEX KOHUK COBIQJAOT, U MOTOMY TAaKWEe KOHUKHM HA3BIBAIOT
rKongorarvromuy (coporycromu).

Tomorerneit mobbemcs: Toro, uro ¢dokycel okaxyrcd B Toukax +£1. Ce-
meiictBo (/1.21) kondoKanbHBIX KOHUK ¢ doKycamm B Toukax +1 cBa3aHO

C mHTepecHOU (YHKIUEH KOMILUIEKCHOI'O ITEPEMEHHOTO — TaK HA3bIBAEMOM
dpynryuett Kykosckoezo

w= %(z—l— %) (1.22)

IMocmorpum, Kyna orobpazkarorcs Jyuu z = te'®, ¢t > 1, upu dpuxcupobaH-
HOM () ¥ OPTOrOHAJILHBIE UM OKPY?KHOCTH Z = te'® mpu pukcuposarHOM t > 1
(puc. 1.33). Nimeem

; 1 1 7 1
(o] = = _ _ o
z=te :>wf2(t+t)coscp+2(t t)smcp.

Cnenosarenbro, OKpyzkHOCTH (TIpH ¢ > 1) mepexomar B sumnck (ecau 060-

3HAYUTH © 9epe3 e*)

1‘2 y2 B

- b
ch?a  sh?a

a Jydu—B I"I/IHep6OJH)I, nMermyue ypaBHECHUA

$C2 y2 _1

cos2¢  sin? 0]

Ionyumnoce cemeiictBo codorycHbix KOHUK. OyHKums 2KyKOBCKOro KOH-
dopMHO 0TOOparkaeT BHEMIHOCTD €UHUIHOIO KPYra Ha BHEITHOCTH OTPE3KA
[—1, 1]. DTo 03HawaeT, B 9ACTHOCTH, ITO Tepe3 J0OYT0
rouKy (x,y), x #0, y # 0, IPOXOAUT POBHO OJMH IJLIUIIC
¥ POBHO OfiHa runepboJia ceMefiCTBa U OHU OPTOTOHAJIb-
HBI JIPYT JIPYTY.

Pasymeercs, sToT (bakT JIerKO MOJYy9ATH U HEMO-
CPEICTBEHHO, 0e3 ane/uranuy K KOMILUIEKCHOMY aHAJIHI3Y,
9TO MBI U CHEJIaeM, KOrma Oymem 00CyKaaTh n-MepHBIT
CJIydai.

W3 mosygeHHBIX BBIpaXKeHUit jisi COOKYCHBIX JI-
JINTICOB MOYKHO W3BJIe9Yb HECKOJIbKO MHTEPECHBIX CJIe-
CTBUH.

Puc. J1.33

1. Ilycrs I'y u I'; — aBa codokycubix smmunca. Torma orobparkerune 3J1-
qunca ') mva 'y B1oab TpaekTopun cOPOKYCHBIX UM TUIIEPOOJI IPEICTABISIET
coboit orpanmdenne Ha ['; adduaHOrO TpeobpazoBaHms.
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HeficTBUTETbHO, pe€Yb HAET O MPeodbpa3oBaHUU, KOTOPOE TOUKY
(choy cos g, shoy sing) orobpaxaer B (cho, cos @, sha, sing). Ero abdun-
HOCTBb OY€BUIHA.

2. JImaroHa/iu KPUBOJIMHEHHOTO YETHIPEXYTOJIBHUKA W1 WolW3Wy, 0OPa30-
BaHHOIO KOH(OKAJIHHBIMA KOHUKAMU, PABHBI.

JefiCTBATEIbHO, MYCTh W) 5 CYTh OBPA3Bl TOUEK 2o =t 2?1, a ws,
CyTb 00pa3bl TOYEK 23 4 = t2’1ei‘92. IIpocrhie BbIYUCIEHUST TOKA3BIBAIOT, 9TO
|w; — ws| = |ws — wyl.

A BoOT eme onuMH WHTEPECHBINH (haKT.

Iycmo X A u X B —xacameavhoie k sasuncy ¢ poxycamu Fy u Fy. Tozda
ompesxu AX u BX obpasyrom pashoie yaav. ¢ KacameavHoti 8 mouwke X «
aaauncy ¢ memu orce goxycamu (puc. 11.34).

JleiicreuTennbHo, cormacuo 3amade 4.21 yron AXF| pasen yriy BX F,.
Kpowme Toro, orpesku Fy X u F5, X, kak 0bLIO HOKa3aHO Ha C. 85, 00pa3yior
PaBHBIE YIJIBI C KACATEJHLHON B TOUKe X .

W3 mocnieaHero pesysbraTa MOKHO M3BJI€Yb HHTEPECHOE ciieacTBue. Ha-
JIEHEM Ha HEIOJBUKHBIN SJUIUIIC PEMEHb, JJINHA KOTOPOro OOJIbINE JIJINHBI
DJLIUIICA, U HATAHEM TOT PEMEHbB, JEPXKa €ro 3a HeKOTOpyio Touky X. To-
20a 8CEB03MONHCHBIE NOAOAHCEHUS MOYKY X mpedcmasaatom cobol sasunc,
coporychuili ¢ uczoonvim aaauncom (puc. 11.35).

Puc. /1.34 Puc. 11.35

L1 moka3aTeabCTBa STOrO HYKHO IPUMEHUTDH CIIEAYIONIee yTBEPXK/Ie-
HUe.

JIemma. ITycmv C' — nenodsuotchan evnykaas kpusas, | = |rz| + |yz| +
+ arc(xy) — dauna kpusot, uzobpasicennot na puc. 11.36. Tozda

dl dz
il (cosp — cos ).

dokazaTeabcTBo. fcHO, 9TO

d _|dx| _|dy
Sty = 5| = |5



224 Homnonaenne

Kpowme Toro,

d d
ey =4 o=z o=
=|r - \’1<@—%x—z)—— ‘—i—‘ cos
- dt  dt’  lat ¢
Puc. J1.36
Amnayoruyso
Syl = |2 - | %
¥ MBI IpUXOIuM K Tpebyemoit popmyite. O

Takum 006pa30M, pu JBMKEHAU TOYKA X MO IJLIANCY, COPOKYCHOMY C
UCXOZHBIM 3JIJIUIICOM, BEJINIMHA, | (IJIMHA DEMHs) OCTAeTCs IOCTOSHHOMN, TaK
KaK B 9TOil curyarmun ¢ = (.

Kpowme ommcanHbIX BbIie KOH(POKAIBHBIX THIEPOOJI U JUINIICOB MMEET-
Cs BaXKHOe ceMeiicTBO KOH(MOKaAJIBHBIX apabosi. Paccmorpum mpocreiintyto
OPTOTOHAJIBHYIO CUCTEMY IPAMBIX — BEPTHKAJbHBIE I TOPU30HTAJIbHBIE TIPS-

Mmble. PaccMoTpuM, masee, oTobpaxkeHue z — w = 22, BepTukajibHbIE Hps-
2

MBI€ @ + it TIepexoadaT B ceMeHCcTBO mapaboa x = a? — 37, dOKYCBI KOTOPBIX
COBIQIAIOT C HAYAJIOM KOOPAWHAT. | OpU30HTAIbHBIE PAMBIE [IEPEXOIAT B
mapaboJibl, OPTOrOHAJILHBIE MOJyYeHHBIM MapadoJsiaM, npudeM ux (POKyCh
TOKE COBHIAJIAIOT C HAYAJIOM KOODIUHAT.

Ha mmockocTr 0pTOrOHAIBHBIX CHCTEM OYE€Hb MHOTOQ: €CJIM B3ATh BHEIII-
HOCTb E€JUHUYHOIO0 KPyra C PACCMOTPEHHOW HAMH 9yTh PAaHBIIE OPTOrO-
HAJIbHOII CHCTEMOI OKPY2KHOCTEIl U Jiydell U COBEPUIUTH OJHOJIUCTHOE KOH-
dopmHOE Tpeobpa3oBaHme, TO MOy IUTCH OPTOTOHAIbHAS CUCTEMA KPUBBIX.
B npocrpancTBe ke 00IBIITEro 9NCIa N3MEPEeHuil OPTOrOHAJIBHBIE CHCTEMBI
BCTPEYAIOTCS OYEeHDb PEIIKO.
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ITo amanoruu ¢ cemelcTBOM KOH(POKATBHBIX KOHUK MOXKHO PACCMOTPETH
cemeficTBO Konpokarvrur (coforycrux) xeadpur

2

2
T Tn

PR ...—i—m—l. (1.23)
st onpemesieHHOCTH Oy/IEM CIATATD, 9TO Gy > Gy > ... > a4, > 0.

TokaxkeM, 9TO W B ITOM Cilydae uepes Kastcoyto mouwky (Ti, ..., T,),
2de xy ...z, #0, nporodum posno n Keadpuk cemeticmea (11.23), npuuem
Keadpuru 3mozo cemelicmea, NpoTodAuLUe Hepe3 00HY TOUKY, 0PMO20HAN-
HoL (9TO O3HAYAET, YTO KACATENIbHBIE THIEPIIOCKOCTH K HUM B 9TOH TOYKE
HONIAPHO OPTOTOHAJBHBI).

Hokaxkem 310 yrBepxkaerue. s nannoi toukn (24, ..., &, ) PaACCMOT-

puM DYHKINIO
2 2

L—F _|_x7"
a1 — X a — N

z(\) =

I'paduxk s1oit pyukun nzobpaxken Ha puc. J.37. [Ipsamast z = 1 nepecekaer
9TOT rpaduK POBHO B 7 TOYKAX.

Puc. J1.37.

Hasee, kacarejbHas TI'MOEPIUIOCKOCTh K Ksaapuke (/1.23) B Touke
(€1, ..., &,) 3amaerca ypaBHEHIEM

n

> —a“”_zk =1

=1

(afi)\’ Y afn—)\)

OPTOTr'OHAJICH 9TOM TUNEPIIJIOCKOCTH.

fcuo, 9TO BEKTOP
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ITycry xBaspuku ¢ mapaMerpaMu A\ B [ IPOXOZAT depe3 Touky (&j, ...
ey &), Te

~ 2 ~ 3
izzlaff)\zl n izzlaiffkl:l'
Torna
n ) , . i
0_;2?(%—7\_@—“)_( _V’);m.

DTO 03HAYAET, ITO BEKTOPHI

(afiw afix) u (afiu, afj u)

OPTOIrOHaJIbHBI, & 3HAYUT, OPTOrOHAJIbBHBI U T'HUIIEPIIJIOCKOCTH, OPTOrOHAJIb-

HBbIC 9TUM BEKTOPaM.

Touke (1, ..., T,), TAE Z;...Z,#0, coOTBeTCTByeT HAGOp dYHUCE]
(M, -+ .y An), Ui KOTOPBIX
2 2
I x
—_—+ ...+ ~— =1.
ay; — )\1 an — >\1

OTH YMCIIa HA3BIBAIOT AAAUNCOUOGALHBIMYU KOOPOUHAMAMU TOUKH (L1, ...
.y Tp)-
Paccmorpum monpobree ciydait n = 3. B sTom ciiyuae
2 _ (a1 —M)(ar —h2)(a1 — Rs)
Ty = ;
(a1 — az)(a1 — as)

YUCNIA T3 W I3 BBIYUCIAIOTCS AHAJIOTHIHO.

QukcupyeM [Ba IJUIUICOUIA, COOTBETCTBYIOMIME MAPAMETPAM A3 U Aj.
YHucsa Ay 1 Ay MOKHO pacCMaTPUBaTh KaK KOODMHATHI HA TUX DJLIUIICO-
umax. OTobOpa3suM TOYKY OIHOTO JUINICOUIA B TOYKY APYTOr0 SJIIUICOUIA
C TeMHU K€ KOODJIWHATAMH A; U Ay. DTO COOTBETCTBYET HEPEMENIEHUI0 TOY-
KU C OJHOT'O JUIAIICOUA HA JIPYTOil IO TPAeKTOPHUU, OPTOrOHAJIBHON BCEM
smmnconnam cemeiictsa (1.23). B mexapToBeIX KOOpAMHATAX 3TO Ipeobpa-
30BaHUE UMEET BUJ, & +— I, rae

!
U T.J. YIUBUTEJbHBIM 00pPa30M, IMOCTPOEHHOE MPeo0pa30BaHUE 3JIIUICO-
UI0B, KaK BUJIHO U3 (DOPMYJIBI, OKA3aJI0Ch 02PAHUNMEHUEM HG IAAUNCOUO
agpunnozo npeobpazosanus mpexrmeprozo npocmparcmsa. AHamormaHoe
npeobpa30oBaHUe MOXKHO PACCMOTPETH HE TOJIBKO JJisi DJLIUICOUIOB, HO U
IJIg IPYTUX KBaJPHUK TOrO K€ CeMeHCTBA, T.e. Jjid OJHOMOJOCTHBIX U JIBY-
MOJIOCTHBIX rurep0osonnoB. OcoOOEHHO WHTEPECHBIN PE3YJIbTAT MMOJIYIaeTCs
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JIJIL OJHOIOJIOCTHBIX FHIEPOOJIONIOB: IPAMOJUHEHHbBIE 06Pa3yIONIe 0JHOTO
ruep00JIon/Ia IEPEXOIAT B MPAMOJINHENHBIE 00pa3yolue APYroro ruiep-
Gomonma. Bosee Toro, omobpasicernue NPAMOAUHETHBT 00PAZYIOWUT ACAI-
emca usomempueti. Jleo0 B TOM, 9TO €CJIA KOHIIBI OTPE3-

Ka Ty HepeMemaioTcs IO TPAeKTOPUAM, OPTOrOHAILHBIM

sTomy orpesky (puc.1.38), To mumHA OTpe3Ka Ty He W3-

mensiercs. JleficTBUTEIBHO, IO YCIOBUIO

dx _(dy .
(o) = (G = -v) =0

CiieroBarenbHO,

d . dr dy .
E(m—y,x—y)—2(a—a,x—y)—0. Puc. J1.38.

IlosTomy [uimHA OTpE3Ka TY IOCTOSHHA.

Paunonanbnaﬂ IIapaMeTpu3anud KOHUKN

DuKcupyeM Ha KOHUKE HEKOTOPYIO TOUKY (Lo, Yo) U HIPOBEIEM depe3 Hee
upaMyio y = Yo + t(x — o). OHa mepecekaer KOHHKY elle B OZHON TOUKe.
Bbraucium KoOpAuHATEL 9TOH TOYKH. [l 9TOro Hy2KHO B yPaBHEHHE KOHH-
KH BMECTO Yy HOJCTABUTH Yy + t(Z — Zo); B Pe3ysIbTaTe MOTy9InM ypaBHEHUE
Buna A(t)x® + B(t)z+ C(t) =0, rme A, B u C —muOrousnenst or t. Y 31oro
ypaBHEHUS 1/13BBe(c;‘eH OP,IEI/I)H KOPeHb Z,. I1o Teopeme Buera BTOpOii KOpeHb )

t t

paBeH —xy — A = TOR Kpowme Toro,

Y1 = Yo + (1 — o) = Yo +t<_2x0 - %) = %

CirezoBaresbHO, A KPUBOiI BTOPOrO HOPSJKA CYIIECTBYIOT TAKHE MHO-
rounenst A(t), P(t) m Q(t), 9ro mpm m3meHeHN™ t OT —0O 1O 400 TOYKA

C KOOpJuHATaMHA (%, %) IBUXKETCA [0 JAHHOI KPUBOW; ec/ii Ipu
3TOM 10OaBHUTh TOYKY, COOTBETCTBYIOILYI0 GECKOHEYHOMY 3HAYEHHIO f, TO
B pe3yJbTaTe MOJYdYUM BCE TOYKH KpuBoil. Takoe IpemcTaBjieHne KPUBOI ¢
HOMOIIBLI0 MEHOrOWIeHOB A, P 1 () Ha3bIBAIOT PALUOHAALHOT NAPAMEMPUIA-
yued.

B kadecTBe npuMepa HaiiieM B SBHOM BHUJIe PAlOHAJbHYIO HapaMeTPH-
3anmio okpykuOCTH 22 + y* = 1, dukcuposas Ha meit Touxy (1, 0). Ypasne-
HEe TpsAMOii, mpoxoaameil gepes Touky (1, 0), nmeer Bug y = t(z — 1); npm
9TOM 3HAYEHUIO { = 00 cooTBeTCcTBYyeT npsimast * = 1. [loacraBuB BeIpaxkenme
y=t(x —1) B ypasuenue z° + y? = 1, nonyunm x> + t*(z*> — 2z + 1) =1, r.e.
(1+t*)z? + (—2t%)z + (#* — 1) = 0. [Ipouseenenne KOpHEil 3TOr0 ypaBHEHUS
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2 -1
2+1°

pecyoomuii HaC KOpeHb X', paBeH

npudeM OIWH u3 KopHeil paBeH 1. CiieoBaTenbHO, UHTE-

2

; T 1 IMosromy y; =t(x; — 1) = = _12_'51.

Urak, enuHIYHAS OKPY’KHOCTH JOIMYCKAET DANMOHAJIBHYI) HapaMeTpH3a-
-1 =2

Ho (t2+1’ t2+1>'

IMonyuenHass panuoHaJbHAs NapaMeTPU3AIHs OKPYKHOCTH II03BOJISIET
HAlTH BCe ee TOYKH, 00e KOODAMHATHI KOTOPBHIX DAIMOHAIBHBI. Takmmum
TOYKaMH OyZyT T€ W TOJBKO T€ TOYKH, AId KOTOPBIX mapamerp ¢ pa-
nuoHasieH. B camom meste, ecam 4mcsia 'y W Y, PAIMOHAIBHBI, TO 9HCIIO
t=vy,/(z, — 1) pammoHambHO. A ecim 4uCIO0 ¢ PAUOHAIBLHO, TO UHCIIA
-1 =2t
T4 nT e )
MOXKHO HaUTHU BCE PAMOHAJIbBHBIE TOYKH KPHUBOM BTOPOI'O IIOPAJKa C Pa-
[UOHAJILHBIME K03 UIMEeHTaMy, ecii Ha Hefl W3BecTHa XOTS OBl OJHA
palpoHaJbHasd TOUKa (Tg, Yo )-

Jpyroe npuMeHeHne PAOHAIBHO NAPAMETPU3ANUN CBA3AHO C BBITAC-
JICHHEM MHTErpPaJiOB BHIA

/R(\/ ax? 4+ br + ¢, x) dx,

PaBHO

T, TO2XK€ panuOHaJIbHBI. AHajOrm9HBIM  CITOCOGOM

rome R — pamuoHasbHasg (YHKIUS JIBYX IE€PEMEHHBIX. /leqlo B TOM, 9TO
KpuBag Y = ax®+ br + ¢ [omycKaeT PpalMOHAJILHYIO I1apaMeTpPU3allUIo
(x(t), y(t)). Iosromy

/R(\/ ax? 4+ br + ¢, z)dx = /R(y(t)7 x(t)) dz(t) = / Q(t) dt,

rme () — HEKOTOpasl paluoHaIbHAA MYHKIus. Beraucians uaTerpan; or 3Toi
byHKIUN, Hy?KHO HOACTABATH BMECTO ¢ BbIpakeHWe t 4epe3 & U Y, Ipes-
craBJsoniee cob0i parnoHaIbHYO (DYHKIUIO.

TEOPEMa IloHcene u TeopeMa O 3ur3are

PaccMoTpuM 1Be OKPY?KHOCTH, OJTHA W3 KOTOPBIX JIEZKAT BHYTPH IPY-
roii. BosbmeMm Ha BHemHEH OKpy2KHOCTH TOYKY A; M IPOBEIEM U3 HEe XOPILy
A; A,, Kacamomyiocs BHyTPeHHEH OKPy»KHOCTH. 3aTeM u3 TO4YKH A, MpoBe-
e (omimmunyo or A;As) xopry AsAs, Kacaolryrocs BHyTPeHHEH OKPYXK-
HocTH, ® T. 7. (puc. /1.39).

Teopema 1 (Iloncene). Ecau A, = A;, mo dasn #0600 mouku B, enew-
Hel OKPYNCHOCTIU 68 DPESYALMAME GHAAOLUNHVLL NOCMPOEHUT, NOAYHUM
B,=B,.

JokazaTeabcTBo. MOXHO CIATATH, 9TO TOYKH BHEITHEH OKPYK-

HocTr nMeloT Bug A(g) = (cos @, sing). Ilycts A, = A(9), A, = A()), 4] =
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=A(p+ Ag) m Ay = A(Y+ A), P—rouka nepeceaernns xopg A, A, m A} Al
(puc. 1.40). Torma |A A : |A P| =|AAL| : |ALP|. Tlpr 6ecKOHEYHO MAJIOM
A = do moxydaem
= (124
o) Ud)’ '
rae [(o) — pymHA KacaTesbHOI, IpoBeNeHHON u3 Touku A(o) K BHyTpeHHEH
OKDYKHOCTH (TAKHX KacaTeJIbHBIX JIBE, HO UX JIJINHBI PaBHBI).

Ay AL=A(P+AQ)
As A(d)=A2
As
Ay Ay A(p+Ag)=
Puc. 11.39 Puc. 11.40

Paccmorpum dyrKImmo (@), COOTBETCTBYIONUIYI0 OTOOpazKeHMI0 A; —
— Ay. U3 coorrnommenns (/1.24) ciemyer, 9aro

d (Y da\  dp 1 1
W[ ) -itw o
T. €. — = ¢ — nocrosiuHas Besumuauna. [lomoxkum (@) = P(P()),

)
b (@) = ("' (¢)). Torma

(o) dO( 412(4’) dO( G () dCX. ¢ (@) dO(.
A i T i@ i@
® (o) b1 () ®

Jlomanas A;A;As... 3aMBIKAeTCd IIOCJ€ 7, IIAroB, CAEJaB IIPU 3TOM
n t do

m 060poToB, ecim ™ (@) — ¢ = 21m. A Tak Kak QyHKIUS o 1) MOHOTOH-
o

HO BO3pacTraer npu Bo3pacranuu ¢, ycaosue " (@) — @ = 21 IKBUBAJIEHTHO

/w+2nmﬂ_/2nmﬂ_nc
L @, Mw

910 ycioBre HOO BBIIOJHSETCS I BCEX @, IUOO He BBIIOTHAETCH JIJIs
BCEX () OZHOBPEMEHHO. O

TOMY, 9TO

IIpu nokazarenncrse Teopembl IloHCEI€ MBI IOJIB30BAIMCH KAK TEM, 9TO
BHEIIHsS KpUBasl — OKPY’KHOCTH (nHade TpeyronbHuku A, PA| u A,PA, He
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OyayT nomo6HbL ), TAK U TEM, 9TO BHYTPEHHsISI KPHBasg — OKPY2KHOCTD (HHAIe
dbynxuus [(¢) Gyner nBy3HA4HOM, & HE OMHO3HAMHOIL).

JlpyrumMu MeTomaMu MOXKHO JIOKa3aTh CJEIyoee 0000IeHre TeOpEMBI
Iloncere.

Teopema 2. Ilycmo C u C' — xonuku obwiezo noaosicenus (T.e. OHH
He BBIPOXKJICHHBIE W HE KACATCA ApYyT Apyra). Bosvmem na C' mouky A,
u pacemompum mouky Ay € C, das xkomopoti npamas A A, wacaemea C'.
3amem paccmompum mouky As € C, dasa komopoti npamas Ay As Kacaemes
C’, um.0. Toeda ecau A, = A, mo B, = B; das awboti mouxu B, € C.

Ms1 He O6ymeM TOKa3bIBATH 3Ty TEOPEMY, IIOTOMY YTO BCE M3BECTHHIE JI0-
Ka3aTeJbCTBA BECbMa, CJIOKHBIE.

Ha reopemy Iloncene mo HEKOTOPOI CTENEHHM BHEIIHE IIOXO0XKA CJIEIyIOo-
masa TeopeMa.

Teopema 3 (o sursare). I[lycmv C u C' — dse oxpyorcnocmu 6 R3,
npuvem 0Af HEKOMOPO2o P KadHcoas mowka 410601 u3 smur oxpyscrocmed
YOaNEHA HA PACCMOANRUE P POBHO 0 08YT Mmouek dpyeotl okpyosrcnocmu. ITo-
cmpoum aomanyro Ay Ay A, AL ... co emoponoti p (puc. [1.41). Tozda ecau
A1 = Ay das mexkomopoti mouku A; € C, mo B, 1 = By das 410600 mou-
xu B, € C.

HokazareascrBo ([B4]). IIycte O mw O — meHTPH OKPYIKHO-
creit C'u C'. Tlomoxum y; :O—Ai, Y — A0 uA=00 (pmc. [1.42). Paccmor-

i i
PUM TaK>Ke BEKTOPBL 1L U N eJIMHUYHON JJINHBI, OPTOIOHAJIBHBIE [LJIOCKOCTAM
okpyzxHOCcTell C' 1 C' COOTBETCTBEHHO.

ol 1N

C

As
Puc. J1.41 Puc. J1.42

HocrarodHo jgoKa3aTh, 970 DECKOHEYHO MAaJIOe CMEIIEHUE d?l Touku A,
|dy:
[OPUBOJIUT K TAKOMY CMeIeHuio dy,,; TO4ku A, ,;, 910 ﬁ =1. Yro-
Yn+1

ObI OKA3aTh 9TO yTBEPXKIEHUE, HAM IIPUIETCS PACCMOTPETH TAKKE CMeIe-
HEe dy;.
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dy1|
[y

Tak Kak BeKTOD dy; OPTOTOHAJIEH BEKTOPaM Yy U N, dy; = £(n X y;)
3ameHUB mpu HEOGXOAUMOCTH BEKTOD 72 HA BEKTOD —7, HOJIyTHM

|dy1]
|y

dy, = (n X y)

Amnajgormaso Y
gy = (' x ) 1AL
ly1l

Bekrop ¥, + A + y, MMeeT MOCTOSHHYIO IJIAHY P, IIOdTOMY

() + A4y, dyy +dy,) =0,

T. €
! ! d 1 / d
(yy +A+y, n' xy)) |‘yy,1|| + W+ A+, nx y1)||yyll|| =0.
1
Takum obpazom,
dyil _ _ (A+yi, nxuy) il
|dy| (A+y1, 0/ xyh) [y

Ilo ormomenuio K Touke A| Toukm A; m A, WUrparT aHAJOIWYHBIE DOJIH,

IIO3TOMY
|dy2| (A+y2, n' x41) |y2]

ldy] — (A+yh, nxya) il
ITepemuoX)uM 5TH qBa paBeHCTBa. Ecim yaects, 9o |y;| = |y2|, TO B pe3yan-
TaTe MOJIyInM
ldy2] — (A+y1, nxy)(A+y2, n' xy))

f— . -25
[yl ~ (B Ty W < )BTy X ) (74.25)

Pasencrso (/1.25) MOXKHO yIpPOCTHTH, €CJIM BOCIIOJIB30BATHCH CIEIYTO-
KM BCIIOMOI'aT€JIbHBIM yTBep}KﬂeHI/IeM.
JIemma. Cnpasedausv, pasencmea

(A+y, nxy)=—(A+y,n Xy,
(At g, ' x 4}) = —(A 4y, ' % 95).
HokaszaTenscTso. dcro, ato |y, | = |y, |A+ v, +u1| = |A+ Y, + .
u (n, y1) = (n, y2). [losromy
(1 — Y2, %1 +y2) =0,
(1 —y2, A+91) =0,
(yl — Y2, Tl) =0.
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Takum 06pa30oM, BEKTOPEL Y1 + Y2, A + ¥} u n jnexar B 0gHO# mrockoctu 11,
OPTOTOHAJIBHON BEKTODY Y; — Y2. BekTop N X (Y, + ¥2) OPTOroHAIEH MIIOC-
koctu II, mostomy

(A+y;, nx (11 +y2)=0.

PasencrBo (A + ya, ' X (y] + y5)) = 0 nokaspiBaeTca aHamoruaso. [
C ygerom mokasannoii semmbl paserctso ([1.25) npuanmaer Bug,

|dya] (A +y2, n' X y3)

|yl (A+y1, n' xyp)

PasencrBo cron CHMMETPHUYIHOI'O BHUJAa IIO3BOJIAET CAEJaThb BBIBOI, ITO

|dyn+1] _ |dy2| . |dys| . . |dyn11] _ (A+yni1, 7 X Y1)
ldy[ |dya|  |dys| |dyn| (A 4y, n' xy1)

A Tax KaK Y,41 =Y B Y, | =Y, MBI HOIyIaeMm

|dyn+1‘
1St q,
|dy|

9T0 U TPeOOBAJIOCH. O

IBoiiHOe OTHOIIleHNe YeThIpeX TOUYeK Ha KOHUKE

s gersipex Touek X, Xo, X3, Xy, Jexkamux Ha okpykHOCTH C'; MOXK-
HO ompeesuTh deotinoe omuowenue [ X1, Xa, X3, X4 cnenyromum obpazom.
BosbMem Ha OKPYKHOCTH MPOU3BOJIBHYIO TOYKYy O

(o) U I10JIOXKUAM
Ol

[Xl’ Xz; Xs; X4] = [OXu OX27 OXS; OX4]-

Ecimu Bmecto Toukm O B3aTh Apyryro Touky O,

X
! To yroa mexnay npameiva OX; m OX; okaxer-
¢, €A DAaBHBIM YIJIy MEXKJy HDAMBIME OX; u O'X;
4
Xo (puc. 1.43), mosromy

X3
[O/Xl,O/XQ,O/Xg,O/X4]:[OX17OX270X37OX4].

Puc. /1.43

AnamornysbiM  00pa30M  MOXKHO —OIPEIENUTh
IBOITHOE OTHOIIIEHNE YeThIPEX TOYEK, JeKaIINX Ha OnHoi KoHuKe. [Ipm mpo-
€KUY JIBOIiHOe OTHOIIEHHE YeThIPeX IPAMBIX COXPaHAETCH, II09TOMY

[Ol)({7 O/)(;7 O/)(é7 O/XLIL] = [OXl, 0)(27 0)(37 OX4]

(cm. puc. [1.44). Do o3navaer, 9To ABoiiHOe oTHOmEHNE Todek X |, X,, X},
X, mexxamux Ha KoHuKe C', He 3aBUCUT OT BbIOOpA Touku (' 9TOH KOHUKH.
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S
X4
Ol
O ﬁ
X
1 X X3 X4
Puc. /1.44.

HezaBucumocTh JBOWHOrO OTHOIIEHNSI TOYEK HA KOHUKE OT BBIOOPA TOY-
ku O MOXKHO UCIIOJIB30BATh JIJIS €M1 OJHOTO JI0KA3aTeIhCTBa Teopembl [a-
CKaJisl O IIECTUYTOJbHUKE, BINCAHHOM B KOHHUKY. (/Ipyrue mokasaTeibcTBa
cM. Ha c. 24 u 92.)

Teopema 4 (Ilackans). IIycmo mouku A, B, C, D, E u F aescam na
o0not konuke. Toz2da mouku nepecevenus npamur AB u DE, BC u EF,
CD u FA aesxcam na 00Hoti npsamoti.

IHokazareubcrTso. Cupoenupyem rouku A, C', D u FE u3 touek B
u F va upsivete [, = DE u I, = C'D, coorBercrBenHo (puc. J1.45). JIBoiiabie

A

Puc. J1.45.

oruorienud [A;, Cy, Dy, E\] u [Ay, Cy, Dy, E,] paBHBI IBOWHOMY OTHOIIIE-
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auo [A, C, D, E] Touek Ha KoHHKe. I109TOMY COOTBETCTBHE MEXKIY DAc-
CMaTPUBAEMbIMU TOYKAMU NPAMBIX [, u [, npoekTuBHOE, mpudeMm D = Ds.
A 3HauuT, npaMbIe, COCTUHSIONTNE COOTBETCTBEHHBIE TOYKH, MEPECEKAIOTCS
B 0xHOiT Touke (cM. c. 66), T.e. npameie A; Ay, C,C, u E, F, nepecekatorcs
B omHOM Touke. MubIME cioBamu, Touka C,C, N By E, = BC' N EF jpexur
Ha Opsamoii, coemunstomeii Touku A; = ABNDE u A, =CDN FA. O
He3aBI/ICI/IMOCTI) ,ILBOfIHOI‘O OTHOIIIEHUA TOYE€K Ha KOHHKE OT BbI60pa TOY-
ku O reoMeTpuvecKyu MOXKHO [IPOMHTEPIPETUPOBATH CJIEYIOMIUM 00Pa30M.
IIycts | n I’ — HekoTOpHIE Tpsimble, C' — KoHMKa. Bribepem Ha C' Touku O
u O’ ¥ ¢ UX MOMOMIBIO TIOCTPOUM OTOBpAIKE-
aue [ — [I'. Jlaa sToro Ttodke Y COmMOCTAaBUM
Touky X, B Koropoii npaMas Y O mnepeceka-
eT KOHUKY, a TOYkKe X COHOCTaBUM TOYKY Y,
B KOTOpOit mpsmas Y O mepecekaeT npsamyro [’
(puc. 1.46). Torma nosydeHHOE B pe3ysbraTe
oTOOpazkeHne IPOEKTUBHO.
MozkHo nmoctynuth u Haobopot. IIpemamosto-
KHMM, 9TO 33J[aHO IIPOEKTUBHOE 0TODparKeHue
Puc. J1.46 Il —l'. ®ukcupyem wekoropbre Touku O u O’
u OyJeM paccMaTpuBaTh TOYKU X, B KOTOPBIX
nepecekarorcs nupsambie OY u O'Y’, rme Y u Y’ — cooTBeTrcTBEHHBIE TOU-
ku. BroostHe ecTecTBEeHHO OKMAATH, 9YTO TOYKU X OyIyT PaCIOIOXKEHBI Ha
KoHUKe, npoxosiieit yepes rouku O u O’. Eciin TO/bKO y4ecTh, 9TO B BbI-

POXKIAEHHOM CJ1yda€ BMECTO KOHUKU MOXKET IIOJJIyIUTHCA PpAMaAAd (CM. C. 66),
TO 9TO JAEHCTBUTEHHO TaK.

Paccvorpum Tpu Toukm X, X, u X3, B KOTOPBIX MEPECEKAIOTCS Maphbl
coorBercrBenubx npaMeix OY; m O'Y/. Bmecte ¢ Toukamu O u O’ oun
COCTAaBJISAIOT IATh TOYEK. B HEBBIPDOXKIEHHOW CHUTYaIMd 4Ye€pPe3 HUX MOXK-
HO uposectu poBHO ouHy KoHuKy C. Ilycrs mpsambie OY u O'Y’, rne YV
u Y’ — coorBercTBeHHbIe TOUKH, mepecekaioT C B toukax X um X'. To-
roa [X,, Xo, X3, X]=[X1, X, X3, X'], e. Touku X u X' coBmamaror.
CnenoBarenbHo, Touka nepecedenus npambix OY u O'Y’ jpexwur Ha KO-
unuke C

I/ITa,K, B CjIy49a€ IIPOCKTUBHOT'O COOTBETCTBUA IIYYIKOB IIPDAMBIX, IIPOXOJA-
mux gepe3 To9ku O u O', TOYKH mepecedeHns COOTBETCTBEHHBIX MPSIMBIX
JleXkaT Ha KOHHKe, mpoxongdmeit depe3 Touku O u O’. 10 CBOHCTBO JaeT
MHOT'OYHCJIEHHBIE CIIOCOOBI MOJIyYaTh KOHUKU UCXOMS U3 MPSMBIX W KOHUK.

IIpumep 1. [Ipameie [ u I’, a Takxke Touku A, O u O’ GUKCUPOBAHEL.
Ipsimast YY’, rioe roukn Y u Y’ jexxar Ha npsimbix [ u [’, Bpamaercs BOKpyT
roukn A. IIpamere OY u O'Y’ nepecekatorcs B rouke X (puc. 1.47). Torma
TOYKa X JBUIKETCS 10 KOHUKE.
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IIpumep 2. IIpamas [ u Touku O u O pukcuposansl. Touka Y asuzker-
cs 110 upsamoit (. Ilpsmbie, nonydennsie u3 upsambix OY u O'Y noBoporom
Bokpyr O u O’ Ha GUKCHPOBAaHHBIE YIVIBL ¢ U () COOTBETCTBEHHO, IIEpe-
cekarorcg B Touke X (puc.1.48). Torma Touka X nBuKercd mO KOHEKE,
npoxojgiieit uepe3 rouku O u O'.

Puc. J1.47 Puc. /1.48

IIpumep 3. B mpumepe 2 Toduka Y MOXKeT JABUTAThCA HE TOJBKO IO
npsmoii [, Ho 1 o KoHuke C.

JlBoiiHOE OTHOIIEHUE TOYEK HA KOHUKE MOXKHO OIPEIEJIUTH U IIO-IPY-
romy. IIpoBenem i 3roro B TO4uke X; KaCaTeJbHYIO I;; 3aT€M IPOBE-
JIeM K KOHWKE IPOM3BOJIbHYIO Kacareabuylo [. [lycrs npsamas x; mepeceka-
et | B rouke Y;. Torma [X, X,, X3, X4| =[Y1, Vs, V3, Y,]. Jokazareancrso
9TOT0 YTBEPKIEHUS JOCTATOYHO MPOBECTH Ijid OKpyxkuHOocTH. Ilycth O —
[EHTP OKPYKHOCTHU, [ — TOoYKa KacaHus MPAMOi | ¢ OKpyzKHOCTBIO, O] —
TOYKa, AmamMeTpasbHo nporusonosnoxuas L (puc. 1.49). Ipaveie O, X; n
OY; nepueHnuKyaapHbl npamvoit LX;, m03ToMy OHHU IapaJule/ibHbI, a 3Ha-
aur, ZLOY; = /L0 X;. Caenosarensro, sin X;0; X; = sin Y;0Y}, nosromy
[0:X,, 0:X,, 0,X3, 0,X,] =[0Y;, OY,, OYs3, OY,].

HeszaBucumocts apoiiHoro oraomenus [Y;, Ys, Vs, Y,] or BeIGOpa Kaca-
TeJIbHOM | TOXKEe MMeeT WHTEPECHbIE MPUJIOXKeHus. PazbepeM oauH mpumep.

Teopema 5. Tpeyzosvruru ABC u A’B'C’ onucanv. 60kpye xonuxu I'
(m. e. ux cmoponv uau npodoasicenusn cmopon kacaromes I'). Toeda mouku
A, B, C, A", B u C' aescam na 00noti Konuxe.

JokaszaTesnbcTBO. Boibepem B KaduecTBe KacaTeabHbIX [ u I’ mo of-
HOU cTOpoHe Kaxaoro u3 Tpeyroabankos ABC u A’B’C’, nanpumep cro-
poust BC u B'C’. Ilycte X, X5, X3 u X, — TOYKH KacaHUs OCTAJIbHBIX
CTOPOH TpeyroabHuKa ¢ KOHHKOH (pmc.1.50). Ecim xacarenpras B TO9-
ke X, mepecekaer npsamere [ u !’ B Toukax Y; u Y, To coorBercrsue Y; — Y/
npoekTuBHOe. [TosTomy Toukm mepecedenus npsambix AY, u A'Y; mexxar Ha
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KOHUKe, Ipoxonsmeit depe3 Touku A u A’. fcro Takxe, ato AY/ NA'Y, =B,
AY,NAY,=C, AY,NAY; =B u AY,NAY,=C". O

Puc. J1.50.

CaencrBue (teopema Iloncene gyia rpeyrosmbuuka). Ecau konuxu I')
u 'y maxoswv, wmo cywecmeyem mpeyzoavruk, enucarnhoili 6 1'y u onu-
cannuli soxpye I's, mo makxuxr mpeyzosvrukos beCKOHEUHO MH020: 410064
mouka Konuxu 'y wmooicem cayorcumos 6epwurott MaKoz0 MPeY2osvbHUKA.

HokaszaTeascTso. [Iycrs Tpeyronsauk ABC Buucan B [') u onucan
BOKpyT ['y. Ilposenem xopay A’ B’ kouuku I, kacarouryrocs ['y. I3 Touek A’
u B’ npoBesem KacaresbHbIe K ['; OHE mepecekyTcs B HeKOTOpoi Touke C'.
Cornacao Teopeme 5 Touku A, B, C, A’, B’ u C' nexar Ha OIHOI KOHUKE.
C apyroit croponsl, uepe3 ustb Touek A, B, C; A’ u B’ MOXHO 1npoBecTu
€JIMHCTBEHHY0 KOHUKY: 9Ta Konuka — ;. CiemoBarenbuo, rouka C' jiexur
Ha I';. O
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Sagaun

H.25. JokaxkuTe, 9T0 BCe KOHHUKH, NBOWCTBEHHBIE (OTHOCHTEIBHO KO-
2

x
mukn 22 + y? + 2% = 0) xoHmKaM ——— + Y — 22 npoxomdT Tepes TOUKH

a—A b—A\
(£1, £i, vVa—b).
.26, JTokaxxkure, 9T0 BCe KOH(POKAJIbHBbIE KOHIKI UMEIOT 4 00mux Ka-
caTeJIbHBIX, Ipoxoadmmx depe3 rouku (1, i, 0).
J1.27. Jokaxure, aro depe3 npsmyo | 8 CP? me comepxamyiocs B
HEBBIPOXKIEHHON KBaJIpuKe (), MOXKHO MPOBECTH POBHO JBE KacaTeIbHBbIE
IJIOCKOCTH K 3TON KBaJPUKE.

§ 5. JomosHuTE IbHBbIE BOIIPOCHI HEEBKJINOBBIX
reoMeTpuii

3amMmouieHne TpeyrojibHuUKamMu c@epsbl, ILJIOCKOCTHU
" 1tockoctu JlobaueBckoro

PaccMoTpum Ha €BKJINIOBOH MJIOCKOCTH KPUBOJUHEMHBIN TPEYrOIbHUK,
00pa30BaHHBIN TPeMs JyTaMU OKPYKHOCTEH WU OTpe3KaMu MpaMbix. s
TAKOI'0 TPEYroJIbHUKA MOXKHO PACCMOTPETH IPYIIILY, HOPOXKIEHHYIO OTPaXKe-
HEAMHA (CHMMETPHAMH) OTHOCUTEIBHO ero cropon. Hac GyayT uaTEpecoBaTh
TPEYTOJIbHUKH, [IPU OTPAXKEHUSIX KOTOPHIX OTHOCUTEIHHO CTOPOH TIOJIY Ia€T-
Cs 3aMOITIEHNE, T. €. UX 00pa3bl IPU OTPAKEHUAX JIMOO COBIIAIAIOT, JIMOO HE
MMEIOT OOIUX BHYTPEHHUX TOYeK. [Ipm 9TOM coBmaieHme moapa3yMeBaeTcs
[IOTOYEYHOE, T. €. COBIIAJAIOT HE TOJHKO CAMU TPEYTOJbHUKY, HO U BCE UX CO-
OTBETCTBEHHbIE TOUYKH. Hanpumep, npaBUiIbHBIA TPEYTOJIbBHAK U €ro 00pa3
[IpA CHMMETPHH OTHOCUTEIHFHO BBHICOTHI IOTOYEYHO HE COBIIAJAIOT.

He repsist 0b61iHOCTH, MOKHO CIMTATD, YTO JIBE CTOPOHBI KPUBOJIMHEHHO-
IO TPEYTOJbHUKA SIBJISIIOTCS OTPE3KAMU MPSMBIX (9TOr0 MOXKHO JOOUTHCS,
CIIeJIaB MHBEPCHIO C EHTPOM B OJHOI M3 TOYEK IepecedeHns OKPYKHOCTEI,
COZIEPKAIIUX CTOPOHBI TPeyroJabHuKa ). O6pasbl TPeyroJbHUKA [IPU OTPazKe-
HUAX OTHOCHATEJIGHO ABYX IPSMOJIAHENHBIX CTOPOH COCTABJIAIOT 3aMOIIEHIE
TOrJIa M TOJBKO TOTJA, KOTJIA YroJl MeXKJy THMU CTOPOHAMHU DaBeH /M,
rae n— HarypajibHoe 9ucio. (Eciau He TpeGoBaTh IOTOYEYHOrO COBIAIECHUS
06pa30B, TO YroJl MOXKeT ObITh paBeH U 21t/n.) I109TOMY HCKOMBII TPEyToiIb-
HUK [I0JDKEH UMeThb yIiibl (%/p, ©/q, &/r); mia Kparkoctu GyneM rOBOPUTH,
9TO TAaKOil TPEYTOJBHAK MMEET THIl (P, ¢, T).

3anada 06 OTparKeHUsIX KPUBOJIMHEHHOIO TPEyTOJIbHIKA C yIIaMu o, 3, ¥
B 3aBHCHMOCTH OT 3HaKa 4ucia o+ 4+ y — 1 pakTu4ecKn ABIAETCs 33,13~
el cpepudecKoil, eBKIMIOBON U rumepboandeckoii reomerpun. TodHee
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roBopd, B ciaydae o+ 3+ v — 1 > 0 JOJKHBI JOIOJHUTEIHHO BBIIOIHATHCS
TPH HEPABEHCTBA BUJa o + (3 <y + T, HO Aus TpeyronbHuka THua (P, ¢, 1)
TaKVe HEPABEHCTBA BBIMOJHIIOTCA aBTOMATHIECKN.

ITosicanm Gosiee moapo6GHO, 9TO MBI MMeeM B Buty. Hanomuum, 9T0 cTOPO-
ubl AB u AC xpuBosuseiinoro Tpeyrojbauka A BC MOXHO CIUTATH OTPE3-
kamu npambix. [Iycte O —neHTp OKpy2KHOCTH, comepzkameii nyry BC. Ecin
rouku O u A nexar 1o oxHy cropony or upamoit BC, o a+p+y>n, a ecian
roukn O u A nexar 10 pasHsie croponsr oT upsmoit BC, To a4+ + v < .
ITosTomy o+ 3 + Y = 1 JmIIb B TOM CiIydae, Ko-
rma BC' — orpe3ok npsamoii. Takum obpaszom,
ecan o+ 3 + Y =T, TO MBI HOJIyIaeM 3313y 00
OTPaKEHUSX OTHOCUTEJIBHO TPEX E€BKJIMIOBBIX
MPSAMBIX.

Paccmorpum  Temepb  citydali,  Korma
o+ B4y <m, T.e. HEHTP OKPyKHOCTH S, OZEp-
xameht ayry BC, u Bepmmua A jexar mo
passble croponbl or mpamoii BC. Ilposemem

Puc. /1.51 n3 Touku A xacarenpabie AP u AQ x oxpyx-

Hoctu S (puc. 1.51). IIycTh S; — OKPY?KHOCTH

pammyca |AP| ¢ nearpom A. Torma croponst Tpeyronbauka ABC aBiagiorcs
runepOoIMIeCKIME MpAMbIME Jjist Momesn [lyankape B kpyre S;. ZcHo Tak-
2Ke, 9TO CHUMMETPUU OTHOCUTEIHHO CTOPOH KPUBOJIMHENRHOIO TPEYrOJIbHUKA
ABC 9BASAIOTCS CHMMETPUSAMU OTHOCUTEHHO THMEPOOJUIECKAX MPAMBIX.

910 npocToe pacCyzKeHne NMeeT BAJKHOE CIeACTBHE: B Caydae o + 3 +
+ v < T Bce 00pa3bl KPUBOJUHEHHOTO Tpeyroybanka A BC mpu 0TpaXKeHusIx
OTHOCHUTEJILHO CTOPOH JIe?KAT JInOO BHYTPH HEKOTOPOI'O KPyra, Jubo B HEKO-
TOPOI MOJIYILIIOCKOCTH.

Ham ocraercs pasobparp ciaywait o+ 3+ v >n. Takoe HepaBeHCTBO
ere He 00eCIeYnBaeT CyIMIeCTBOBAHUS C(hePUIECKOro TPEyroJIbHUKA C YIyIa-
Mu o, 3, y. /lonoTHNTENLHO MOMKHBEI BBHINOJHATLCA TPH HEPABEHCTBA BH-
Ja o+ (B <m-+y, ZBOMCTBEHHBIX HepaBeHCTBaM BHJa a + b >c. Ho ecom
o, B, Y <7/2, To HepaBeHCTBO o+ (3 < T+ Y BHIIOJHAETCS ABTOMATHIE-
cku. [losromy O6ymem cauTarh, 9YTO CymIECTBYET C(hepUIeCKuil TPEYTOJIbHUK
ABC ¢ yruamu o, $ u y. Crepeorpadudeckas MIPOEKIHS ITOIO TPEYTOJIb-
HUKa Ha IJIOCKOCTh, Kacalommyiocsa cdepsl B Bepmumue A, mpemcraBiiser
coboit KpHBOJIHHENHbIH TpeyronsHuk AB'C’ ¢ yrmamu o,  u vy, mpodeMm
yroa A mpsimosiuHeHHbIA. JIerko mpoBepuTh, YTO €CIM KPUBOJIUHEHHBIE TPe-
yroapauku AB'C’ u AB,C| ¢ COOTBETCTBEHHO PaBHBIMU YIJIAMH HMEIOT
obImit npsiMOJIMHEHHBI yros A, TO ST TPEYroJIbHUKUA IOMOTETHYHBI C
neaTpom romoreruun A. B camom gene, eciim O’ mw O — OEHTPHI OKPY2KHO-
creit, conepxanux ayru B'C’' u B;C}, To Tpeyroasauku O'B'C' u O, B, C}
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SIBJISIFOTCS PABHOOEIPEHHBIME TPEYTOJbHUKAMU C I1aPaJlIeIbHBIMU DOKOBbI-
MM CTOPOHaMH, a 3Ha4uT, ux ocaoBanus B'C’ u B; (| Toxe mapaJuiebHbl.
ITosToMy, m3MeHUB pu HEOOXOAUMOCTH PAIUyC CGEpbI, MOXKHO I0OUTHCH
TOro, 9T00BI 00pa3 CHEPIUIECKOr0 TPEYTOJbHUKA [IPU CTEPEOrpaduIecKoin
MIPOEKINH COBIAIAN C PACCMATPUBAEMBIM KPUBOJIMHENHBIM TPEYTOJbHUKOM
Ha ILUIOCKOCTHU. $ICHO TakKe, 9TO CHMMETPHUH OTHOCUTEIHLHO CTOPOH KpH-
BOJIMHEHOI'O TPEYTOJIbHUKA COOTBETCTBYIOT CHUMMETPHUAM OTHOCHUTEJIBHO
CTOPOH C(EPUIECKOr0 TPEYTOJbHHUKA. B camom gese, Touku A u B cum-
METPUYHBI OTHOCUTEIBHO CepuduecKoil mpsiMoil [ Torga u TOJIBKO TOTIA,
Korza Jiobasi cpepuaeckast OKPYKHOCTh IepeceKkaeT chepudecKyo IPsSMYo
| mom mpsambiM yriiom. IlosTomy mpu crepeorpadudaecKoil IpOeKIuu TOYKM,
CUMMETPUYHBIE OTHOCUTEIHLHO C(heprUIecKoil mpsiMoii [, mepexofaT B TOYKH,
CUMMeTPUYHbIE OTHOCUTEJIBHO 00pa3a [.

YT00bI HATH BCE BO3MOXKHBIE C(hepPUIECKIUE U €BKJINIOBBI TPEYTOJbHUKA
¢ yrmamu (n/p, n/q, ©/ 71"), H%/'}KH{) PEIIUTh B HATYPAJBHBIX YUCJIAX COOTBET-

CTBEHHO HEPaBEHCTBO — + — + - > 1 u ypaBHeHHe > + 2 + o= 1. Mozxno

cunTaTh, 9T0 p < ¢ < r. Torma B 0bomx ciygasx p < 3. Heciaoxusiit mepebop
upuBoAMT K cepudeckuM TpeyrojbHuKam Tuna (2, 2, n), (2, 3, 3), (2, 3, 4),
(2, 3, 5) m eBkIMAOBBIM TpeyronpHUKaM Tuma (3, 3, 3), (2, 4, 4), (2, 3, 6).

Henocpeacreerno MoxkHO yOeamTbCsi, 9TO 0Opa3bl BCEX YKA3aHHBIX
TPEYTOJIHHUKOB IPH OTPAXKEHHAX OTHOCHUTEIHHO HX CTOPOH COCTABJISIOT
3aMotieHre cdepbl WA €BKINIA0BOHM ILUIOCKOCTH. JIjisi €BKIUIOBBIX Tpe-
yroJapHUKOB cM. puc. J1.52. [las 06pa3oB cheprudeckux TpeyrobHAKOB IIpH

VIRATSY
ATTRA
TRATY
ATTIA

Puc. J1.52.

crepeorpaduyYecKoil MPOEKINA MOXKHO HAPUCOBATH AHAJOIMYHBbIE KAPTHUH-
ku. B mepBpIX aByx HamboJiee MPOCTHIX ciaydaax cM. puc. J1.53. Ormernm,
49T0 TpebyeMble 3aMomieHusi chepbl (KpoMe IepBOH CepUH TPEYrONbHUKOB)
MOXKHO MOJIyYUTh cjexyommMm obpazom. CoenuHUM LEHTD KaxXKI0H rpa-
HU IPABHJILHOIO MHOTOIDAHHUKA C BEPIINHAME U CEPEIUHAMEI CTOPOH ITOM
rpaHy. 3aTeM MOJIy9eHHYIO CHCTEMY OTPE3KOB (BMeCTe ¢ pebpamu) crpoenu-
pyem Ha ommcaHHYIO cdepy u3 ee meHTpa. lorma /i TeTpadapa MOy IuM
CHCTEMY TPeyTOJbHUKOB Tuma (2, 3, 3), Mg Kyba W OKTas[apa IOJIyduM
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Puc. JI.53.

cucTeMy TPeyroJabHuKoB Tumna (2, 3, 4), a JJjid IOAEKadapa W HKOCAdIpa
HOJIy9UM CHCTEMY TPEyTOJBHUKOB Tuna (2, 3, 5).

Yro066r HafiTH BCE BO3MOXKHBIE TUIIEPOOIMIECKUE TPEYTOJIBHUKHN C yIJIa-
mu (7/p, ©/q, 7/r), Hy?KHO PEMIUTH B HATYPAJbHBIX YHCIaX HEPABEHCTBO

— 4+ = + — < 1. 9TO HEPABEHCTBO BBIMOJIHIETCS JJIs BCEX TOCTATOYHO OOJIH-
p q r
[IUX 9HCENI P, ¢, T, TOITOMY OHO MMeeT DECKOHETHO MHOTO perneHnii. MoKHO
1 1 1
JI0Ka3aTh, 9TO eciiu — + — + — < 1, T0 06pa3bl runepOoImIecKOro TPEYroib-
T

HEUKa TUOA (P, ¢, T') IPH OTPAXKEHUSIX OTHOCUTEJIBHO CTOPOH 3AIIOJHSIOT 63
HepeKpPLITUl BCIO TUIepboIMYecKyio IJIOCKOCTb, JTO CJelyeT U3 TeopeMbl
ITyarkape 0 3aMOIMIEHAAX THIepOOITIeCKOl MII0CKOCTH MHOTOYTOIbHIKAMHI
(cm. c. 245).

DyHaaMeHTAIbHASA 00JIaCTh MOYJISIDHOM IPYIIbI

IIycts G —rpynmna, mopoxkieHHAsT OTPAKEHUSAMI OTHOCUTEIHLHO CTOPOH
tpeyronbauka T ¢ yraamu (n/p, n/q, n/r). Torma cdepy, mwIockocTs wiam
ILJIOCKOCTH JI00a4eBCKOI0 MOXKHO IPEJACTABUTH B BUJIE OObEIMHEHUS TPeE-
yronbuukoB g1 (g € G), npudem tpeyroibHuUKH g1 u gT upu g # g»
HEe UMEIOT OBIIX BHYTPEHHUX To4uek. llociienHee cBORCTBO 0becneanBaeTcs
TpebOBaHMEM MOTOYEYHOrO COBIAJEHNs 00Pa30B TPEyroJbHUKOB. B camom
Jeie, ecau TpeyroabHuku g1 u g, T MMeroT ObIMyI0 BHY TPEHHIOIO TOYKY, TO
g1(x) = go(x) nya Beex x € T, a 3HA9AT, g = L.

HazoBem tpeyrompuauk 1T ¢yndamenmanrvroti obaacmoro rpynnsl G.
910 ompemesieHne IOMYCKaeT cienyomiee obobmmenue. Ilycts G — noarpym-
[a TPYINbl ABUXKEHUN cdepbl, MIOCKOCTH Wid IIocKocTu JlobadeBckoro.
Haszosem D ¢yrndamenmanvroti obaacmoro rpynmsl (G, eCiid BBIIOJIHAKTCS
CJIeIyFOIIME YCJIOBHSL:

1) D —Beinykuiblii MEOrOyrobHEK (B Citygae mrockoctu JlobageBckoro
y Hero MoryT GBITbH GECKOHEUHO yIajleHHbIE BEDIIMHBI U CTOPOHBI);
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2) muoroyronpEuku gD (g € G) MOKPBIBAIOT BCIO ChEPY, MIIOCKOCTD UK
1ockocThb JlobageBckoro;

3) mHOrOyrOMBHUKY g1 D 1 g D ipu g; # g» He IMEOT 00IIUX BHY TPEHHUX
TOYEK.

OrmernM, 910 He y JE000H HOArPYNIBI TPYIIBI JBUKEHUN €CTh (DYyH-
JaMeHTaJbHas obsacTh. Hampumep, y Bceit rpymnmbl ABM2KeHuiT HET dyHIa-
MEHTAJIbHON 00/1acTH.

B kaugecrBe npocroro npumMepa Haiigem dyHIAMEHTAJIBHYIO 00J1aCTb J1JIs
MOATPY LI COOCTBEHHBIX IBUKEHUI B IPYIINE, TOPOXKIEHHON OTPaKeHUSIMA
OTHOCHUTEJIbHO CTOPOH Tpeyrojibauka 1 tuna (p, ¢, r). Illycrs s — cummerpus
OTHOCUTEJbHO OHON m3 cTopoH TpeyroabuHuka 1. Torma obbemumenue T
¢ sT upencraBisger coboil HCKOMYIO (DyHIAMEHTAJbHYIO 001acTh. UTOOBI
JIOKa3aTh 3T0, pa300beM TpeyronbHUKE Buga g1 Ha maper {gT, gsT'}. dto
MOXKHO CJIeJIaTh, TIOTOMY YTO TPEYTOJbHUK gS1 OIpenessieT Ty Ke CaMylo
napy, rak kak (gs)sT = gT.

Ilepeiinem Temeps K 6oJiee MHTEPECHOMY IpuUMepy (DYHIAMEHTAJIHHOM 00-
nmactu. HamomanM, aro B Mogenu Ilyankape B BepxHE OTYIIIIOCKOCTHA COO-

az+b
CTBEHHBIE IBUKEHUS NMEIOT BUT 2 — rae a, b, c,deRuad—bc=1.

cz+d’
I'pynny marpui pasmepoM 2 X 2 ¢ BelIeCTBEHHBIME JIEMEHTAMU U OIpeIe-
mmrenem 1 o6ozmagaror SL(2, R). JIro6bM AByM IPONOPIMOHAILHBIM MAT-
punaM (M TOJBKO MM) COOTBETCTBYET OJHO M TO K€ IPOOHO-IMHENHOe mpe-
obpaszosanne. ITosromy rpymma cobcrBenHbIx aBrkeHuil miockocru Jloba-
geBckoro uzomopdua dakroprpymme SL(2, R)/+I = PSL(2, R); 3necs [ —
enuanyHasg Marpuna. B SL(2, R) ecrs Baxknag mox-
rpyuna SL(2, Z), cocrosdmas u3 MaTpUIL C IeJI09UC-
JIEHHBIMU dJIeMeHTaMu. Eil cooTBeTcTByeT moarpyi- <
na PSL(2, Z) 8 PSL(2, R). I'pynmy PSL(2, Z) na3sr-
BaIOT MOOYAAPHOU 2pynnot. %
Teopema 1. Tpeyeoavrux D ¢ yeaamu

(0, g, g), u3obpasicernnvili wa puc. .54, asasemca

IS
[=X)

Wl
— e

PyrdamernmanrvHoti 06,4acmvI0 MOOYAAPHOT 2PYNNDL.
HokasarenbcrrBo. Paccmorpum B rpynne

G=PSL(2, Z) snementsr S(z)=—1/zuT(z)=z+1. Puc. [1.54

Onu mopok1arT HeKOTOPYI moarpymnmy G'. Msr qo-

KaxkeM CHadaja, 9ro D — dyHmamenTagbHas obmacts rpymnnsl G, a 3aTem

nokazkeMm, aro G’ = GG, T. e. smemenTsl S u T nopoxaaT BCo rpymuay G.
ITpex e Bcero mposepmuM, uro Tpeyroasanku g'D (g’ € G') nokpeBaooT

BCIO mI0ckocTh JIobauesckoro, T.e. ecau Im(z) > 0, To g’z € D mua mexoro-

poro g’ € G'.
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JIemma 1. Ecau Im(z) >0, mo npu g € G seavuuna Im(gz) npunumaem
AUWD KOHEYHOE YUCAO 3Haverul, npesocrodauur Im(z).
dokazaTenabcTBo. dcHO, 9TO

Im(gz) =Im (

az—l—b) o adz+bcz _ Im(z)
cz+d lez +d|2 ez +dJ?’

ITosromy Im(gz) > Im(2) sumb B TOM ciydae, korna |cz + d| < 1. ITocaenuee
HEPABEHCTBO BBIMOJIHAETCS JIUIID /I KOHETHOI'O MHOZKECTBA I1ap TEJIbIX IH-
cex (¢, d), npuaem nyst Kaxk o Takoil maper Benmanaa Im(gz) onpenenena
OHO3HAYHO. O

I'pynna G’ comepxkurca B G, Mo3TOMY I JIFOOOH TOYKW Z B BEPXHEN
MOJIYIJIOCKOCTH MOXKHO BBIOpaTh 3jeMenT g’ € G, 1jig KOTOPOro BeJINYnuHA
Im(g’z) makcumanbhra. [Ipeobpasosanne T(z) = z + 1 He H3MEHAET MEAMYTO
9aCTh 9UCIa 2, HOITOMY JJif HEKOTOPOro anaementa w = 1%g’z, k € Z, BbI-
nosmHsiercss HepaseHCTBO |Re(w)| < 1/2, a Besmumaa Im(w) mo-mpexxnemy
MaKcuMaJbHa. B gacTHOCTH,

Im(w) > Im(—l) = M

IMostomy |w| > 1, a 3mauur, w € D.
Jlemma 2. FEcau z — suympenmas mouka obaacmu D u gz € D Odas

g € G, mo g —mootcdecmseennoe npeodPa3osaHue.

az+b
Hokazareabcrso. [Iycrs g(z) = T PaccvorpuM cHagama Ciry-
cz

qait ¢=0. B arom ciyuae ad=1, t.e. g(z) =z £ b. Ecimm b # 0, To mumb
1uts mpeobpazosannii g(z) =z + 1 06pa3 mHO)KecTBa D mepecekaeTcs: ¢ MHO-
xkectBoM D. Ho ux mepecedenue npunamiexkur muoxectBy |Re(z)| =1/2,
KOTOpOE HE COJEPIKUT BHYTPEHHUX TOYEK MHOXKecTBa D.

IIpeanosoxum reneps, aro ¢ # 0. Torma

(=% -2
gz ¢ clez+d)’
O9TOMY J .
‘g(z) - ’z o= = (/1.26)

Yucna a/c u d/c BeleCTBEHHEL, I09TOMY MHUMbIE 9acTH duced g(z) —a/cu
z + d/c paBEBI MEEMBIM 9acTaM gucen g(z) u z. A Tak KaK MHAMAs 9aCTh
060it Toukn obmacti D me membme +/3/2, momymm umcen g(z) —aj/c u
z+d/c Toxe me menbme /3/2. Crenosarensuo, |c| < 2/v/3, npmaem ¢ —
HEHYJIEBOE IIeJIoe 9uCja0. TakmMm o0pas3om, ¢ = £1, MO3TOMY COOTHOIIEHHE
(.26) MoxkHO 3ammcaTh B BHIE

lg(z) Fal |z xd =1
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Ho ecnu g(z) € D u z—BHyTpenHss To4uka obactu D, To jist JH00bIX HEeJIbIX
qucest ¢ u d BBIIOJIHSIOTCH HepaseHCTBa |g(z) Fal > 1, [z +d| > 1. O

W3 neMMBI 2, B 9aCTHOCTH, CIEAYeET, 9TO JIJIs HECOBIIAIAIOIINX YJIEMEHTOB
g, u g, rpynnsl G’ mHOXKecTBa g; D u g, He MMEOT OOIMX BHYTPEHHUX
togek. Takum obpazom, D — dysmamerTaabHas obaactb rpynnst G'.

Teneps MoxkHO 6€3 Tpyna mokasarb, 4ro G = G'. B camom xeste, mycrb
g — IPOU3BOJIbHBIHM 3jieMeHT rpynnbl G. Bo3bMeMm npou3Bo/ibHYIO BHY TPEH-
HIOI0O TOYKYy 2 obmactu D. Touka gz JjiexKUT B BepxXHEH IOJIYIIOCKOCTH,
HO9TOMY CyIIeCTBYeT djieMeHT g’ € G, nyia koroporo g'(gz) € D. Jlpuxkenue
g’g € G nepeBOIUT BHYTPEHHIO TOYKY 2 00JacTu

A
D B mekoropyto Touky obsactu D. Ilosromy cormac- P
HO JieMMe 2 mpeobpa3oBaHue g’ g TOXKIECTBEHHO, T. €. B “o D
g=(g) ' eq. —

JloKa3aTeIbpCTBO TEOPEMBI 3aBEPIIIEHO. O

DynnamentanbHas obiacts rpymnnsl PSL(2, Z)
OpeacTaBiasgeT CobOfl  TPeyroJbHUK C  yTJIamMu
(0, /3, ©/3). Ho ee ynobmee paccmaTpuBaTh Kak Puc. JI.55
gerbipexyroabauk ABCD ¢ yrinamu 0, /3, ©, ©/3
(puc. 1.55). Temo B TOM, 9TO CTOPOHBI ITOTO YeTHIPEXYTOJbHUKA DPa3-
OUBaIOTCS Ha Tapbl; CTOPOHBI KaXKIOH Hapbl MEPEBOAATCS APYT B JIPyra
HEKOTOPBIME 3jieMeHTaMu rpynnsl PSL(2, Z).

Teopema Ilyankape o dbyHmgaMeHTaIbHOM MHOIOYTOJIbBHUKE

Paccvorpenabie HamMu mpuMepbl 3aMOITeHnit chepbl, INIOCKOCTH U TIJI0C-
Koctu JIobadeBCKOrO TPEYTONbHUKAMU MOKA3BIBAIOT, UTO Hanbojee CIIOXK-
HYIO0 CTPYKTYPY HMEIOT 3aMOIeHns IockocTu Jlobadesckoro. Tem mHe me-
Hee, MOYXKHO OINCATh BCE BBIILYKJIbIE MHOIOYTOJIBHUKHU Ha Itockoctu JIoba-
9EBCKOr'0, KOTOPBIE CIIyKaT (PYHIAMEHTAJIHHBIMI 00JIaCTAME IPYIII, COCTO-
AmMuUX U3 coOCTBEeHHBbIX ABrkeHuil. [loguepkHem, 4To B OwjiM4YmMe OT 3aMO-
[IEHU TPEYrOJbHUKAMH PEYb Telnepb OyIeT WATH TOJHKO O COOCTBEHHBIX
npmkeHnsax. Ho 9T0 He MemaeT OTHOBPEMEHHO MOJIYIaTh PE3YJIBTATHL O 3a-
MOIIEHUSX TPeyroJbHUKaMu. Jlej10 B TOM, 9TO €C/Iu CKJIEUTb TPEYTOJbHUKA
T u sT, roe s — cuMMeTPUs OTHOCHATEIHLHO OJHOU M3 CTOPOH TPEYrOJIbHU-
ka T, To B pe3ysbprare moaydnTcsa pyHIaMeHTaJbHAs 00aacTh [ rpymibl,
COCTOSIIIEH JININD U3 COOCTBEHHBIX IBUXKEHUN. A M3 3aMOINEHUs IIOCKOCTH
JlobaueBckoro obpazamu dburypst D jerko HoaydIuTh 3aMOIeHe obpa3zaMu
TpeyroJibHuKa 1.

IIycte M — BBIDyKJBII MHOIOYrOJIBHHK HA ILUIOCKOCTH JloDadeBCKO-
ro. Mbl OrpaHuYUMCS CJIy4aeM, KOIJa MHOrOyroJibHUK M KOMUIAKTEH,
T.e. y HEro HET BepIWH, Jiexkarmx Ha abcosrore. Ilpemmosioxkum, 4ro
M — dysmamenTanbHas 00/1aCcTh HEKOTOPOU rpynmbl (G, COCTOAMIEN JIAIID
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n3 cobcTBeHHBIX npuzkeHuit. Ina dyHmamenTanbHOit obgactu M MOXKHO
paccMoTpers MHOroyrosasHukn Buma gM (g € G), mepecedeHns: KOTOPBIX
¢ M HemycTble; TAKUX MHOTOYTOJBHUKOB KOHEY-

HOe 4mncjo. llepecedeHne BBIMYKJIBIX MHOXKECTB

M wu gM He mMeeT BHYTPEHHHX TOYEK, IIOITO-

gM MY OHO SBJIETCS JUOO0 TOYKOI, MO0 OTPE3KOM.
Bce orpesku Buma M N gM wazoBem cmopona-
Mmu dyHIaMeHTaIbHON obnactu M, a Bce TOUKH

M
Tpoiiabix mepecedenuit M N gM N hM HazoBeM
sepwunamu GyHIAMEeHTAIBHONU objactu. Kon-
Puc. 1156 aM# KaXKJ0W CTOPOHBI (DyHIAMEHTAIbHONW 00-
Huc. .

JIACTH SIBJISIFOTCS BEPIIMHBL (DYHIAMEHTAJIHHON
obsactu. Ormerum, 4ro BepiuHA QYHIAMEH-
TanbHON obsacTu M He 00s3aHa OBITH BEPHIMHONW MHOTOYroJbHHUKA M
(puc. 11.56).

K xaxmoit cropore a dyHmameHnTanbHOi objsactu M OpUK/IENBAETCS
HEKOTOPBI MEHOrOyTOMBHUK g(M ), mosromy a = g(b), rme b—HekoTopas cTo-
pona dyHaamenTaabHoO obsactu M. flcHo, 94T0 K cTOpOHE b IpUKJ/IeuBaeTCs
cropora g~ '(a) dyrmamenTtambroil obmactm g~ !(M). IlosTomy cTOpPOHBI
dbysramenTaabHOM obsacTu M pa3buBarOTCA Ha Mapbl CTOPOH, IIEPEBOZS-
[UXcs ApyT B apyra npuxkenusMu g € (G. COOTBETCTBYIOIINE TBUXKEHUS &
HA3bIBAIOT JBUKEHUIMU, CNAPUBGIOUUMY CTIOPOHDL.

Cuyuait a = g(a) me uckiouen. JIerko mpoBepuTh, 9T0 COGCTBEHHOE JIBU-
xKeHue g # id nepeBoguT OTPE30K B CeDs JIMIIb B TOM CJIy4dae, KOraa g —
CHMMeTPHSI OTHOCUTEJILHO CEPEINHBL 0OTPe3Ka. 11oaToMy oT curyarmm, Korma
a=g(a), MOXKHO n36aBUTHCH, JOOABHUB K YHCJIy BEPIINH CEPEIUHY OTPE3KA d.
[TomuepkHeM, 9TO BEPIIUHBI TAKOIO TUIA T00ABJIAIOTCS JIUIIb JJIS TOTO, YTO-
OBl CTOPOHBI B Mapax ObLIM pas3nudHbl. Eciau >Tu BepmmHbl HE 100aBIIATD,
TO HUKAKUX JAPYrux OCJIO>KHEHUIT HE BO3HUKAET.

Kaxmoe gBuzKeHne g, CIapuBaoIIee CTOPOHBI, IEPEBOAUT APy BEPIIHH
Ay, Ay, B npyryio napy Bepmmua g(A,), g(A,). Coequunm Bepmmasl A; u
g(A;) opueRTHpPOBAHHBIM Pe6POM; TBUKEHUIO &' COOTBETCTBYET TO K€ Ca-
Moe pebpo, HO ¢ apyroii opuenrtamueii. [IpoBemem Takme pebpa s BCex
criapuBaromux apmkeHnii. B pesyabrare mosmyanm HekoTopsiit rpad. Kax-
JTO¥i BEPIIIIHE COOTBETCTBYIOT POBHO JIBA CIIAPUBAOIIIX [BUKEHISI, IOITOMY
u3 KaxXk7oil BepmuHbl rpada BBIXOIAT POBHO 1Ba pebpa. Takmm obpaszom,
[IOJTy YeHHBIA Ipad COCTOUT M3 HECKOJIBKUX IUKJIOB. Bepuimubl, BXoAdIue B
OJIUH IIMKJI, HA30BEM IKEUBAAEHMHHLMU.

Paccmorpum muka A, ... A,. Ero pe6pa M0KHO OPUEHTUPOBATH TaK, 9TO
gi(A;) = A;;1. TlokaxkeM, 9T0 PEOOPA3OBAHUE & = &, &n_1 - - - &1 ABJIAETCH
OBOPOTOM ¢ IieHTpoM A, Ha yrom oy + ...+ o, TOe o; — yroJa mpu Bep-
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muHe A;. dcHo, 9To

g(Al) :gngn—l . gQ(AQ) — .. = Al'

IIycts a — ta cropoHa yHIaMEHTAIbHON 00/IaCTH, KOTOPYIO JIBUKEHUE g
nepeBoAuT B APyryio cropony. CoOCTBEHHOE JIBHUKEHUE

=R} 8. . Ry gRY,a

nepeBoauT B ceba TouKy A, m npsmyio a, modromy f =id. Jlerko nposeputs,
9TO JJIs JIF00OT0 ABUXKEHUS h CrpaBejInBO PABEHCTBO

hR% = R% . h, (11.27)

rme € =1 mra cobcTBeHHOrO JBUKeHMS h W € = —1 I HecOOCTBEHHOTO
IBIKeHnst h. Bocmob30BaBIINCh STHM paBeHCTBOM (117151 COOCTBEHHBIX JBU-
JKEHWIH ), [OJLyIUM

o] ..oy

f:lelgn...Rj33g2g1Rfl:...:gRAl .

CrenoBarenbHo, g = R;‘E“””'ﬂ").

Meuoroyronbauku g, (M), gngn_1(M), ..., 8u&n_1...g1 (M) umeror 006-
Y10 BepImuHy A;, IpudeM UX YTJIbl IIPU ITOH BEPIIUHE PABHBI 0y, , Oy _1, - - -
..., 0 COOTBETCTBEHHO. IIpIMEeHNM K 3THM MHOIOYTOJIbHUKAM CTEIEeHU [Ipe-
obpa3oBaHud & = g,8n_1---&1. HeoOXOOUMBIM M JOCTATOYHBIM YCJIOBHEM
TOTO, 9TO B PE3YJIHTATE TOJIyYATCS 3aMOIIEHUE OKPECTHOCTH TOYKU A, sB-
JISIETCST PABEHCTBO o + ... + o, = 2n/k, k € N.

MBI MOy YU/ HEKOTOPBIE HEOOXOAUMBIE YCJIOBUS TOTO, YTO BBIMTYKJIBIN
MHOTOYTOJIBHUK Ha TJIOCKoCcTH JlobadeBcKoro siBiisieTcs: (byHIaMeHTaIbHON
obiacreio. OKa3bIBaeTCs, 9TU YCIOBUS HE TOJIHKO HEOOXOIUMBI, HO U JIOCTA~
TOYHBI.

Teopema Ilyankape. Ilycmov swvinykavli eunepbosuveckuti MmH020-
yeoavhuk M obaadaem caedyrowumu ceoticmeamu:

1) cmoponwr mmozoyzonvhura pasbumo, wa napor {a, b}, npuvem das
KaotcAot MmaKol napov. CIMOPOH CYWLLCEYEM CNAPUBaOUWee UL cobCmeeHHoe
dsusicenue g, m.e. b=g(a) =M N g(M);

2) cymma Y2a08 Npu IKGUBANEHTNHBIL BEPUUHAT, HE ACHCAUUT Ha ab-
coarome, pasna 27/k, k € N.

Tozda M — ¢pyndamernmanvrasn obaacmo epynnot G, nopoocdernoti dsu-
AHCEHUAMU, CTLAPUBALIOULUMU CTNOPOHDL.

IHokazaTeabcTso. IIpexkae Bcero moKazkeM, ITO €CJIH MHOTOYTOJIb-
aukn M u hoM (hy, hy € G) nMeoT 0OIYI0 BHYTPEHHIOK TOYKY, TO
hy = h,. Ilpumenum K oboum MHOrOyroJbHEKaM 1peobpasosanue hi . Io-
cJle 9TOro MOXKHO Oymer cumrarh, uro h; =id. IIpeobpaszoBanue g = h,
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[pPeJICTaBUM B BHJI€ KOMIIO3UIMA [IPE0OPA30BAHUI, CIIAPUBAIOIINX CTOPOHBI:
g = 8r8k_1---&1- lpenmonoxum, aro g #id. Ilpu sToMm MOXKHO BBIOPATH
npeobpa3oBaHue g C HaUMeEHbIIeH JmHONW pazjoxenusa k. Ilycts A —
obmas BHyTpeHH#As TOuka MHOroyrojbuukoB M u g(M). Pasmoxenuro
g=g - ..&1 MOXKHO COOCTABUTH 3aMKHYTYI0 JIoMaHyt0 A, ... Ay, rme A, =A,
A, 1=g,(A,) upu s >1. Touku A, m A, | HE MOTYT COBIAATh, IOTOMY 9TO
OHU ABJIAI0TCA BHyTpeHHI/IMI/I TOYKaMn ABYX BBIIIYKJIbIX MHOI‘OyI"OJ—H)HI/II(OB7
JIe2KAIUX MO Pa3Hble CTOPOHBI OT OJIHOU NPAMOI (HpO,H‘O.H)KeHI/IS{ obmieit
cTopoHsl). I3 MUHMMAIBLHOCTH JJINHBI PA3JIOXKEHUs CJIEYeT, 9TO JOMaHas
A, ... A, Hecamormepecekaromascs. JleficTBUTeNbHO, caMomepeceKaromencs
JIOMaHOM COOTBETCTBYET CAMOIEPECEKAOIIASICS IOCJIE[0BATEIBHOCTH MHOIO-
YTOJIBHUKOB, U3 KOTOPOI MOXKHO BBIJEJINTH MEHBIILYIO 3aMKHYTYTO IIEI0YKY.
B rowm ciyuae, korna gomanas A, . .. A, nupeacrasisior coboii 06xo Bo-
KPYT OJHOHI M3 BEPIIWH MHOrOYTroJbHUKa M, mpeobpa3oBaHue g MO YCIOBUIO
SIBJISIETCS OBOPOTOM Ha, YrOJI 27 BOKPYT TOM BEPIIIH-

ubI, modroMy g = id. Ilpeamosioxkum Temeps, 4TO JI10-

MaHas [OJIy4aeTcs B pe3ysibrare OObeIuHeHus IBYX

JIOMAHBIX, MPUYEM HUX ODIIUE CTOPOHBI IPOXOIASATCS

B pa3HbIX HampasieHusix (puc./l.57). 13 paBeHCTB

By=1,Bou=1mpB = B’l caemyer, 9To ooy = 1.
! IlosTomy fyist 3aMKHYTO# JIOMAHOIH, IIOJIyI€HHOII B pe-
Puc. J1.57. 3yJibTaTe O0bEIMHEHNs HECKOJIBKUX O0XOI0B BOKDPYT

BEpIINMH MHOI'OYI'O/JIbHUKOB, TOXK€ BBIIIOJIHAETCHA pPa-
BeHCTBO g = id. ZcHO Tak>kKe, 4TO JIFOOYIO 3AMKHYTYI0 HECAMOIIEPECEKAOIILY-
F0CS JIOMaHYI0, COOTBETCTBYIOILYIO PA3JIOKEHUIO TPE0OPA30BAHUS g, MOKHO
MIpeICTaBUTh TpebyeMbIM 0Opa3oM, mosToMy g = id.

Ocraerca moKa3arhb, 9T0 06pa3bl MHOIOYIrOJbHUKA [V 3alOJHSIOT BCIO
wrockocTs Jlobagesckoro. Ilycrs X —npousBosibHag Touka. Bepmuasl MHO-
royrosibiukoB gM (g € G) 06pa3yioT C4eTHOE MHOXKECTBO, MOITOMY BHYTDHU
MHOTOyTOJbHUKA, M MOXKHO BBIOpaTh TOUKYy A Tak, uro orpe3ok X A He
COZIEPKUT HU OJHON M3 BEPIIUH MHOrOYroJibHUKOB g M. JlocTarodno moka-
3aTh, 9TO O0Tpe30K X A mepecekaer JIMIIbL KOHEYHOE YHCJIO MHOIOYTOJIbHU-
KoB gM.

PaCCTOHHHe MexKAy JAByMdA CTOPOHAaMH BBIIIYKJIOTO MHOI'OYT'OJIbHUKAQ
PaBHO HYJIIO JIWIb B TOM CJIydae, KOL[a 9TH CTOPOHBI cocemuue. [TosTomy
PaCCTOSHIE MEXKIY JIFOOBIMU OBYMS TOYKAMHU HECOCEJHUX CTOPOH MHO-
royrosbHuKa M GoJbIlle HEKOTOPOTO (PUKCHPOBAHHOIO IIOJIOKUTEIHHOTO
qucia. CienoBarenbHo, Ha orpe3ke X A PacloJIOXKEHO JIUIIb KOHEYHOE IUC-
JIO OTPE3KOB, COEIMHSIOIINX HECOCE/HUE CTOPOHBI MHOIOYIOJbHUKOB gM .
Bynem rosopurbh, 4TO OTPE30K CMA2uBaEMm BEPIINHY MHOIOYIOJbHUKA,
€CJIM ero KOHITBI PACIOJIOXKEHBI Ha CTOPOHAX, BBIXOISANINX W3 ITOH Bep-
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muHebl. [Ipeamosmoxum, 9TO mapa COCEOHUX OTPE3KOB CTATMBAET HEIKBU-
BAJIEHTHBIE BEPIIMHBI MHOrOyroabHuKoB g1 M u go M (pmc. 1.58). Torma B
MHOroyroJjbauke g1 M U g, M 0Tpe3oK, COCTaBIEHHBIN
73 IBYX PaCCMATPHUBAEMBIX OTPE3KOB, HE MOXKET CTsI-
rUBaTh BepIIUHY (B OJHY U Ty K€ TOYKY IIOIAAI0T
JIAIIb SKBABAJIEHTHBIE BEPIINHBI ), TIO9TOMY OH COEIIH-
Hsl€T TOYKM JIBYX Hecoceanux cropon. CiemoBare/ib-
HO, JJINHA IIOJIyYeHHOI'0 OTPe3Ka 0OJIbIle HEKOTOPO-
ro (PUKCHPOBAHHOTO MOJIOXKUTEIHHOTO IUCIa. TaKmM
00pa30oM, UCKJIIOYNB U3 PACCMOTPEHUST KOHETHOE THC-
JIO OTPE3KOB, MOXKHO CYUTATH, YTO BCE OTPE3KHU CTsI-
TUBAIOT BEPIIUHBI OJHOIO U TOrO K€ KJIACCA SKBHUBA-
JIEHTHOCTH.

[Ipenmomoxum, uto Ha orpe3re X A pacmosoxe-
HO OECKOHEYHO MHOIO TAKUX OTPE3KOB. B ToM ciry-
Jae, KOTJa CTATMBAEMAasi UMY BEPIIUHA HE JIEXKUT HA
abcoittore, npsaMasa X A no/kHa cuupaieodpa3Ho 00-
BUBATHCS BOKPYT 3T0i Bepmmasb! (puc. [1.59), 1ero ue
MOXKET OBITH. O

W3 nokaszarennpcTBa TeopeMbl llyamkape BumHO,
9TO BCE COOTHOIIEHUS MEXKIY CIAPUBAOIIAMA IBU-
JKEHUSMU CJIEAYIOT U3 COOTHOIIEHUH, BOSHUKAIOIIAX
npu 00X0/1€ BOKPYT BEPIIUH MHOIOYyTroJibHUKA. [Ipy 5T0M COOTHOIEHU T, BO3-

Puc. J1.58.

Puc. J1.59.

HUKaIMue 1mpu O6XO,I[€ BOKDPYI' BEPIINH OJHOI'O NUKJId, IKBUBAJICHTHBI.

IIpocrpauncrBo JIlobaueBckOro

Bce paccmorpennsre HamMu Mozenn I0CKOCTU JIobageBckoro 0b6o0IaoT-
Csl Ha CJIyd4ail M-MEepPHOr0 IIPOCTPAHCTBA, IMPUYEM JIOKA3ATEIbCTBA M30MET-
PHUYHOCTH 3TUX MOJIe/Iel MPOBOAATCS 0e3 CyIeCTBeHHBIX N3MEeHEHUH.

Hng vmonenn Kneitra w momenm Ilyankape B nm-MepHOM Imape T2 + ...
... + 2% <1 paccrogane Mexay ToakamMu A mw B MOXKHO ONpPENENTh KAk
paccrosiHre MeK Ay ToYKamMu A u B B COOTBETCTBYIOIIEH MOJIEIN T€OMETPUN
JlobadeBCKOro mJisi cedeHHs IIapa IJIOCKOCTHIO, IIPOXOILAINell depe3 MEHTP
mapa u Touku A u B.

s mogemu Ilyankape B MOIyIIPOCTPAHCTBE

H"={(xy, ..., z,) eR" |z, >0}
paccrosiaue mex iy Toukamu A u B onpejessiercs Kak PaCcCTOAHUE MEXKILY

HuMu B Mogesin [lyaHkape B 1OJIyIJIOCKOCTH, IIPOXOJsIeil yepe3 Touku A
u B u nepneHIuKyISpHON IpaHuIle moiaynpocrparcTsa H” (abcomomy).
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Hast momenu Ha nosoctw icesnocdepst [z, x| = —c?, tae [z, y|=z191 + . . .
coe F XY — Tpi1Yny1, PACCTOSIHYME d MEXKLY TOYKAME T U Y 3a7aeTcst Hop-

MyJIO’
Ch2(c_l) — [‘rv y}g .
¢/ lz, 7lly, ]

B nmanpmeitmem mbr 6ymem paborarh TOJIBKO ¢ Momensmu llyaHkape.
B ITUX MOJEJIAX FI/IHep6OHI/IquKI/IMI/I IIOAIIPOCTPAaHCTBAMU ABJIAOTCA 9YaCTU
cdep, OpTOroHANBHBIX abCOMIOTY (€BKJIMIOBBI HMOAIPOCTPAHCTBA MBI NIPH
9TOM paccMaTpuBaeM Kak cdepbl GeckoHedHOro pajmyca). I[TomnpocTpas-
CTBa Pa3MepHOCTH 1 — | B MPOCTPAHCTBE PA3MEPHOCTU N OyJIeM HAa3bIBATH
2unepnaockocmamy. Irobbl onpesenTh CAMMETPHIO OTHOCUTEIBHO THITED-
[JIOCKOCTU B mpocrpancTBe JIo6a4eBCKOro, JOCTATOYHO OMPEIESIUTh CHM-
MeTpuio oTHocuTeabHo cepbl S"! B R™. Hazosem Touku A u B cummem-
puuHbLMU OTHOCHTENHHO cepbl S"~' B R™, ecnm mobas cdepa pasMepHO-
ctu n — 1, mpoxongamas 4depe3 Touku A m B, oproronanbHa chepe S"L.
CuMMeTpusi OTHOCUTEIHLHO C(EpPhl COBIAIAET C WHBEPCHEH OTHOCHUTEIHHO
sroit ceprl. lHBepcusi coxpaHsieT IBOIHOE OTHOLIEHWE, IIO9TOMY CHMMET-
punr OTHOCUTEJIBHO FHHepHJIOCKOCTeﬁ ABJIAIOTCA IBU2KEHUAMU IPOCTPAHCTBA
JlobageBckoro.

Teopema 2. Jlwboe dsudicerue n-meprozo npocmparcmsa Jlobauescko-
20 MO2iCHO npedcmasumsd 8 sude Komnoduyuy ne boaee n+ 1 cummempuu
OMHOCUMEABHO 2UNePNAOCKOCEL.

JokazaTeabCcTBO. AHAJIOINYHYIO TEOPEMY MbI YK€ JIOKa3bIBAJIA
st mwiockoctu Jlobagesckoro. Ilosromy ocramoBmmMcst umis HA TOU YacTH
JIOKa3aTe/IbCTBa, KOTOpas He MEPEHOCHTCS Ha N-MEPHBIH aBTOMATHYECKH.
A mmeHHO, IOKAXKeM, YTO €C/IA JABUKEHUE UMeeT 1 + 1 HEeMOJBUKHYI0 TOU-
Ky, IpAYEM 9TU TOYKH HE JIeXKAT B OJHOI I'UIIEPIIOCKOCTH, TO JIBUKEHUE
roxecrBenHo. [lycrs Ay, ..., A, | — IaHHBIE HENIOBUXKHBIE TOYKHU. SICHO,
9T0 Toukm A, ..., A,, He MOryT JexaTh B OMHOM (M — 2)-MepHOM HOIIPO-
crpaHcTBe. J[ig JIOOBIX JIBYX HECOBIQIAIONINX HETOJABUKHBIX TOYEK X U
Y crporoe HEpaBEHCTBO TPEYroOJIbHUKA BJIEYET, YTO BCE TOUKH mpsmoit XY
HETOABIKHBI. B 9acTHOCTH, BCe Toukm npsmoii A; A, Henogasmxkubl. Hepes
00y TOYKY ItockKocTu A;A;As MOXKHO IIPOBECTH HPAMYIO, IIEPECEKaro-
Y10 JBE U3 HEeMOABMKHBIX paMbix A; Ay, Ay As, A1 As B IByX pasiimaHbIX
TOYKaX. DTO O3HAYAET, 9YTO BCE TOYKM ILJIOCKOCTH A, A;A; HEIOIBUKHBI.
Amamornyso mostydaeM, 9To BCe TOUKM MoAnpocTpancTBa Ay Ay A3 A, Hemo-
JBUKHBI U T. II. O

Teopema 3. /suowcenue npocmpancmea Jlobawesckozo 00H03HAUHO
ONPEOEAACTNCA CEOUM 02PAHUNEHUEM HA AOCOAIOM.

Hoka3zaTeascTso. Bocnombsdyemcs mozennio Ilyankape B moaympo-
cTpaHcTBe. PaccMOTpUM MHOXKECTBO BCEX THUIEPIIOCKOCTEH, MPOXOISAIINX
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gepe3 Touky X . Cpeu ux orpaHudeHuil Ha aBCOJIOT MOXKHO BBIIEIHUTE C(e-
Py MEHHHMAaJBHOrO pamuyca (ImeHTp 3Toil cepsl COBHANAET ¢ OPTOrOHAIB-
HOIi npoekrpeil Toukn X Ha abcomoT). fICHO TakiKe, YTO IO BBIIEIEHHON
cepe Touka X OJHO3HAYHO BOCCTAHAB/IMBaEeTCd. JIBrKeHue g mepeBoauT
paccMaTpuBaeMoOe CeMeNCTBO THIIEPINIOCKOCTEl B CeMeNCTBO T'HIIEPIIJIOCKO-
creil, npoxomamux gepe3 Touky g(x). B coorBercTBytomem cemeiicte cdep
Ha abCoJIFOTe CHOBA MOXKHO BBIJEJINTH CHepy MUHUMAIBLHOIO PAJHyca, a 1o
Hell MOKHO BOCCTAHOBHTB TOUKY g(Z). DTO 03Ha4aeT, 9T0 TOUKY g () MOXK-
HO OIIPEJIeINTh, 3Had JINIIH Ipeobpa3oBaHue ceMeiicTBa cdep Ha abcosioTe.
st aTOrO, pa3ymeercs, JOCTATOYHO 3HATH JIUIIb OTPAHUYEHHE IPeobPa3o-
BaHHUA g HA aDCOJIIOT. O

Teopema 4. I'pynna cobcmeeHHbT d8UNCEHUT, MPETMEPHO20 NPOCTPAH-
cmea Jlobauesckozo usomopgpna PSL(2, C).

HokazarenbcTBo. CormacHo TeopeMaM 2 W 3 TpyNma ABUMKEHUI
TpPeXMepHOTo mpocTpaHcTBa JlobaueBckoro m3omopdHa rpyiie Ipeodbpa3o-
BaHUI ILIOCKOCTH, IIOPOXKIEHHON CHMMETPHUSMH OTHOCUTEJBbHO MPSIMBIX
u OKpyzkHOcTeil. Bymem paccMaTpuBaTh ILIOCKOCTH KaK KOMILJIEKCHYIO
miockocts C. CuMmerpuum OTHOCHMTENHLHO BEIIECTBEHHOW OCH W €IMHWY-
HOIl OKPYZKHOCTH IIepeBOmAT z B Z u —1/Z coorBercrBenno. Komnosunun
CHMMEeTPHIl OTHOCUTENBHO IBYX MMAPAJUIEJbHBIX MOPSIMBIX, NBYX MPSIMBIX,
[POXOIAIIAX Yepe3 HAYaj0 KOODJAWHAT, U JBYX OKPYXKHOCTEl C IEHTPOM B
HadaJIe KOODAUHAT IEPEBORAT 2 B 2 + a, ez m kz (k> () cooTBeTCTBEHHO.
CremoBaTesbHO, J1I000€ 0TODPaKEHNE BUIA

az+b az+b
ger v PR
cz+d’ cz+d’

e (¢ Z)GGL(Q, C),

Z

MOKHO IPEJICTABATH B BUJIE KOMIIO3ULMU CUMMeTpuil. ZIcHO Tak»Ke, 94T0 JIfo-
0asi KOMIIO3UIWS CUMMETPUN OTHOCUTEIBHO MPSAMBIX U OKPY2KHOCTEH HMeeT

TaKoO#l BU/I.
az+b

cz+d’
A Tak Kak NpOIOPLIMOHAJBbHBIM MATPHUIAM COOTBETCTBYET OIHO U TO 2Ke

npeobpa3oBaHue, rpyIna COGCTBEHHBIX JBUKEHUN 3-MEPHOr0 MPOCTPAHCTBA
Jlo6agesckoro m3omopdua SL(2, C)/ + 1. O

st TpeXMepHOTO MPOCTPAHCTBA JI00a9€BCKOTO IO AHAJIOTUU C TLIIOCKO-
cTbi0 JI06adueBCKOr0 MOXKHO ONPEIEUTD IINITHYECKNE, TapaboInIecKue u
runepboIMdecKie IydKN II0CKOCTeH. DTO MO3BOJIUT JOKA3aTh CJIEAYIOIIHe
YTBEPXKICHUS:

1) rpymma PSL(2, C) comepxut (B KageCcTBe MOArPYNI) TPYNIBI COG-
CTBEHHBIX JBMKEHUN Chepbl, MIOCKOCTH U ILIOCKOCTH JI06a4eBCKOro;

CobcTBeHHBIE NBUKEHHSI COOTBETCTBYIOT MPEOOPA30OBAHUSAM 2

2) B TpexMepHOe ImPOCTPAHCTBO JI06a9e€BCKOT0 MOXKHO M30METPUYECKH
BJIOXKUTH cepy, IIOCKOCTh U IIOCKOCTH JlobadeBcKoro.
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HazoBem sanunmuueckum mydxoMm (B TPEXMEPHOM MPOCTPAHCTBE Jlo-
6a9eBCKOr0) CeMeiCTBO ILUIOCKOCTEH, MPOXOAAIMX depe3 (DUKCHPOBAHHYIO
TOYKY; Ha30BEM NAPAOOAUMECKUM IIyIKOM CEMEHCTBO ILUIOCKOCTEH, MPOXO0-
OAmux depe3 (PUKCHPOBAHHYIO TOYKY Ha abCOJIIOTE; HA30BEM 2unepboau-
YECKUM IIYIKOM CEMEUCTBO ILJIOCKOCTEH, OPTOrOHAJIBHBIX (DUKCHPOBAHHON
ILTOCKOCTH.

Teopema 5. Mrootcecmeo scex KoMno3uyus cummemputi OMHOCUMEAD-
HO nap naockocmels 00Ho20 nyywka asasemca nodzpynnot e PSL(2, C). Jaa
INAUNTMUYECKO20, NAPAOOAUNECKO20 U 2UNEPOOAUNECKO20 NYWKA IMa N00-
epynna uzomopdra epynne cobcmseHHuT dsudcenull chepobl, MAOCKOCTIU U
naockocmu Jlobavescrkozo coomeememeenHo.

HokazarenbcTBO. g 30IunTHdecKoro my4ka PacCMOTPHM MO-
nenb Ilyarkape B mape, npudem Oy/ieM CIMTATh, 9TO BCE INIOCKOCTH ITy9Ka
MPOXOAAT Yepe3 meHTp mapa. CHMMeTPUN OTHOCUTEIBHO TaKUX IJIOCKOCTEMH
TOPOXKJAIOT TPYIIy IBI2KEHU! cepbl, KOHIIEHTPUIHON C abCOIIOTOM.

s mapabosimdeckoro mydka paccMoTpuM Mozesb llyankape B moury-
[IPOCTPAHCTBE, IPUIEM Oy€M CIUTATH, YTO BCE IIOCKOCTH IIy9KA ABJISIOTCI
€BKJINJOBBIMU IIOJIYIIJIOCKOCTAMM, OPTOI'OHAJbHBIMNI a6COJIIOTy (Bce TaKHne
IUTOCKOCTH IIPOXOJAT Yepe3 TOUYKy o0 Ha abcomore). CHMMeTpUM OTHOCH-
TEJIFHO TaKUX IJIOCKOCTEHN ePEeBOAAT B ce0s KarXK Y0 €BKJIMIOBY ILIOCKOCTbD,
napaJjiebay0 abcomory. OrpaHudeHnss STHX CAMMETPHUN HA yKa3aHHBIE
ILUIOCKOCTH IIOPOXKJAIOT IPYIIY €BKJIMIOBBIX JBHKEHUN ITUX ILIOCKOCTEIN.

st runep60ImaecKoro mydka paccMoTpuMm Mozesasb llyankape B mosry-
IPpOCTPaHCTBE, IIPUYEM 6y/:[‘eM CYIUTAaTh, 9TO BCE IIJIOCKOCTHU OPTOrOHAJIbHBI
HEKOTOPOI runepbosmmaeckoil miockoctu I, mpoxomsmeil depe3 TOUKy 0.
IIyctps | — mpsamas, mo koropoit mirockocTs Il mepecekaer abcosror. Cum-
MEeTPHH OTHOCUTEJHHO ILIOCKOCTEH JAHHOIO IIy9YKa SIBJIAIOTCH WHBEPCHAMHA
OTHOCHTEJILHO Cep, IEHTPHI KOTOPBIX JIEXKAT HA IPAMOM [; STH NBUKEHU
nepeBosdaT B cebs JIIOOYI0 €BKJIUIOBY IOJIYILIOCKOCTH 11, orpaHuveHHYIO
npsamoit [. OrpannyeHns tux npeobpaszoBanuii Ha I’ gaBiasorcs cuMmmer-
pUsIMEA OTHOCHUTEJIbHO OKPYKHOCTEi, OPTOTOHAJIBHBIX IPsAMOil [. DTu mpe-
0bpa3oBaHms MOPOXKIAIOT IPyMny ABUKeHwmit Mmomesu llyankape B BepxHeil
IIOJIYILJIOCKOCTH. O

Ha nosepxuoctu F' B npocrpancrse JlobaueBCKOro MoxHO BBeCTH UHOY-
YUPOBAHHYI Mempuky. it 5TOT0 HY?KHO OOPENEIUTb JIEMEHT JJINHBI Ha
nosepxHocTH F' (paccrosiHme Mexky GeCKOHeYHO GIM3KAMHU TOYKAMH) KaK
pPaCCTOsTHIIE M€Ky COOTBETCTBYIOIIMME TOYKAMU IpoCcTpaHCTBa Jlobades-
CKOrO.

PaccMmorpum 1oBepxXHOCTD, COCTOLILY IO 13 00Pa30B (PUKCUPOBAHHON TOY-
KH 10J1, JeficTBreM ceMeiicTBa COOCTBEHHBIX JIBUKEHUM, COOTBETCTBYIOIIUX
My9Ky IUIOCKOCTel. TaKyio MOBEPXHOCTH B ClIydae JLIMMTUYECKOTO, mapa-
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60IMYECKOr0 U TUIEPOOIMIECKOro My4YKa HAa3bIBAIOT chepotli, opucdepoti u
2unepcgepoti COOTBETCTBEHHO. B PacCMOTPEHHBIX HAMU CUTyanusx cdepa-
ME OyAyT eBKJIUIOBBI Cephl ¢ IMEHTPOM B IEHTPE Moesu, opuchepamu
OyIyT €BKJIMIOBHI IJIOCKOCTH, HApaJjjie/ibHble abCooTy, a runepcdepaMu
Oy/LyT €BKJIMIOBBI MOJIYIIJIOCKOCTH, COIEPIKAIIUE MPIAMYIO .

Hast monenn [Tyankape B momynpocrparctse H? = {(x, y, z) | 2 > 0} ane-
MEHT JyiMHbL uMeer Bugn ds/z, rue ds? = dx? 4+ dy? + dz2. losromy Ha opu-
cdepe z = a KBajpar djemMeHTa JyuHbl umeer Bug, a2 (dz? + dy?). Takum
00pa3oM, B KOOpAUHATAX (T, ) PACCTOSHIE MEXK Y TOUKaMu opucdepbl Ipo-
MOPIIUOHAJIBHO €BKJIUOBY PACCTOSHUIO.

Ha runepcdepe y = kz KBagpaT 3/71eMeHTa JIUHBI IMEET BUT

du? + dv?

2 2\ 7.2
dz® + (1 + k%)dz — (148 - ,
v

22

rae u=1x/v/1+ k?, v=z. Takum 06pa3omM, B KOOpAuHATAX (U, V) PACCTOAHIE
MEXK Iy TOYKaMu IArnepcdephl MPOMOPIHOHAIBHO PACCTOSHUIO Ha, MIJIOCKOCTH
Jlobaaesckoro.

s momenu Ilyankape B e TMHHYHOM IIape 3JI€MEHT JJIUHBI IMEET BT
2ds

1—- R?¥’
mapa. IlosTomy paccTrogHme MeEXKIy TOYKAMU T'HUIEePOOJIMIecKOil cdepbl

rae ds — eBKJIMAO0B 3JIEMEHT JJIMHBI, K — pacCcTOsSHue 0 IEHTPA

+y*+22=R*B Tz Pa3 GOJIbINIe PACCTOSTHAS MEXKJY TOIYKAME €B-
KaunoBoit cheper x2 + y? + 22 = R%. TakuMm o06pa3oM, paccMaTpuBaeMasd

2R
runepbostmdeckas cdhepa n30MeTPUIHA eBKJIII0BOI cdepe pammyca 1—m2

KBaTrepHuoHHass Moaesb
JlBuKeHne TpeXMEpHOro mpocTpancTBa JIo6aueBCKOro MOXKHO MpeCcTa-
BATH C TOMOINBI0 KBATEPHWOHOB (BBeNEHHBIX |ammiabroHOM). Hamomamm,
9TO K6AMEPHUOHAMYU HA3BIBAIOT JIEMEHTHI aareopnsl Haga R ¢ obpasyromm-
mu 1, 4, j, k u coorHomenusmu 12 =2 =k?*=—1,1j=—ji=k, jk=—kj=1,
ki = —ik = j; sTa anrebpa accorumarusHa. [lomoxum

H?={z+tj|2€C,t>0}.

HeiicrBue MaTpunpt y = (Z Z) € SL(2, C) na rouku abcomora C 3amaerca

dopmynoit Yz = az+b
cz+d

HUOHBI BUJa ¢ = 2z + tj, t > 0. DT0 MOKHO CIIe/1aTh ABYMs SKBABAJEHTHBIMU
cnocobamu:

. Tpe6yeTCH OPOOOJIZKUTHL I3TO ,Z[eﬁcTBHe Ha KBaTe€p-

vq=(aq+b)(cq+d)~" = (gc+d)"*(qa +b).
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IIpex e Bcero nmposepum, ITO 00€ POPMYJIBI A€HCTBUTETHHO SKBUBAJIECHTHBI,
T. €.

(gc + d)(aq + b) = (qa + b)(cq + d).

Yucia a, b, ¢ 1 d TONAPHO MEPECTAHOBOYHBI, MOITOMY TpeOyeMoe PaBEHCTBO
9KBUBaJIeHTHO paBeHcTByY (ad — bc)q = q(ad — be). Tlocnenuee paBeHCTBO 04e-
BHUIHO, TaK Kak ad — bc=1.

IIpoBepum Tenepn, uro yq=2 +t'j, roe t' >0. YuurbBas, 4TO
jlez+d)=(cz+d)j m ad — bc =1, monyqaaem (aq+ b)(cqg + d) = (az + b) x
X (cz + d) + act® + tj, mosromy

(aq + b)(cq + d) _ (az +b)(cz +d) + act® + tj
leq + dJ? leq + df? '

OcraeTrcs mpoOBepUTH, YTO MPeOOPA30BAHUE Y SBJISETCS JIBUXKEHUEM IIPO-
crpancTBa JlobadgeBckoro. Jljist 3TOro OCTATOYHO MPOBEPUTH, 9TO Y COXPa-
HAET ABOITHOe OTHOIIeHWe. fIcHO, 9TO

Yqg—vq =(ag+0b)(cg+d)™" — (dc+d) " (da+b)=
=(¢'c+d)(¢c+d)(ag+Db) — (¢'a+b)(cg+ d)](cqg+d) " =
=(c+d) " (g—q)(cg+d)".

Kpowme Toro, ¢'c+d=(z'c+d)+tcj m c¢q’ +d= (cz' +d) + tcj. llosromy
l¢'c + d| = |cq’ + d|, a 3raunT,

" lg — 4|
Ivq—vq'|= T T dles T dI
C momomnpo 310t hOPMYJIBL JIETKO yOequThCs, 9TO MPeodpa30BaHUe Y CO-
CA DA
XpaHseT IBOIHOe OTHOIIEHHE ‘l C’B‘| : —||DB||'

06 akcMOMAaTUYE€CKOM MOAX0/e K €BKJIHNI0BOM’
M HEEeBKJIMI0BOU reoMeTpUusM

Cpeu npuynH, 00 KOTOPHIM OBLIN BKJIFOYEHBI B KHUT'Y OCHOBAHUS I'e0-
MeTpHH, JABE — MeMOpuaJbHble. Bo-mrepBbix, HemaBHO ucmoHmIoch 200 et
co nusa poxpenus Huxonas Msanosuaa Jlo6aaesckoro (1792—1856), onroro
U3 BeJIMYANIINX PYCCKUX YIEHBIX, VIOCTOEHHOTO 3HAMEHUTHIM aHTJIMHCKIM
MaTeMaTHKOM Yuavamom Kaugppopdom (1845-1879) turyna «Komepruk
reomerpun». ['on, Korga Boepsble B He3aBHCHMMOM yHUBEPCHTETE YUTAJICS
TOT KyPC, KOTOPBIH IIOTOM IPHUBEJI K HAIIMCAHUIO TON KHUTH, ObLI rojioM J1o-
6a9eBCKOro, U IOTOMY OBLIO yMECTHO MO3HAKOMUTD CJLyIIaTe el ¢ OCHOBHBIM
TPYAOM ero ku3Hu. Bropas npuuuna csa3aHa ¢ Aagpeem Hukosnaesuuem
KomMoroposiM — 06 3T0M OBLIO y2Ke CKa3aHO BO BBEIECHUM.
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OnsHako He TOJIBKO MEMOPHAaJbHBIE IPUYMHBI PYKOBOAW/IM HAMU IIPU
BbIOOpE 3TOM TeMbl. V3/102KEHNE HEEBKJIMIOBBIX I'€OMETPUil JaeT MoBo/IL 00-
CcynuTh psan (pyHIaMEeHTAJbHBIX UAeil M KOHIENIHil, BHIpabOTKa KOTOPBIX
moTpeboBajia TPAHAUO3HBIX YCHUJIMII OT HAIMUX BEJIMKUX IPEIIIeCTBEHHU-
KOB. Pedb maer o KOHIENIUM JeIyKTUBHOIO IIOCTPOEHUs MeOMETPHUH; HJIiee
reoMeTpmaeckoii Mogerm (06 9THX WaedaX NUIA Pedb yXKe B eBKIMIOBON CHh-
Tya,ILI/II/I), niaee €JuHCTBa HEEBKJINIO0BbIX I‘eOMeTpI/Iﬁ 1 €JUHOI'0 II10aXO0Ja K
CaMOMy IIOHATUIO Ir'eOMEeTpUMr, OCHOBAHHOI'O Ha IIOHATUU <«JIBUXKCEHULA»; Ha-
KOHEII, XOT€eJIOCh IIPUOTKPHITH TAHBI HEJIMHENHOT0, «HICKPUBJIEHHOTO» MUPA
reOMETPUYIECKUX 00Pa30B.

T'eomerpusa EBriuaa peamm3yerca Ha miockoit qocke. I'eomerpus Puma-
HA €CTh MOYTH 9YTO T€OMETPUS MOBEPXHOCTH MA9a (HAJO JIUIID «CKIIEUTH»
JIMaMeTPAJIBHO TIPOTHBOIOIOXKHBIE Toukn cdepsr). [eomerpust JloGageBcko-
ro, K COXKaJIeHUIO, He Pean3yeTcs INI00aJbHO B TPEXMEPHOM IIPOCTPAHCTBE.
Ho mokanpHO OHa MOXKeT OBITH peajn30BaHA HA OIHOW CIENUAJIHHON IO-
BEPXHOCTH, Ha3bIBaeMOil ncesdocghepoti.

IlceBmocdepa — 3T0 MOBEPXHOCTH BPAIIEHUS HEKOTOPOUW KPHUBOM, HA3bI-
BaeMoil mpaxmpucol nimm kpusol nozonwu (y Hee OTPE30K KaCaTEeJbHON 110
ACHMITOTHI IOCTOSHEH).

Ecnmu BeIpesaTh Kycodek cdepbl, TO €ro MOXKHO MepPeMemarh M0 Io-
BEpPXHOCTH c(epbl, ¥ OH HUATIE OT Hee He OTOPBeTCdA. 10 Ke camMoe BEpHO
7 A7 mceBAoCEpPhl: €C/id M3 Hee BBIPE3aTh KyCOYeK, €ro MOXKHO 3aCcTa-
BUTH CBODOJIHO CKOJIB3UTH 10 TiceBa0Chepe 6e3 ckiranok. B majmom Ha chepe
peanu3dyercsa reomerpusi Pumana, a Ha ncesgocdepe — reomerpus Jlobades-
ckoro. Obe 9T reoMeTpPUN XapaKTEPU3YET MOCTOSHCTBO «KPUBU3HBI», HO OT
HUX y2Ke OBbLI OJUH mIar 0 FeOMeTPUYeCKUX 0ObEKTOB C MPOU3BOJILHOM HC-
KDUBJIEHHOCTBIO (OJJHAKO TAKHWE TE€OMETPHH OCTAIOTCS 33 MPEJIETAME ITOTO
Kypca).

PaHee MbI CTapPaJIMCh OCBOUTHBCA CO MHOI'MUMU Ba,}KHeﬁIHHMH IIOHATUA-
MU reOMeTPUHU — MOAIIPOCTPAHCTBAMU, 0O0beMaMu, adhOUHHBIMI MHOTO00Pa-
3UAMU, KOHYCAMHU, BBIITYKJIBIMA MHOXKECTBAME; MBI CTAPAJINCH YCTAHOBUTH
CBHI3U MEXKIy ajirebpandecKuMu 00beKTaMy — JIMHEHHBIMIA PABEHCTBAMU U
HEPABEHCTBAME — U UX I'€OMETPUIECKAMHI 00pa3aMu B JEKAPTOBOM MO/IEJIH.

Ho Baxkueiimeit nzeeit, Koropas M03BOJINIA EPEBOAUTH AJre0py Ha reo-
METPHYECKHI A3bIK, & TEOMETPUIO — Ha S3BIK aJreOpbl, ObLIa UIes MOIEIIH.
Ceitgac oHa ele pa3 OyIeT UCIO/Ib30BaHa HAMU B COEIMHEHNN C Ueeil, TaK-
2Ke MMEIOIeil 0O9eHb JaBHee MponucxoxkaeHne. HaMm mpumercss moBTOPUTHCA.
M-bI y2Ke roBOpU/Id O BO3MOKHOCTH JIeIyKTHUBHOIO OCTpoeHus Hayku. Ca-
MO IIOHATHE BbIBOJa WJ/IN JOKa3aTe€/JIbCTBa J0J/JI2KHO OIINPAThCA Ha KaKUE-TO
OCHOBOIIOJIaramIue (hakThl, KOTOPbIE HE MOI'YT ObITH OIIPEJIE/EeHbl Oe3 TaB-
Tojstorun. VIX Ha3bIBAIOT AKCUOMAMU. DTO —KaK ObI «aTOMBI» HayKu. 3 Hux
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GOPMUPYIOTCS «MOJIEKYIIbI» — TEOPEMBI— C TIOMOIIHI0 AKCUOM U JIOTHYECKUX
CBA30K, & U3 TeOPEeM, B CBOIO O9epeb, «COeJUHEHNA» — IeJIble HAyIHbIE Te-
opumn.

Cpeu mepBBIX MATEMATHUKOB, MBITABIINXCS W3JIOXKUTH T'€OMETPHUIO Ha
OCHOBE JIeJIlyKTUBHOTO MeToja, Obur EBkina. 3aBepinmi IeAyKTUBHOE IO-
crpoerne reomerpun Jasud Nuavbepm (1862—1943). Ero tpyn «OcroBanus
reomerpun» (1899) Ge3yCIOBHO NPUHAIEXKAT K BBIIAIONAMCS TBODEHUSIM
9€JI0BEIECKOH MBICIH (XOTS IIOCIIEIOBABIIEE 33 TUM YPEe3MEPHOE yBIICUeHNe
JIe/lyKTHBHBIM METOIOM MMEJIO ¥ MHOTO OTPHIATESFHBIX HOCIIEICTBYI).

Ho 49ro 310 03Ha9aeT: «3aBepmenue 3ambicaa EBkimumay? Yrobsr pasb-
SICHUTH 9TO, OIUIIEM [OHATHE «MATEMATHIECKON CTPYKTYDPbI», BBEJICHHOE
Hukomns Bypb6aku. IlpuBeseMm mmraTy m3 €ro OCHOBOITOJIATAIOMIEIO TPYIA
«Apxurextypa maremarnkn» (H. Byp6akn Ouepkn mo mcropum mare-
maTuku. M.: I, 1963, c. 251).

«Tenepy HaZO OOBIACHUTH, YTO HAAO MOHMMATHL B OOIIEM CjIydae IO
MaTeMaTU4IecKoil cTpykrypoit. OOmeit 4epToil pa3NIudHBIX MOHATH, 00b-
€JIMHEHHBIX I10J[ YTUM POJIOBBIM HA3BAHUEM, SIBJISETCS TO, YTO OHU IPHMe-
HUMBI KO MHO>KECTBY JIEMEHTOB, IPUPOJIA KOTOPBIX HE OmpejeieHa. IToob
ONIPENENIUTH CTPYKTYPY, 33Tal0T OJHO WJIM HECKOJHKO OTHOIIEHWH, B KO-
TOPBIX HAXOIATCA ITH IJIEMEHTHI...; 3aTe€M TOCTYJIUPYIOT, 9TO JAHHOE OT-
HOIIIEHWE WJIA JAHHBIE OTHOIIEHWS YIOBJIETBOPSIOT HEKOTOPBIM YCJIOBHUSIM,
KOTOPbIE SIBJISIOTCS aKCHOMaMU PaCcCMaTpPUBAaeMOil cTpyKTypsl. IlocrpouTs
AKCUOMATHUYIECKYIO TEOPUIO ﬂaHHOﬁ CTPYKTYPBI—3TO 3HAYUT BBIBECTHU JIOTU-
4YeCKHue CJjieCTBUud U3 aKCuOM ﬂaHHOﬁ CTPYKTYDPBbI, OTKa3aBIINCHb OT KaKNX-
00 APYTUX MPEIIOJIOKEHNI OTHOCUTEIFHO PACCMATPUBAEMBIX JJIEMEHTOB
(B 9acTHOCTH, OT BCAKUX TUIOTE3 OTHOCUTEIHHO UX HPUPOIBI)>.

Yo Ke TaKoe ILIOCKOCTD C 3TOU «CTPYKTYPHOI» TOYKHU 3peHusa? UTo ke
9TO 3a CTPYKTYyPa — «E€BKJIUIOBA IUIOCKOCTh» (M OJHOBPEMEHHO — 9ITO TAKOe
«HEEeBKJINJIOBA IIJIOCKOCTH» ) o Kosmoroposy?

ITnockocTh (M €BKINIOBA IIIOCKOCTH, W IUIOCKOCTD JI06aueBCKOro — pas-
Jaudane Mexky HuMU 6yaeT Juiib B OXHOI akcuome) — 310 Tpoiika (X, L, d),
rje X —MHOXKECTBO «TOYEK», [, — BBIJIEJIEHHAS COBOKYITHOCTD IIOJIMHOYKECTB,
HA3bIBAEMBIX <«IPAMBIMU», d —O0TODPAXKEHIE, CONOCTABJIAOIIEE ape TOYeK
x, y m3 X HeOTPUIATEIbHOE AeficTBATENbHOE Incio d(T, Y) — «PACCTOSTHHAE»
ot x 10 y. Tenepb oYepenp 3a aKCHOMaM.

Msi chopMymupyeM aKCHOMBI €BKJIHIOBOI (M HEEBKIIUJOBOI) reoMer-
pun, cieaysa A.H.Konmoropoy (cm. B kaure A. H. Koamoropos,
A. ®. CemenoBuu, P. C. Hepkacos. T'eomerpuss 6—8, M.: IIpo-
cemenne, 1982, c. 373—376). Onm pasbuThl HA NATH TPYIIL.

1. Akcuombl npUHAIIEKHOCTH.

I,. Kaotcdas npamas ecmov MHONHCECTNBO MOYEK.
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I,. Yepes arobvie dse pazausnvie mowky nNporodum npamasn, U NpuUmMom
MOABKO 00HA.

I;. Cywecmeyem xomsa 6vi 00Ha nNpamas; kaHcAol NPamol npuradae-
orcum xoms 6ot 00HA MOYKA; CYWECTNBYEM MOYKa 6He NPAMOL.

II. AKCHOMBI PacCTOSHNS.

Paccrosane d —»sro dyakmua d: X x X — R, | ymosaerBopsromasa cie-
JIYIOIIUM aKCUOMaM.

I1,. PaBencrso d(x;, 22) =0 BeImONHSIETCT MO20A U MOABKO Mo2da, Ko2da
Ty = T2;

II,. PasenctBo d(z1, 2) = d(22, T) BBIIOSHAETCA 0Ast AOOLIT T1, To;

IT;. Ameem mecmo nepasencmeo mpeyzosvhuka: d(xy, x3) < d(zy, x2) +
+ d(zg, x3).

DT aKCUOMBI IPEBPAILAIT X B MEMPUUECKOE NPOCMPAHCNE0 — OTHO
73 OCHOBHBIX MOHATHI reoMeTpuu u pyHKIUOHAIBHOIO AHAJII3A.

III. Akcuombl mopsiika. 31eCh aKCHOMATH3UPYETCS OCHOBHOE MOHSATHE
«MEXKJIY ».

Onpegnenenne. Ilycts Toukuy x, y, 2 j1ezKaT Ha OaHON mpsaMoit. Mbr cka-
JKEM, 9TO TOUKA Y Aexcum medxcdy x u z, ecmn d(x, y) + d(y, z) = d(z, z).
MHOKeCTBO TOY€EK, JIeKAIUX MeXKIY & U 2z Ha3bIBAIOT OMPE3KOM [T, z].

III,. Tpu mouku T, To, T3 AedHCAM HA 00HOT NPAMOT MO200 U MOALKO
mozda, K020a 00HA U3 HUT AEAHCUM, MeNHCOY 08YMA OPY2UMU.

IIL,. JIwbas mouka npamoti | pa3busaem MHOHCECTNBO OMAULHHLIL OM Hee
mouex npamoti | Ha 086 HENYCmMuLT NOOMHONCECTNBA MAK, YMO OHG AEAHCUM
MeHCAY A1000T NAPOT MOUEK U3 PASHOLT NOOMHONCECTS.

Oupegenenne. JIyy ¢ Ha4aiom & —3T0 OIHO U3 YKAZAHHBIX B MPEJIbI-
JyIIeil akcroMe IIOAMHOXKECTB BMECTe C CAMOI TOYKOM &.

IILs. Jas ao6o20 a > 0 Ha ayue ¢ Havasom 6 mouwke & Hatidemcs posHo
00HG MovKa, paccmosHue om Komopot do & pasHo a.

Omnpegenenne. MuoxecTBO A TOYEK TJIOCKOCTH HA3BIBAETCS GBINYK-
ABLM, €CTIH JIJI JTIOOBIX X, i U3 A BeCh OTpPE30K [z, y| mexut B A.

II1,. Jhobas npamas pazbusaem mHoOMCECTIBO HE NPUHAOAEHCAUWUT €l
MOYer NAOCKOCTNY HG 080 HENYCTNOIL BOINYKABLL NOOMHONHCECTNEA.

IV. Axcroma moaBuzKHOCTH.

Onpenenenune. COBOKYIHOCTh TOYEK, IPUHAIJIENKAIIUX OLHOMY U3
TOIMHOXKECTB, Ha KOTOpble mpsMas | pasdbmBaer X, BMeCTe C TOYKAMHU
caMOil mpsAMO# | Ha3bIBaeTCa noaynsockocmouro. llpu sTom mpsamyro | Ha-
3BIBAIOT PPAHUYHON JIsi mOJymiockocTu. Ecim npsaMas, comep:kaias JIyd,
rpaHuYHA JJIs HEKOTOPOil MOJIYIZIOCKOCTH, TO TOBOPST, 9TO 9TA HOJIYILIOC-
KOCTb NPUMBIKGEM K AYUY.

Ounpenenenne. B3anMHO 0mHO3HAYHOE W M30METPUIHOE (PACCTOSIHHME
MeKly 00pa3aMi DaBHO DACCTOSHUIO MeXKIy Ipoobpa3aMu) oTOGpaKeHue
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IUTOCKOCTH Ha CeOsl HA3BIBAETCA nepemeweruem (AU IBUKEHUEM, WA A30-
merpwueii).

IV. Jas 410600 napve aywets u npumosikaOWUT K HUM NOAYNAOCKOCTED
II, w II; cywecmesyem eduncmeennoe nepemewenue, omobpastcarouiee nep-
6bill AYY Ha 8Mopot, a noaynaockocms 11, —mna noaynaockocmo 11, .

IV'. IIyemo danve dea ompeska pasrotli daunss [Ty, Ts] U (Y1, Ya]. To20a
CYWECNBYIOM POSHO 080 NEPEMEWLEHUS, KOMOPDLE NEPEGOOAM T1 8 Y1, G Ty —
8 Yo

V. Akcuoma mapasuienbabix. OHa pa3ndaeT eBKJINI0BY U HEEBKIUIOBY
EOMETPHIO.

V. B nnanunmerpun EBrinnma: wepes mouky ene npamoti MorcHo npose-
CMU POBHO 00HY NAPAALEABHYIO €l NPAMYIO.

V. B nnanunmerpun JlobaueBCKOro: wepes mouky 6He npamol MOHCHO
nposecmu no kpalikeld mepe dee napassesvrvie 0arHol NPAMbLE.

Msi cka3ajiu BbIIE, YTO OKOHYATEIHHOE 3aBepIlleHne 3aMbicyia EBkinaa
Beimasio Ha moso . 'miasbepra. B cBoem Tpyme «OcHOBaHms reomerpum»
(1899) om mocTpomsI COBMECTHYIO (HEMIPOTUBOPEYUBYIO) W MOJHYIO CHCTEMY
aKCHOM, J0Ka3aB HE3aBUCHMOCTH OCHOBHBIX I'PYIINT aKCHOM CBOEH akcmoma-
Tuku. BrnocsemctBum momo0HbIE aKCHOMATHUKHM, OCHOBAHHBIE HA OIMHUCAHUU
JIPYTUX CTPYKTYD, 6bin mausl [lypowm, I Beitnem (oH, mo-BuanMoMy, mmep-
BBIM TIPEJIOXKUJI MOJIOXKUTh B OCHOBY aKCHOMATHUKH €BKJIMIOBA MPOCTPAH-
CTBa MOHATHE BEKTOPHOTO MIPOCTPAHCTBA), Bupkrodom n MEOrIME IpyrAME
maremarukamu, B yactaoctu A.H. Koamoropossim B ero kypce reomerpun.

HOHCHI/IM CMBICJI BCE€X 3TUX TE€PMHUHOB: COBMECTHOCTb, IIOJIHOTA, HE3aBU-
CAMOCTb.

COBMECTHOCTB: CHCTEMa AKCHOM HA3BIBAETCI COBMECMHOU, €CIU CyIIe-
CTBYET MOJIeJIb, B KOTOPOil BCE aKCUOMBI [IPEBPAIIAIOTCS B HICTUHHBIE YTBEP-
KJIEHUS.

Mpb! npuBOAMIN HECKOJBKO MO/JIE/Ie TeOMEeTPHUil: JeKaPTOBY i €BKJIN-
noBoit u addunnoit reomerpuii, Kneitra u [lyankape gysa reomerpun Jloba-
YEBCKOTO.

IIpemocraBuM 9uTATENII0 CAMOCTOATEIBHO TPOAYMATH CJIEIYIOIINE JIBA
YTBEPXKI€HUSL:

akcmomaTuka KoaMOoroposa eBKIMZOBON IJIOCKOCTH COBMECTHA (B zie-
KapTOBOI Mozenn);

akcroMaTuKa Konmoroposa minockoctu JIobadeBcKoro coBMecTHa (B MO-
nenu Ilyankape u B Mmogenu Kieitna).

ITonuroTa O3HAYAET, 9TO CUCTEMA AKCHOM IPUBOAUT K €UHCTBEHHON pe-
asmzanuu. HekoTopoe yTBepKIeHne HA3BIBAETCH HE3ABUCUMBIM OT OCTAJIb-
HBIX aKCHUOM, €CJ/I1 CyIeCTByeT U MOJeJIb C CaMUM YTBEP2KJIECHUEM B Ka9€CTBE
AKCUOMBI, U MOJEJb C €r0 OTPUIAHUEM.
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KopoTko 06 ucTopuu HEEeBKJINIOBOI reoMeTpuu

Ha mpoTsizkennn cBbIle ABYyX CTOJIETHN BHUMAHUE T€OMETPOB MIPUBJIEKA-
s1a ocobast posib maroro nocrysiara Eskianna B ero «Hagamaxs. Bo-nepssix,
oH (POPMYIMPOBAJICHA KAK-TO HEECTECTBEHHO I'DOMO3KO: «€C/IU MPsAMasi, IIe-
pecekast ABe Ipyrue OpsMble, 00pa3yeT ¢ HUMUA BHYTPEHHUE OJHOCTOPOHHIE
YIJIbI, CyMMa KOTOPBIX MEHBIIIE JBYX IPAMBIX YIJIOB, TO 9TH IpPsIMbIe, OyIy-
9H IIPO/IOJI?KEHbI HEOIDAHNIEHHO, IEPECEKAIOTCA C TOU CTOPOHBI OT TPeThel
OpsMOIi, ¢ KOTOPOH JlesKaT ymoMsHyThle Bbimle yribly. (OcrajbHBIE YeThI-
pe mocryJiaTa, BMECTe B34Thle, 3By9aT Kopode: 1) depe3 JBe TOYKH MOXKHO
NPOBECTH MPAMYIO; 2) OTPE30K MOXKHO HEOTDAHWYEHHO MPOAOJIKATE; 3) U3
1060r0 TEHTPA JTFOOBIM PAIXYCOM MOXKHO OIHCATH OKPYKHOCTB; 4) BCe mpsi-
MBI€ YIJIBI PABHBI MEXKy COGOIi. )

Bo-Bropsix, EBrin He cpa3dy cTaj MOIb30BATHCS CBOUM MOCTYJIATOM, OH
BIEPBbIE UCIIOJIb30BAJI €T0 JIAIIb B 28-M IpejioKeHnn. Bce 3To BeJio K UCKy-
[IEHUIO BBIBECTH IIATHIM OCTYJIAT U3 OCTAJIBHBIX. B mporecce sTux momsiTox
OBLIO YCTAHOBJIEHO OOJIBIIOE KOJUIECTBO YTBEPKICHAM, PABHOCUIbHBIX IIs-
romy nocrynary. Hanpumep: a) cywecmsyem mpeyzoavruk nodobHwid, HO
He paskul dannomy; 6) cywecmsyem roms 6o, 00uUH MPEYLONLHUK, C CYM-
MOT Y2008, PaBHOT 08YM MPAMBIM; B) HEPE3 MOUKY BHE NPAMOT MOAHCHO
nposecmu eQUHCMBERHYIO NAPAAALALHYIO; T) NEPREHOUKYAAD U HAKAOHHAL
8cezda nepecexaromes; ;) 60Kpye 106020 MPEY2OALHUKE MOHCHO ONUCAIND
okpyotcrocmo. (duTaTesro NpemoCTaBIAeTCS BO3MOXKHOCTD JIOKA3aTh, ITO
HH OJHO M3 3THUX yTBep)KI[eHI/II.;I HE€ BBbIIIOJIHAETCA B MOIEJIN HyaHKape.)

Taycc ObLT mEpBBIM, KTO YCOMHMJICS B BO3MOYKHOCTH BBIBECTHU IISITHINA
nocrysar u3 ocrainbHbix akcuoM. O mucan (B 1817 r.): «4 mpuxoxy Bce
bosiee K yOEXKIEHUFO0, ITO HEOOXOAMMOCTH HAIllell T'eOMETPHUH HE MOXKET
OBITH JOKA3aHA 110 KPailHell Mepe 4eI0BEIeCKUM PACCYIKOM U IS IeJIOBe-
qeckoro paccyikay. OH J1aJieKO NPOJABUHYJICA B 9TOM BOIIPOCE, HO HUYErO
He omy0OJmMKoBaJ Ha 3Ty TeMmy. [lepBas myGuukanus (1829 r.), mocBsimieH-
Has HOBOIl TeOMeTpWH, IJe B KAa4eCTBE AKCHOMBI BBICTYIIAET OTPHUIIAHUE
[ISITOrO MOCTYJ/IATA, IMPUHA/JIEXKUT BEJITUKOMY PYCCKOMY MaTeMaTuky Huko-
naro sanosuay Jlobauesckomy (1792—1856). JIobGaueBckmit 0ueHb Tiy6OKO
pPa3BUJI HOBYIO I€OMETPUIO, BBIMHCAJI (DOPMYJIBI JJisi COOTHOIIEHUN MEXKTY
CTOPOHAMU U YIJIAMHU TPEYTOJbHUKOB U YOEIUICs, YTO OHU B TOYHOCTH COOT-
BETCTBYIOT (popMysiaM CHEPUIECKOl TPUTOHOMETPHUHU. Y Ke B CBOEH MEPBOiA
pabore «O Hagasax reoMeTpuM» OH MHUCAJ TaK: «DTH yPABHEHUS [COOTHO-
MIEHAs] MEXKJy yTJIAMA W CTOPOHAMHU TPEYTOJHHHUKOB| HEPEMEHSIOTCS B...
[ypasrenns| chepnuaeckoit Tpuronomerpnn, Kak CKOPO BMECTO GOKOB a, b, ¢
craBuM av/—1, by/—1, ¢v/—1, #HO B 06bIKHOBeHHOIT I'eomerpun n cdepude-
ckoii TpUroHOMETpHM Be3fe BXOLAT OIHY CONEPXKAHUS [T.e. OTHOLICHHUS]
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JIMHU: CJieI0BaTeIbHO, OOBIKHOBeHHas |eomerpus, Tpuronomerpus u 3Ta
moBas 'eomerpust Bcernga OymyT corsiacHbl Mexy coboit». Peus 3mech mua
0 MapaJuIeIn3Me TEOPEMBbI KOCHHYCOB, TEOPEMBI CHHYCOB U HEKOTODBIX JIpY-
rux. (YuraTenb MOXKET CPaBHUTD, CKAXKEM, TEOPEMbI CHHYCOB U KOCHHYCOB
B cepudeckoil reomerpun u reomerpun Jlobadesckoro.)

O aoBpemenHo ¢ JIobadeBCKUM K Wjiee HEEBKJIUIOBON IeOMEeTPUH IIPU-
IIeJT TeHnaIbHBIA BeHrepckuit Mmaremarnk — SJnow Botdau (1802-1860). ITo-
CJIe OKOHYaHUuA BOGHHO—I/IH)KGHGPHOI‘/’I aKaJleMuu B BeHe OH CJIY2KHJI B KPEIIO-
cru TememBap (ubiHe — Tumumoapa). TaM oH 3aHHTEpPeCOBAJICS IPOOIEMON
napaJuiesbHbIX U B 1823 1. nmcast cBoeMy oTiy (BHIHOMY MaTEMATHUKY, ADY-
ry Taycca): «f me moctur menwm, HO... W3 HAYEro sl CO3MAJ HEJBIH MHDP».
B 1832 r. 4. Boitsin omy6imkoBas mpuiioXKeHne K KHHUIE OTIA IO MaTe-
MaTHKE. TaK BBIIIIJIO B CBET €0 3HAMEHHTOE «HpI/IJIO)KeHI/Ie [aHHeHﬂHKC],
cofiepzKalliee HayKy O IPOCTPAHCTBE abCOJIIOTHO UCTUHHYIO, HE 3aBUCHIILYIO
oT ucTHHHOCTH iy jokHOoCTH XI akcmombl EBkimna (4ro a priori Hukak
pelieHo ObITH He MOXKET)», M3BECTHOE I0J Ha3BaHueM <«Ammenaukcs. Laycc
[IPOYHUTAJI 3Ty PabOTy U B OMHOM IIHChbME MHUCAJT: «f cImTaro MOI0mOro reo-
Merpa o Boiisu renuem nepsoit Bejuuunbiy. Opaako ormy Boiisu on
mucaJl MHOTO CIAepXKaHHee, YKa3aB, YTO MHOTMMH (DAKTaMU BJIAIEET CaM.
Korma sonocimencreun [aycc os3makommiics ¢ «I'eomerpuaeckumu uccienoBa-
HusaMuy» JlobadeBckoro, on mocoBeroBas . Boitsu npogects ux. Tor caenan
9TO ¥ He IOBepwJ B UCTHHY. Doiisu nucain: «laycc — komocc, oBianesmmii
TaKUMU COKPOBUIIIAMHA, HE MOI' IDUMUPUAUTHCA C TE€M, 4YTO KTO-TO €r0 IIpeaBoC-
XATAJI B 9TOM BOIPOCE, WM, TAaK KAK OH OBLI yKe HE B COCTOSHUU ITOMY
BOCIPENSTCTBOBATH, OH caM 00paboTaJl UIE U BHIMYCTU B CBET O] UMe-
meM JlobageBckoroy.

Opuako uu layccy, uu JlobaueBckomy, Hu Boiisu He cyxkieHO OBLIO J10-
Ka3aTh HE3ABUCHMOCTH IIATOrO MOCTYJaTa EBK/INIA OT OCTAJIBHBIX AKCHOM.
Ormerum B CBsA3U C TUM TaKON MHTEPECHBIN (haKT.

B 1838 r. Gb11H OIy6IMKOBAHB! (B H3BECTHOM HEMEIKOM KypHase Kpes-
ng) crarbu MuHmunara, B KOTOPbIX (GOpMyibl, momobubie Teopeme Iluda-
ropa, TeopeMaM KOCHHYCOB W CHUHYCOB OBLJIM MPUBENEHBI JJIs Te€OMETPUHN
ncesrocdepst. [lo HenocrmxumbM npuanaam JIobadeBcKmil, peryisipHO du-
raBmmit xKypuaJ Kpemis, Tak u He B3s1 (E)TO YCTaHOBJIEHO 110 KapTOTeKe) HU
OJTHOTO M3 TeX TPEX HOMEPOB, Iie ObLIN OmyOJUKOBaHbBI CTaThu MuHIMHTA.
WNuage mepes HUM OTKPBLIACH OBI TOPOra K JOKA3aTEIbCTBY HEIPOTUBODE-
9UBOCTH €ro reoMerpuu. A Tak 3Ta 3aciyra BbImaja Ha J0J0 Beabrpa-
MM, yCTAHOBUBIIETO TOXKIeCTBO popmyn Munnuara u JlobageBckoro u Tem
CaMbIM II0Ka3aBIIero, 4ro reomerpus JIoOa4eBCKOro OCYyIIECTBJISETCS HA
ncespocdepe. D1o cirydusaoch depes 12 jier nocse cmepru JlobadeBckoro.
A 3zarem nogsuncs mogenu Kann—Kieiina, mogens [lyankape, DpiiaHren-
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CKag mporpamma, u reomerpus JIob0aueBCKOro crajga HaCTOJBKO OOBIIEHHOI,
49TO NPEHOJABAHME €€ YILIO U3 yHUBEPCUTETCKOI'0 MaTeMaTHYecKoro obpa-
30BaHUS.

Konnueckue ceuyenus B c(pepudyeckoii reomerpun
u reomerpuu JlobayeBckoro

B eBruImMIOBOII reoMeTpuMEM KOHMYECKOE CedeHMe (KOHWKA) OIpesiessi-
eTca Kak cedenme kKomyca ax’ + by? + cz? =0 eBKIUmOBOH IIOCKOCTHIO.
B cdepuyueckoit reoMeTpHHm BMECTO €BKJIHIOBOH ILIOCKOCTH MBI GepeM
chepy 22 +y?*+22=1, a B reomerpum JIo6adeBCKOro — TruUIep6OIOHT
2+’ =221

UccnemyeMm cHadasia KOHHYECKHE Ce9eHHS B C(pepUIeCKOil reoMeTpHu.
Hanomuum, uro ma cdepe ecTb ABOWCTBEHHOCTD: TOYKaM +(Zg, Yo, 20) cde-
PBI S? MOKHO COMOCTABHUTD CedeHne S? MIOCKOCTBIO Ty + Yoy + 2oz = 0. dT0
HO3BOJIAET ONPEIEINTD ABOHCTBEHHBIH KOHYC I KOoHyca ax? + by? + cz? =0
cremyromuM obpazom. KacarerbHas mI0CKOCTh K KOHYCY B TOUKe (Zo, Yo, 20)
3aaeTcd ypaBHEHHEM aZoZ + byoly + €202 = 0. DTOii ILIOCKOCTH COOTBETCTBY-
eT TouKa (aZo, byo, C2); ABOWCTBEHHBIN KOHYC COCTONT U3 BCEX TAKMX TOIEK,
T. €. TOYEK, TBOHCTBEHHBIX KacaTeJbHBIM IJIOCKOCTAM K HCXOJHOMY KOHYCY.
Yro6bl HafiTH ypaBHEHHE JBOMCTBEHHOrO KOHYCa, HYKHO I0J06PaTh IUCIa
A, B u C rak, 9100l paBeHCTBO ax? + byl + cz2 =0 GbUIO YKBUBAJIEHTHO
paserctBy A(axg)? + B(byy)? + C(cz0)? = 0. g 3TOro MOXKHO MOJIOKHATH
A=a', B=b"' u C =c'. Takum obpasom, konycy ax>+ by> + cz> =0
IBOMCTBEH KOHYC ) ) )

—+ 5+ =0

KoopaunaTHbIe OCH ABISIOTC OCAMH CHMMETPUH KOHyca ax’ + by? +
+ ¢z? =0, a KOOpAUHATHBIE IJIOCKOCTH — ILIOCKOCTAME CHMMeTpun. Toukm
nepecedeHusi KOOPJAMHATHBIX oceil co cdepoit x2 + y? + 22 = 1 nHaszbiBaIOT
YEeHMPamu KOHIIEeCKOro cedenus (KoHuku) ax® + by® + c¢z® = 0.

IIycts O, —onuH U3 IEHTPOB KOHUYECKOTO cedeHHd. IIpoBemeM depes
Touky O; chepHIecKyIo IpAMYIO, T. €. GOJBIIYI0 OKPY*KHOCTh. KoHmKa me-
qut ee Ha 4 nyru. IIpum sTOM cepequHAMU IBYX IyT ABAAOTCA Todka O U
MaMeTPaJbHO IPOTUBOIO/IOXKHAs eif Touka Oy, a CEPeJUHbL JIBYX JIPYTUX
IyT JIeXKaT Ha MI0CKOCTH, aBoiictBenuoit O, u O,.

IlepefimeM Temephb K ABOHCTBEHHOMY KOHYCY WM IIOCMOTPHM, KaK BBITJISA-
AT IABOMCTBEHHOE yTBepzKieHue. IlycTh | — mpamas, MpoXoidmas depe3
touku O; u Oy, A 1 B—Takue TOUYKM II€pecedeHns | ¢ KOHUKOI, 9TO cepe-
nmaa gyru AB coBmamaer ¢ Toukoit O;. IBoficTBeHHBIE 00 HEKTHI 0003HATIM
I+, 0+, At u Bt. [IpoiicTBeHHOE yTBEP K AEHIE TPHHIMACT CJIeY Ot BIL,
ITycts KacaTenbuble A1 1 Bl kK KoHHKe IepeceKaroTcsa B ToduKe [+, Jexa-
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meit B wrockoctr O1. Torma ommoit 6HCCEKTPHCOIl yIaa MeKAy IPSMBIMI
At n Bt asnserca ceaenne cdeps mrockocthio O1, a apyroit 6uccexTpucoit
ABJIFETCA MpaAMad, coeguasiomas Toukn (- u O;. (Ilepoe u3 9THX yTBEp-
JKJIEHUI 09eBHUIHO, TaK Kak O — JIOCKOCTh CHMMETDHH. )

s chepraeckux KOHUK, KAK U JJIS IWIOCKUX, MOXKHO OIPEIENIATh (o-
KyChI, 00JIaJafoIIe COOTBeTCTBYomuMy GoKaabHbIME cBoiicTtBamu. Ho k
9TOMY MOHATHUIO HaM Oyser ymobHee momoiiTu m3maseka. PaccMoTpum KoM-
mrekcudrkanmio Kornkn ax’ + by? + cz? =0 "a cdepe 22 + 3% + 22 =1, T.e.
6yeM cIuTaTh, 910 I, ¥y, 2 € C. Pokycamu TON KOHUKH HA3BIBAIOT TOYKU
HepecedeHns OOMMX KacaTeJIbHBIX K JAHHOH KOHHKE M K KOHuKe 2 + y? +
+2%2=0. Kacarenpnas k kouuke x>+ y* + 22 =0 B ToUKe (21, ¥y, 21 ) 331a8TCA
ypaBHeHHeM I1T + 1Yy + 2,2 =0, a KacaTebHad K KOHUKe ax? + by? +cz? =0
B TOUKe (I, Yo, Z2) 3aJAETCA yPABHEHHUEM aToX + byoy + c2o2 =0. Oba
yPaBHEHWUS JOJKHBI 33JaBaTh OJHY W Ty K€ MPAMYI. DTO O3HAUAET,
9TO ATy i by i Czp =Xy Yy 21 Vckomyto TOuky (1, Y1, 21) MOZKHO_ Haii-
21

PP} 2 2 T Y1 _
TH KaK pellleHrne CHCTeMbl ypaBHeHu# r] +yi +2; =0m — + 5 =0,
a
T. €. KaK Iepecedenne KoHuUKH 22 + y? + 22 =0 ¢ JOBOHCTBEHHON KOHHUKOI
x? y2 22
Tz o
a b c
Wrak, pokyckl KOHUKA ax? + by? + c2? = 0 MOXKHO ONpeJeInTh KaK TO4-
2 2 2
- - - x z
KH, TBOHCTBEHHBIE OOIIMM XOpAaM JABOHCTBEHHON KOHUKH — -+ % +==0
a C

u koHuKHA 2 + 3% + 22 = 0. B BemecTBeHHOM CJIydae 3TH OOLTHe XOP/IbI HMe-
IOT BeCbMa IPOCTOH IeOMETPUYIECKHI CMBICI: OHH COOTBETCTBYIOT KDPYyTO-

2 2 2

T Y

BbIM C€YEHUAM KOHyCa — + s + — = 0. Mbr umeem B By CJieIyroIiee.
a C
ITycts obmas xopia JBYX YKa3aHHBIX BBIIIE KOHHK 33Ja€TCH ypABHEHH-
em pr + qy + rz = 0. Torja cedyeHure yKa3aHHOI'O BbIllIe KOHYCa IJIOCKOCTHIO
pr +qy+7rz=s5, s # 0, npeacrasnager coboif OKPYKHOCTh. B camom meie,
cedeHme OymeT OKPY>KHOCTBIO TOTIa W TOJIBKO TOTMA, KOTJa CHCTEMA, ypaB-

HEHUI 9 9
T y z
—+ =+ =0
a b

c

[

pr+qy +12=s5,
SKBHUBAJIEHTHA CHCTEME yPABHEHUIT
pr+qut+rz=s, (v—x0)°+ (y—yo)>+(z—2)>=R%.
Ilepeiimem or R? x RP?, T.e. paccMOTPHM CHCTEMY ypaBHEHHI
pr+qy+rz=sw, (xr—zow)>+ (y—yow)’+ (z—2w)’=Rw’.

Ce‘IGHI/IH KOHYCa IapaJljIeJIbHBIMUA IIJIOCKOCTAMMA HO,Z[O6HI)I, IO3TOMY I0CTa-
TOYHO PACCMOTPETH Ciydaii, korga w =0 (9TO COOTBETCTBYET CEUEHUIO KO-
Hyca GeCKOHEYHO yIaJeHHOH IJIOCKOCThI0). B 3TOM ciiydae mosydaeM, 9ro
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cucreMa
pr+qy+rz=0, %j+

JIOJIZKHA OBITH 9KBUBAJIEHTHA CHCTEME
_ 2 2 2 _
pr+qy+rz=0, z°4+y +2z°=0.

910 03HAYAET, 9TO Px + qy + rz = 0 — oburas Xopaa ABYyX PaCCMaTPUBAEMbIX
KOHUK.

Konwmkn 22 + y? + 22 =0 u ax® + by* + c2? =0 uMeroT mecTsh 06MUX XOPI.
Ho mpu BemrecTBeHHBIX ¢, b, ¢ BEIIECTBEHHBIME OY/IyT POBHO JBE W3 ITHUX
xopx, (ecau gucsia a, b, ¢ monapHo pa3ju4ssl). B camoM mesie, MOXKHO cau-
TaTh, 910 @ > b > c. llonoxkum z, =z, xo =y, T3 =2, a; =a,a, =b, a3 =c.
Torma obiue xOpapl 3aJaI0TCH yPABHEHUSIMA BUIA

(a;i — a;)a? + (ar — a;)zj, = 0.

Takoe ypaBHeHUe 33Ja€T BeIleCTBEHHbIE IPAMBIE JINIITb B TOM CJIydae, KOra
4HUCIa G; — G; U Ay — G; AMEIOT Pa3Hble 3HaKH. 1o 3T0 BO3MOXKHO JIHIIb IpU
a; =b. B sTom cirydae nosydaem mapy npsiMmbix

(a —b)x* = (b—c)z°. (Z1.28)

PaccmorpuM Ha eaummanoit cdepe x2 + 42 + 2° =1 KoHmKH, POKYCHI
KOTOpBIX (bukcupoBanbl. [lycTh, Hampumep, OHM 3aJaI0TCA BEKTOPAMU C
koopmuaaramu (1, 0, £a). [Tapa opTOroHAIBHBIX UM IIOCKOCTEH 3a7aeTCs
ypaBHeHHEM 22 = 0?22, 9TO ypaBHEHHE JOJKHO COBHAJATh C ypaBHEHHEM
(/1.28) nyist mBOICTBEHHOTO KOHYCa, T.€. C 3aMeHOi a Ha a~ ', u T. ;. [loaTo-
My yKasaHHbBIe (DOKYCBHI IMeeT KOHHKa ax? + by? + ¢z =0, rae

Iomoxmm b=A"*. Torma a=(14+)\)"! mc=(h—a?)7}, T.e. KOHUKa 3a72€TCSA
ypaBHEHHEM
2 2 2
T Y z
= =0
A+1 A A—a?

Temepb MOXKHO JIOKa3aTh HEKOTOPHIE CBONCTBA KOHUK Ha cdepe, aHAJIO-
IUYHBIE CBOMCTBAM ILUIOCKUX KOHHK. JloKarkeM CHadaJjia aHAJIOT yTBEPIKIe-
HUS O TOM, YTO IPOU3BEJIEHIE PACCTOAHMI 0T (POKYCOB J0 KACATEJIHHON He
3aBHCUT OT BBIOOPA KACATEJIBHOIA.

Teopema 6. IIyemv F) u F, — dorkyco. konuku na cgepe (¢ uen-
mpom O), 3adannot xonycom C; II —xacameavran naockocmov x xonycy C.

Ilycmo, danee, o u oy — yeav, meorcdy naockocmoro 11 u npamoumu OF) u
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OF, coomeemcmeenno. Toeda seaunvuma sin o, sinoy e 3asucum om 6u60pa
KAcameasvHol NAOCKOCTU.

Jloka3aTesbCTBO. MOXKHO CINTATh, YTO MEHTP CHEPHI PACTIOIOKEH
B HavaJle KOopAuHaT, a Gokychl umeroT Koopaunars (1, 0, +a). [IycTs Bek-
Top HOpMaJu K wiockoctu 11 umeer koopauHaTh (T4, Yo, Z0). DTOT BEKTOD
OPUHAJIEXKUT JBOMCTBEHHOMY K C' KOHYCY, II09TOMY €ro KOODJMHATHL Y10~
BJIETBOPSAIOT COOTHOIIIEHUTO

A+ Dzg +hyg + (A —o?)z5 =0, (Z1.29)

rae A — HEKOTOPOe YHUCJIO.

ITycrs B; —yroa mexxay upsamoit OF; u Hopmassio k mnockocru 1. Torma
B; =90° — o;. [TosTomy HyzkHO mOKa3aTh, aTo cos3; cos B, = const. Kocumy-
cbl yrioB Mexay Bekropamu (1, 0, o) w (2o, Yo, 20) JTETKO BBIMHCISIOTCS.
B pesynbrare mosygaem

2 2
Ty — AZp

(@8 + v +2)(1+o%)

cosf3; cosBy =
BocmnonssoBasummcs coorHomerneM (1.29), momyanm

-\
cosf3; cosf3; = —— = const . O

ﬁl ﬁQ 1+ CX.2

Teopema 7. IIposedem us mouku A dee kacameavhovie a u b ¥ chepu-
weckotl konuxke (puc. 1.60). ITycmo Fy u Fy — porycor amoti xonuku. Toeda
Yy2oa mexcoy npamoimu a u AF, pasen yeay meorcdy npsmoimu b u AF;.

HokazareabcTso. Ilycrs a; u a, —paccrogausg ot F| u F, mo nps-

MO# a, by m by — paccrosguus or Fy u F, mo npsamoii b. Cornacao Teopeme 6
sin a; sin a, = sin b; sin b,

(MBI cauTaem, 9To pagmyc cdepsl paBeH 1).

\/

Puc. /1.60
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Ilycre, nanee, ¢, u ¢, — cdepudeckue pacCrosgHus oT ToYKu A 10 To4eK
Fy u Iy, a o, y, ¢ — yrusl, u3obpakennbie Ha puc. J1.61. Ilpumenus cde-
PUYECKYI0 TEOPEMY CHHYCOB K YETBIPEM IIPSAMOYTOJBHBIM TPEYTOJbHUKAM,
n300paKEeHHBIM HA TOM PUCYHKE, MOJIYIIM

sina; = sin ¢, sin x, sinb, =sin¢; sin(y + @),
sina, =sinc, sin(x + ¢), sinb, =sine, siny.

CrenoBaTesbHO,
sin a; sin as sin z sin(z + ¢)

sinb; sinby ~ sinysin(y + @)

VYuaureBag, 9T0 sin a; sin a, =sinb; sin by, momysaem sinx sin(z + ¢) =siny x
x sin(y + ¢), T.e.

cos(2x + ¢) — cos ¢ = cos(2y + ¢) — cos ¢.

PapencTso  + y + ¢ = T BBIIOJHATbCA HE MOXKET, I0O3TOMY T = Y. O

CaencrBue. [Iycmo (chepuueckasn) npamas | xacaemes 6 mouke A
cpepuneckoti Koruru ¢ goxycamu Fy u F,. Toeda npamwvie AF, u AF, 06-
pa3yrom pasrwvie Yyeavt ¢ npamod [ .

st moka3aTeNbCcTBa 9TOr0 YTBEPXKIEHWS HYXKHO TOUYKYy A m3 dopmy-
JINPOBKH TEOPEMBI 7 YCTPEMUTb K KOHUKE.

Teopema 8. /Jlas 6cex mouek chepuneckotl]l KOKUKU CYMMA PAcCMOAHUT
do goxrycos nocmosHHa.

IlokazareybcTBo. PaccMorpuM KacareyibHYI0 | K KOHMKE B TOY-
ke A. Ilycrs Touku F| u F, cumMerpuansl pokycam F; u Fy oTHOCATEIHHO
npsamoit | (puc. [1.62). CrencrBue TeopeMsl 7 mO-

Ka3bIBaeT, 9To Touka A jexur Ha orpeske |F|Fy|, I P

T. . paccmarpuBaemas cymma |AF | + |AF;| pasra

JiaHe 3Toro orpeska. JIocTarodHo J0Ka3arhb, 9TO

ecm B — 6im3kas K Touke A Toduka mpsimoii [, To I

IUis Hee pasHocTh |BFY| + |BF,| — (JAF]| + |AF}|) B

nMeer BeamuuHy nopanka |AB|2. B camom me-

Jle, B TaKOM Cjydae Mpou3BojgHas hyHKIMH

|AF,| + |AF,| paBra mHymO. Fl
Onycrum u3 Toukn B nepnengukynsp BA, na

cropory F|F, m pa3obbeM TeM CaMbIM TPEYTOJib- Puc. 162

HuK F|BF, Ha ABa IPSAMOYTOJBHBIX TPEYTOJIbHH-

ka. Jlocrarouno mokasarb, uro pasuocru |BF]| —

—|AF]| u |BF;| — |A, F;| mmetor Benmmauny nopsnka |A;B|?. Ilycre ¢ —
JJINHA TUIIOTEHY3bI Cd)epﬂquKOFO npAMOYTOJIbHOIO TPEYIrOJIbHUKA C KaTe-
ramu @ u . Torga cosc /cosa=cosx=1—2?/2+ ... [losTOMy npu MabIx
& BEJIWIHHA C — 4, IMEET TOPSIOK 7. O
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Jist runiepboImIeCcKoil reOMeTpUY MHOT'O€ U3 CKA3aHHOI'O BbIIIe O cepu-
YECKUX KOHUKaX OCTaHeTCHd CIIpaBEeIJINBbIM, HO Hy)KHO CaeJiaTh 1 HEKOTOPbIE
u3MeHeHns. Bmecto Koruku 2 + 3% + 22 = 0 B JaHHOM CIydae Hy»KHO pac-
cMaTpuBaTh KOHUKY z2 + y? — 2% = 0. IIpu sTom koHycy az? + by® + cz?> =0
Oymer JABOWCTBEH KOHYC

2 2 2
T y z
T2y,
a b c

B orimuue or cdepuueckoil reomerpum, nepecedenue KoHyca ar’ +
+ by? + c2? =0 ¢ ogEOMONOCTHLIM TuHEepboIonaoM 72 + 3% — 22 = 1 Moxer
OBITH YCTPOEHO BeChbMa Pa3HOOOPa3HO. DTO 03HAYAET, YTO TUTIEPOOIMIeCKIe
KOHUKH OBIBAIOT MHOTUX PA3HBIX THIIOB.

B rumep6osmueckoii reomerpun poKycaMu KOoHHKH ax’ + by? + cz?2 =0
HA3BIBAIOT TOYKH [EPECEYCHHs OOIMUX KAaCaTEeNbHBIX K 9TOH KOHUKE U K KO-

nuke x2 + y? — 22 =0. Jlerko nposepurh, 4o oKycam JIBOHCTBEHHbI 0B
2 2 2

xop;LLIKOHHKxQ—i—yZ—zQ:On”%-1-%_’%:0_

ITapabosmmuyeckue 3epkaJjia B reomerpuu JlobaueBCcKoro

B eBKIMI0BOI TeOMeTPUH Iy 90K Jiydeil CBeTa, NapaJiiebHBIX OCH Hapa-
GOJIBI, TTOCJIE OTPAKEHUsS OT TMapaboJIbl cxoauTca B ee pokyce. B reomerpun
JIo6a49eBCKOro aHAJIOTHYHBIM CBOHCTBOM 06/1a4ai0T KPHBbIE, KOTOPHIE B MO-
nmenu [lyankape B BepxHeil MOIYILIOCKOCTH 33Jal0TCA yPABHEHIAMIE

.I:Q y2

PN I W (1-30)

rae 0 < a? < —\ < b%. [Ipu srom ay4m cBeTa, MapasuielbHbIE MHEMOH OCH,

noce orpazenns ot 3epkad ([1.30) cxonarca B Touxe (0, ¢), rae ¢ =b? — a?.

HamomamM, 9T0 B €BKJIHI0BOI TeOMeTpUN KPUBEIE

Yy (d.30) mpencrasnsror coboil KOH(DOKAIBHBIE TH-
nepboast ¢ dokycamu (0, £c).

HokazareancTBo 3Toro cBoiicTsa 3epkad (/1.30)

al® npuseieHO B pabore [P]; MBI cireryem sToMy noka-
3aTEJIBCTBY.

z B eBKIMIOBOII reomMeTpmu IOCIE OTPAXKEHUSI

o or npamoii y = (tga)z + d, 1y cBera, napasienb-

Puc. 11.63 wbiii ocu Oy, Oymer ABUTATHCA 110 UPAMOU Y =

= —(ctg2a)x + dy (puc. [1.63). ITosTomy mocite oT-
paxkeHus oT KpuBoii y = f(x) B Touke (¢, Yo) Y9 CBETA, MAPAJLIEIbHBINR 0CH
Oy, GyneT IBUTATLCA IO IPAMOI ¢ TAHTEHCOM YIJIa HAaKJOHA m = — ctg 2a,
rae tga= f'(zg), T. €.
(f'(x0))* —1
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s monenu Ilyankape B BepxHeil HOJIYILIOCKOCTH 3TO CBOMCTBO OCTa-
eTCS CIPAaBEIJIMBBIM, T. €. MOCJe OTPayKeHusi OT KpuBoi y = f(z) B Touke
(20, Yo) Y9 CBeTa, HapaJIebHBIA MHAMOI OCH, OYIET ABUTAThCS MO TUIEP-
60JIMYEeCKOl IPAMOIi C TAHIEHCOM YIVIa HAKJIOHA B TOYKE (Zo, Yo), PABHBIM
m, rae m onpexessarcd no dgopmyste (1.31). ra runepbosmaeckas npsaMas
npejcraBiser coO0U eBKJIUIOBY HOJYyOKPYKHOCTb. EBKiMI0Ba HOpMaib K
9TOM MOIYOKPY?KHOCTH B TOUKE (¢, o) NMEET TAHTEHC yTIIa HAKJIoHa —1/m,
[I09TOMY HOPMaJib 33/[a€TCsl yPaBHEHUEM

Y —yo=—(x —xo)/m.
ITeHTpOM MOSYOKPYKHOCTH CJIYKUT TOYKa (21, 0), B KOTOPOW HOpMaJb
[EPECEKAET BEIIECTBEHHYIO OChb. YDABHEHHE HOPMAJId IIOKA3bIBAET, 9TO
x; =myy + . Ksagpar pammyca mosyokpyskHOCTH paBeH (T, — x;)” +
+y5 = (m* + 1)yg.
Urak, nocne orpaxkenns: ot kpusoii y = f(x) B Touke (o, yo) JIyd cBETA
JIBAXKETCA 110 TUIEPOOIMIECKON MPAMOil, 33 JaHHON yPaBHEHAEM

2 2 2 2
(# —21)” +y" = (m” + Dyg.

Ora rumepbomvecKas MpsMas NepecekaeT MHIMYIo ock B Touke (0, c),
rae ¢ onpenenserca paseHcTBaMu 2 + ¢2 = (m? + 1)y3, 1 = myo + o, T- €.
2 _ 2 2

¢ =yi — 2mxoyo — x5 (1.32)
Ocraercsa noka3arb, 9To mig Beex 3epkas (/1.30) BbIDOJIHSETCS PABEHCTBO
=b—a’.
O6o3nauum gy kparkocru f'(z) =y'. Torma coornomenue ([1.32) 3a-
IIUIMEeTCdAd B BUJE

N2 2
2 2_(9) -1 2 C__l_f_’ y
c=y 7@/ ry —x°, T.€. w ”» y—l—x.
ITponuddepennuposas coorHomenune ([1.30) no x, moaydum
f__z B
oy a?+
IloaTomy
1 z b2 — 2 2 2 b2 — 2
7_7_,+y: a(x I y ): a”
y oy T Ty a?+Xx b2+ Ty

CaemosarenbHo, ¢2 = b — a?, 9aTo 1 TPeGOBAIOCH.

IIpu —\ < a? < b? kpussie (/1.30) mpeacrassior coboit yumamnck ¢ Go-
kycamu (0, £¢). B arom cnyqae (B momesnu [Tyankape) aywm cBera, mapas-
JIEJIbHBIE MHI/IMOﬁ ocCu, I10CJie OTPazKE€HUA OT TaKUX 3E€PKaJi (Z[‘BI/I)KyTCH 10
runepOOTMIECKUM JIydaM, MPOJIOJI2KEHUST KOTOPBIX MPOXOAAT depe3 TOUKY

(0, ¢).
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O6beM cuMIIeKca ¢ BeEpHIMHAMHA Ha abcoJiioTe

Ha mnockocru JIobadueBCKOro mIomas TpeyroabHEKa C yIIaMu o, 3, ¥
paBHa T — o — 3 — v (MBI mpeamosiaraeM, 9TO MHUMBII pasuyc ¢ paseH 1).
B wacrHOCTH, TLI0IA/1b JTI060T0 TPEYTOJIbHUKA C BEPHIMHAME Ha abCoIoTe
paBHA TT.

Bce TpeyroapbHUKE ¢ BepIIMHAME Ha abCcoIoTe KOHIpy3HTHBEL Ho yxke B
TpPeXMEpHOM TPOCTPAHCTBe JI06a9eBCKOr0 He BCE CHMILIEKCH (TETPas3Iph)
¢ BepIIMHAME Ha abCcooTe KOHrpyHTHBI, O6beM TPeXMEPHOrO CHMILIEKCA
C BepIIHAMH Ha abCOJIIOTEe BBIPAXKAETCA 9€PE3 €r0 YIUIbI MEXK/y IPAHAMHE C
nomompb gynkyuy Jlobavesckozo

o
JI(9) = —/ In |2 sin u|du.
0

Qopwmysa gis obbema Terpasdnpa Obiia mosydeHa JlobadeBckum. Mbr mpu-
BEeJIEM ee JIOKA3aTeabCTBO, ciemys [M].

IIpexxe weM moy9uTh BBIpAasKeHUE Ijisd 00beMa TeTpa’dapa, JOKaKeM
ocHOBHBIE cBOficTBa dyHKINK JI06ageBCKOTO.

JIemma. Qynxyus JI(V) newemmua, umeem nepuod © u ydosaemsopaem
COOTMHOWERUIO

JI(29) = 2 J1(9) + JI (ﬂ + g) .

HokasaTenbcTBo. [Ipn v — 0 mompiHTErpaidbHas (DYHKIWS CTpPe-
MEUTCS K —00, HO MejjienHee, veM —1/u?. Ilosromy dbymkums JI(9) 3ana-
Ha cxongummMcs uarerpasoM. Ogepunuo, uro JI() —nevernas dbyuxknus u
JI(0) = 0.

Pasencrro sin 29 = 2 sin 9 sin (1‘) + g) [I0Ka3bIBAET, 4TO

JU(20) =2J1(9) + 21 (9 + 3 ),

IIO3TOMY

T(20) =2J1(0) + 271 (9 + 3) + C.

IToacraBuM B 3TO paBeHcTBO U =0 1 O = g, a 3aTeM BBIYTEM OJHO U3 II0-
JIy9€HHBIX PaBEHCTB u3 npyroro. B pesymasrare momyanwm JI(wt) = JI(0) = 0.
I'paduk mogpiaTEerpasibHOM MYHKIME CUMMETPUYEH OTHOCUTEIHHO MPSIMOM
u =1/2, mosToMy u3 pasercTBa JI(r) =0 caenyer, aro JI(n/2) = 0. Takum
obpazom,

C =J1(0) — 2J1(0) — 2JI(=/2) = 0.

®ynkuus JI'(9) = —In |2sin 9| umeer uepuoy, n u JI(n) = JI(0) =0, no-
stomy dbyuakmus JI(0) Toxke uMeeT mepuoz T. ]
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IIycre o, B, ¥ —aByrpansbe yrisl npu pebpax TeTpasnpa, BHIXOLALIX
n3 oxHOHN BepmuHbL. EC/in BepmmHb TeTpajdapa Jekar Ha abcosaoTe, TO
o+ B+ Yy =7 u IByrpaHHbIE YIJIbl OIPU IPOTHBOMIOJIOKHBIX peOpax PaBHBL
o, B, v (3amaga 11.30).

Teopema 9. a) Obsem mempasdpa A ¢ sepwunamu ma abcoarome paser
JL(e) + J1(B) + JI(v)-

6) Obsem mempasdpa ¢ BEPUUHAMYU HA AOCOANOME MAKCUMAAEH MO20Q
u moavko mozda, Kozda mempasdp npasusbrul, m.e. o ==y =m1/3.

HdokasaTenscTso. a) Bocmonpsyemca monensio [Iyankape B mosy-
npocrparcrtee H? = {(z, y, z) | z > 0}. Kpagpar snemenTa IyMHBL B 9TON
dz® + dy? + d2* dx dy dz

22 23

Pacnonoxkum Terpasap A Tak, 9ro0blI OfHA €ro rpaHb JiexKalia Ha cdepe
72 +9y?> + 22 =1, a UPOTUBONOJIOKHAA BEPIIMHA HaXO/AWJIach B OeCKOHeu-
HO yIaJieHHOI Touke. OpTroroHajbHas MpoeKiusd TeTpasapa A Ha abCoaoT
npencTaBiageT coboit Tpeyroapauk ABC ¢ yriaamu o, B, Y, BIHMCAHHBIA B
OKpyxKHOCTEL T2 + y? = 1.

Paccmorpum cragana caydail, Korna Bce yrisel o, B, Y ocrpsre. MoxkHO
cuuTarh, 9r0 0ch Oy napasienbaa cropoune BC u nyu Ox nepecekaer Cro-

MOJIeJId UMeeT BUJL , & JIEMEHT 00'beMa MMEeT BUJL

pouy BC'. Torna yacts Terpasapa A, nexamas Ha rpeyrojabaukom OBC,
3a/1aeTCs HePAaBEHCTBAMHU

z2/1—22—19y2
—zrtga<y < —xtga,

0<z<cosa.

Ee o6bem pasen

cos o rtga [e'e] cos o rtg o
[l )= [ =i )=
0 —ztgo 1—a2—y2 ? 0 etz 2(1 — 22 —y?)

Hamomanwm, ato
_dy 1, Aty
A2 — 2 24 A—y’

ITosTomy
/mtga dy ilnA—’—y Ttg o
Crtga 21 —22—y?)4A 7 A—y | _z¢ga

. LlnA—i—xtga . Lln Acosa+ xsina
T 24 A—ztga 2A7 Acosa—xsina’

roe A=+v1— 22
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YT00BI BEIYUCIATHL HHTEIPAJT

s Acosao + xsina
T
o 2A 7 Acosa— zrsina

dz,

cemaeM moncTanoBKy - = cosV. Torma A =+/1 — 22sind u dx = — AdY, mo-
9TOMY IIOJIy9aeM HHTErPaJl

B * 1 nsinﬂcosa+cosﬂsina _1 K/QIHZSin(ﬂ+a)dﬁ_
2 24 sindcosa — cosVsina 2 2sin(9 —a)
1 [Ete 1[E
= —/ In(2 sinw)du — —/ In(2sinu)du =
2 20 2 0

:%(—ﬂ(g+a)+ﬂ(20c)+ﬂ(g—0()—H(O))-

Cornacro semme JI(2a) =2 JI(a) + JI (cx + g) ITosToMmy BeIpazkeHUE B CKOO-
Kax PaBHO

2J1(a)+ﬂ(g+<x) +H(g —cx) — J1(0).

Cornacuo Toit xe nemme (yakuuga JI(9) mederna u umeer nepuoyn x. Ilo-
sromy JI(0) =0 n

ﬂ(g—a):—H(a—g>:—ﬂ(a—g+n>:—ﬂ(g+a>.

Takum obpasom, 00beM dYacTu Terpadmpa A, JiexKameil Haj TPeyrojb-
mukom OBC, pasern JI(a). ITosromy obbem Bcero rerpaszpa A paseH
TH(w) + JI(E) + J1(y):

Ecnu xe, HampuMep, Yy > T/2, TO Te )Ke caMble PACCyKIEHUI NOKa3bIBa-
0T, 9T0 00beM TeTpasapa A paBeH

T(a) +JI(B) = J(x — v) = JI(a) + JI(B) + JI(v)-

6) Tpebyerca maittm makcumym dyrknun JI(o) + JI(B) + JI(y) mas
HEOTPHUATEIBHBIX O, 3, Y, CBA3aHHBIX COOTHOIEHUeM o + [ + y = . Makcu-
MyM JIOCTUI'A€TCsl BO BHYTDeHHEH Touke paccMarpusaeMoil obsactu (ecsiu
OZMH U3 yIIoB o, B, Y paseH 0, To 06beM TeTpasapa paser 0). Ilosromy B
TOUKe MaKCHMyMa BhIIoIHsI0TCH pasercTsa JI' (o) = JI'(B) = JI'(y). B camom
nene, byuakmus f(x) =JI(a+ ) + JI( — ) uMeeT JOKAIBHBIN MAKCUMyM B
Touyke x = (), mosTOMYy

0= f/(0) = JT'(2) — IT'(B).

ITo ycuosuto JI'(9) = —In|2sin9|. Ecau 0 <9 < x, o JI'(9) = — In(2sin9).
ITosTomy sino = sinf3 = siny. 9To o3HaUaeT, 9TO JAJIMHBI CTOPOH TPEYTOJIb-
HUKa C yIJIaMu o, 3, Y HOIApHO PaBHBL, T.e. o =03 =y =1/3. O
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B n-meproM npocrpancrse JlobadeBckoro mpu n > 3 MaKCHMAaJIbHBINA
00beM TOXKE HMeeT NPABUJIbHBIN CUMILIEKC C BEPIIMHAMU Ha, abCOJIIOTE

(cm. [HI]).

Sagaun

J1.28. Jlokaxkure, 9TO OrpAHUYEHNE IBUKEHNS TPEXMEPHOIO IPOCTPAH-
crBa JlobaueBCKOro Ha abCOIIOT UMeeT OJHY WJIH JBE HEITOJBUKHBIE TOYKH.

.29. Tlycts A, B, C, D — nonmapHO pa3auvHBIE TOYKH abCOIIOTA IJIs
TpexMepHOTo mpocTpaHcTBa JlobadeBckoro. JlokaxkwuTe, UTO CyIIecTByeT
JIBUXKEHUE, TIepeCTaBsdonee Kak To9ku A u B, Tak u touku C u D.

J1.30. Paccmorpum TeTpasap ¢ BeprmmHaAMU HA abCOJIIOTE.

a) JlokaxKkuTe, 9TO €ro MPOTHBOIOJIOXKHbIE TBYTDAHHBIE YTl DABHBIL.

6) okaxwure, 9TO CyMMa €ro JABYTPAHHBIX YIJIOB HpHU JI000H BepImHE
paBHa T.

J.31. /lokaxkuTe, 9TO CyMMa JBYTPDAHHBIX YIJIOB N-TPAHHOTO yTJia C
BepIMHOHA Ha abcosrore paBHa (n — 2)T.

.32, Jlokaxkure, 9T0 00b€M TeTpa’dapa C BepIIMHAMHU HA abCOJIIOTE
KOHEJEH.

.33. /Isyrpanusiit yros ky6a B mpoctpancTse JlobaueBCKOro paBeH ix,

a yroa Mexay cropoHamu rpanu pases 3. Jlokaxknre, aro sin g cosg =3

J.34. Isuxenue f npocrpancrsa JIobaueBCKOro TaKOBO, YTO PACCTOS-
Hre Mexay Toukamu X u f(X) omHo u To ke must Bcex X . Jlokaxkmre, 910
f —roxuecrBenHoe npeobpasoBaHueE.

J1.35. IlpeobpasoBanue f mpocTpaHcTBa JI06aI€BCKOr0 TAKOBO, ITO OHO
YBEJINYABAET PACCTOSTHUE MEXKIY JIIOOBIMU AByMs To9kaMu X U Y B OIHO U
To ke amcyo pas k, T.e. d(f(X), f(V))=kd(X,Y). Hokaxure, aro k =1,
T.e. f —u3oMmerpus.

1.36. Bosbmem B n-MepHOM rumnepOOJTHIECKOM TPOCTPAHCTBE TOYKHU
Z1y -+, Znio U pacceMoTpuM MaTpuiy A = (ai;), a;; = ch(dy;), toe d;; — pac-
CTOsIHHE MeXKJy TOYKaMH z; U 2;. Jlokaxkure, aro det A = 0.
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T'smaBa 1

1.1. Banunure ypaBHeHHUs CEPEIMHHBIX II€PIEHIUKYJISPOB K CTOPOHAM
TPEYTOJbHUKA W HAfJATE TOYKY UX HEePECEIeHNUs.
1.2. BekTopsl (a1, ay, ag) u (by, by, bs) OPTOrOHAIBHBI JAHHBIM ILJIOCKO-

( )

1.3.

1.4. IlmockocTm ae; + Bes 1 Yes + dey.

1.5. IlmockocTm ae; + Bes + e3 u yeq + dey.

1.6. Touky A casuraem cHadaJia IepHeHIUKYyJaapHO R3, 3aTeM mapad-
sesnbHo R3,) a 3arem Bosspamaem B R3.

a2 as

by b3

ayp as

b1 b3

ar a2

b1 b2

) i

1.7. OnHYy OKPY?KHOCTH CABHTAEM CHAHYAJIa HepIeHIuKyaapHo R3, saTem
mapajieasHo R3, a 3arem BosBpamaeMm B R3.

1.8. Ilycte ey, ..., €, — OPTOHOPDMHUPOBaHHBIH 0azmuc, ap = Y. a.e;,
x=> x'e;. Torma cymma KBaJpaTOB IPOEKIHH BEKTOPOB di, ..., d, HA
OPAMYIO, TAPALICTbHYI0 BEKTOPY T, paBHA

>(ak, 2')* +230 3 apala’e’

Z (ak, :E)z _ ik k i<j
- |z|2 e P R

DTO cyMMa [OCTOsIHHA TOIVIA U TOJLKO TOraa, Korja y.(a¥)?=2A\? u
k

S aial =0. Ilycrs b =\ 'al. Torma marpuna B = (b.) oproronanbha, a
k

suaant, (b, by) = Y bLb =B,

p

1.9. a) Her, HeJIZI>3$I. Paspexem kyb Ha 8 0OqHAKOBHIX KyOUKOB C pedpoM
d /2. Paccrostaue MexK 1y JHOOBIME JIBYMsl TOUKAMH, JIEXKAITAMEA B MAJTEHBKOM
Kybuxe, He npesocxomut dv/3/2, T.e. ono menpme d. ITosromy B KazKmom
73 BOCBMH MAJIEHbKUX KYOMKOB HaXOIUTCS He DOjiee 9eM OfHa M3 MaHHBIX
TOYEK.

6) Ja, moxxuo. ITomectum 16 Todek B Bepiiusbl Kyba, a e1me ogHy TOIKY
[IOMEeCTHM B IIEHTP Kyba.

1.10. MoKHO CYMTATh, 9TO JIJIMHA KAXKJOI0 BEKTOPA a; = (A1, - - ., Aip)
pasra 1. IIpeamosokum, 9T0 9T BEKTOPHI JMHEHHO 3aBucuMbl. Torma cy-
MIECTBYIOT YHUCHIA Yy, - - ., Yn, CYMMa KBaJIPATOB KOTOPHIX paBHa 1 m mis
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KOTODBIX BBIIOJHSAETCA PABEHCTBO » . Y;a;; =0 (MBI HOJB3yeMCa TEM, 9TO

J
JIMHelHad 3aBUCHUMOCTD CTPOK KBaJIPAaTHOU MaTPUIILI 9KBUBAJEHTHA JINHEN-
HOIi 3aBMCHMOCTH ee CTOJIONOB). B TakoM ciydae

aty? = (Z yjaij)z < (ny) (Z a?j) =1 —-y)(1—al),
i i

J#i

nosromy y? + aZ <1, re. ay < /1 — y2. CuenobareisHo,

Zan<2\/1—y$<\/ﬁ'\/2(l_y?): Vn(n—1).

UTax, ecim BEKTODHI Gy, . . ., G, JTAHEHHO 3aBICAMBI, TO Y, COS0,; = Y . (j; <
< y/n(n —1). Ilosromy u3 HEpaBeHCTBA Y, cosa,; > y/n(n — 1) caexyer am-
HelfHasl HE3aBUCHMOCTH 3THX BEKTODOB.

Bameganue. g qUHEHHO 3aBUCHMBIX BEKTOPOB a; =ne; — (€ + . ..
... +€,) BBIIOJHAETCA PABEHCTBO Y cosa; = v/n(n — 1).

1.11. IIycrs P — obmas Touka mcxomubix mapos, f(X) = max |XB;|/
|PA,;| (maxcumym Gepercs no 4). Torma f(X) — oo mpm X — 0o, mosromy
f mmeer Touky muEMyMa (). Jocrarodno mokasars, 9to f(Q) < 1 (Torma
|QB;| < |PA;| < R;). T'pabduk byskunn y = f(X) — rpanuna nepecedenus
KOHYCOB B BepmmHamu B, ..., B,,. Touka MUHIMyMa MPUHAJIEKAT TPa-

HUIIAM He MeHee 4eM JBYX KOHyCOB C BepmuHamu B; m B;. Paccmorpes
orpanuuenue pyskuun f Ha upsamyio B; B;, nerko ybegurscs, aro f(Q) < 1.

1.12. a) IlycTh @} —npoeknmst BEKTOPA (3 Ha IUIOCKOCTH 11, mopoxeH-
HYyIO BEKTODaMH G, H a,. Torma (aj, a;) = (as, a;) > 0 upu i = 1, 2, mosromy
Ha maockocTu 1l MOXKHO BBIOPATH OCH MPSIMOYTOJIBHOW CHCTEMBI KOODIH-
HAT TaK, YTOOBI KOOPJAUHATHI BEKTOPOB (1, G2 U G5 ObLIH HEOTPUIATE/IbHBIL.
Tperpst 0Ch KOOpAUHAT EPIEHAUKYIAPHA II0CKOCTH 1] n HanpaBieHa Tax,
9T00BI TPEThsi KOOPAWHATA BEKTOPA (3 ObLiIa HEOTPUILATEIHHA.

6) Paccmorpmm B mpocrpanctee R®* C R™ Bekropsr a; = (1, 0, 0), a; =
=(0,1,0),a3=(1,0,1),a,=(0,1, 1) mas = (1, 1, —1). Jlerko npoBeputs,
qto (a;, a;) > 0. JokaxkeM Tenepsb, 4ro B R™ Hesnb3s BEIGPATH IPAMOYTOIb-
HYIO CHCTEMY KOODJIHMHAT TaK, YTO0BI KOODAUHATHL BEKTOPOB G, . . ., A5 ObLIN
HeoTpunare/ibHbl. [Ipexie BCero JoKaxkeM, 4T0O B TAKOU CHCTEME KOOPIu-
HaT y BekTopa ag = (0, 0, 1) Bce KOOPAMHATHI TOXKe HEOTPULATEIbHEL. [TycTh
HEKOTOpasl KOOPANHATA BEKTOPA (g OTPHUIATEIbHA. 1orma y BEKTOpa a; Ta
KOODIWHATA IMOJIOXKHUTEIbHA, TaK KAK y BEKTOpA (3 = 4; + g BCE KOOPIU-
HATHI HEOTPUILIATEIbHBL. AHAJIOIUYIHO JTOKA3BIBAETCS, 9TO PACCMAaTPUBAEMAsT
KOODP/MHATA BEKTOPA Gy IIOJIOKUTEJIbHA, TAK KaK y BEKTOPA (4 = (o + Gg BCE
KOOPJMHATHI HEOTPUIATEbHbI. HO y BEKTOPOB G; M Gy OJHA U Ta XKE KO-
OpJIMHATa HEe MOXKET OBITh OJHOBPEMEHHO MOJIOXKHUTEIbHON. B camom nese,
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BCE KOODJMHATHI 9TUX BEKTOPOB HEOTPHUIATEIbHBI, & UX CKAJISPHOE IPOU3-
BeseHre paBHO Hy 0. Clie10BaTeIbHO, Y BEKTOPA g HET HEOTPHUIATEILHBIX
KOODIWHAT.

Teneps yzKe JIerko mpwiitTei K nporuBopeunto. C OJHON CTOPOHBI, BCE
KOODJMHATHI BEKTODPOB (5 U (g HEOTPUIATENbHBI, TIO9TOMY UX CKAJISPHOE
npousseieHne HeoTpunareabHo. C apyroit cTopoHsl, B R® BEeKTODPH a5 U ag
nmeror koopauaaTel (1, 1, —1) u (0, 0, 1) cooTBeTCTBEHHO, MO3TOMY HX CKa-
JISPHOE TPOM3BejIeHne paBHO —1.

1.13. PaccmarpuBaeMblil ONpEIEUTENb PABEH OPUEHTUPYEMOMY O0b-
eMy MapaJijlejIeuiesia, HATAHYTOr0 Ha BEKTOPBL (X1, y1, 1), (T2, Yo, 1) 1
(z3, Y3, 1). O6beM paBeH HyJIO TOrAA U TOJIBLKO TOLAA, KOLJA TH BEKTOPBI
JINHEWHO 3aBUCHUMBI, T. €. pacCMaTpuBaeMble TOYKH JIeKaT Ha OTHOI IPAMOM.

1.14. Bocmoas3yiiTech TeM, 9T0 00bEM MMAPAJIJIE/EIINATIEIA HE TTPEBOCXO-
AT TPOU3BeIeHUd JIJIUH ero pedep.

1.15. Ilycts A, B, C'—KOHIIBI JAHHBIX BEKTOPOB ¢ obmmM HagagoMm O,
H —npoeknus Touku A za miockocts OBC. Torna V = |AH |besin a.. 910651
seraucauth |AH |, paccmorpum npoekruun M u N toukn A ma npavere OB
u OC coorBercrBenno. Touku M u N jiexkar Ha OKPY?KHOCTH C JUAMETPOM
|OH|, nosromy |OH|=|MN|/sino. B tpeyroasauke OM N cropory M N
MOKHO BBIPDA3WTh MO TeopeMe KocuHycoB. Ilocse sToro Bhipaxkaem |AH|
ucxona u3 coornomenus |AH|?> =a? — |OH|?.

1.16. Ilepsoe pewenue. Ilycrs S; — mnomane i-it rpanu. Torma S; =
= 5508 @12 + S5 cos @13 + Sy COS Q14. AHAIOrMIHBIE BBIDAKEHUST MOKHO 3a-
nmucarThb u gasa S,, S, S;. OTH BbIPaXKEHUS MOXKHO PACCMOTPETh KaK CHCTE-
My JIMHEWHBIX YPABHEHUI OTHOCUTENBHO S, S, S3, Sy. DTa cucrema umeer
HEHYJIEBOE PeIleHre, I09TOMY €€ OIpeIe/IuTeNb paBeH Hymo. Ho sTor ompe-
JIeJIATENb COBIAIAET C PACCMATPUBAEMBIM OLPEIEIUTEIIEM.

Bmopoe pewenue. Ilycts n; — BeKTOp BHeEIIHeil HOpMaJu K i-i TPaHU.
Torpa (n;, n;) =—cosg,; upn i # j. fIcuo rakexke, aro det ||(n;, n;)|| —oupene-
aurens ['paMa nopsaka 4 B TpeXMEPHOM MpoCTpaHcTBe. [[09TOMy OH paBeH
HYJIIO.

1.17. a) dcHo, aTo

h
t\" 1! 1 A"
an/o () Vadt= Vi

6) Iycte Vi, —obbem cummiekca A, ...A,A, 1. Torma Vi, =hV,_,/k.
C mpyroii croponsl, |V (ay, ..., ap)|=h|V(a, ..., ar_1)|. dcuo Takxke, aro
Vi =|V(ay)|. llosroMy 1O MEAYKIMHA DOIyYaeM

1
V}C = H|V(a1, ey ak)|

1.18. Ilycre W,, — 0bbem mapaJiesenumena, TOPOXKICHHOTO pebpaMu
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1
cumiiekca A; ... A, .1, Berxogamuvu n3 Bepumabl A;. Torma V,, = —W.

n!
(_1)n+1

on D, rne D —paccmarpuBa-

2 _
ITosTomy Tpebyercsa nokasars, uro W2 =
€MBII OIIpelleIuTeIb.

Paccmorpum BCcmomoraTebHBIN OIpenenTesnb

(a17a1) (al,anJrl) 1

- |(ang1, 1) oo (@nya, anga) 1
1 . 1 0
—
roe a; = 0A,;, O—nagano koopauHat. Jloka3aTeabCTBO IPOBEAEM B 1B, ITa-
n
na. Cragana mokaxkem, ato W?2 = —@G, a 3aTem mokaxkem, 9to G = oo D.

Oupegenuresib G MOXKHO IIPEJCTABATD B BUJIE IPOU3BEAEHUS JIBYX OIIPe-
JenTeNIein:

1
a a 0
ai at 10 1 n+l
G| .1....1. 0 ar avy 0
An41 An 41 0 0 1
0 0 01
1 1 0
YaureiBasg, 9T0
1 n
1 1 ay e aq 1
“ “ as—al ay—at? 0
................ =+W,
)
1 O
a a 1
e i Ap41— a1 Opt1—Gpyq O

noyanm G = —W?2.
Ilepeiiiem Ko BTOpOMY 3Tally, T.€. K JIOKa3aTebCTBy paseHcrsBa G =
—1 n

— EV" b Cornacuo TeopeMe KOCHHYCOB
27L

di; = a? + a3 + 2(ay, a ),
nostomy B onpezenuTene G KaxKapi 3/eMeHT (a;, ;) MOXKHO 3aMEHHTH Ha
l(af + a2 — d7;); mia qmaromambHBIX dteMenToB di; = 0. O k=1, 2, ...
., n+ 1 Berurem 3 k-ro cronbua nocnemauit cronben onpenenntens G,
YMHOKEHHBII Ha %’“. 3aTeM TaKyio »Ke OIepaluio IIPOJEJAeM i CTPOK.

B pesysibrare mosydnm onpenesnTessb

0 —(1/2)dy ... —(1/2)d% 40 1
—(1/2)d% 0 coo —(1/2)d3 40 1
_(1/2)di+1,1 —(1/2)di+1,2 0 1
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YMHOKHAM OCJIETHIO CTPOKY U HOCIeAHuI cTosbern Ha —1/2 (mpu sToM
ONpeeNTeNh N3MEHUTCS: OH YMHOXKUTCA Ha 1/4). YMHOXKHAM 3aTeM Kaxk-

IpIi 9seMeHT Ha —2 (OIpemesTeNh IpHW 9TOM yMHOXKHTCA Ha (—2)"12).
) n+2
B pesynprare momyaum onpemenurens D. Ilostomy D = %G, T. €.
—1)"
¢=Up,
271,

1.19. PaccmorpuM BBIpOXKIeHHBIH (1 + 1)-MepHBIH cummaeke A ...

. A, THe A, o, —ueHTp onmcanuoit cdepbr cummiekca A; ... A, ;. U3
BBIPOKJIEHHOCTH CUMILJIEKCA CJIE/LY€ET, 9TO €r0 00beM PABEH HYJII0. 3aIHUIIEM
3TO yCJIOBHE B JIETEDMUHAHTHOM BHJE C IIOMOINBIO IpeapLIymieil 3a1adqu.
IIpu sToMm B onpemenuTese HOSABATCH JONOJHUTEIbHbIE CTPOKA M CTOJIOELL
d;, o =d’ ,, =R’ TlpubaBuM B 5TOM OIpeJeTHTeNe K MPEeIIOCTe/Heil
CTPOKe TIOCJIEIHIO CTPOKY, YMHOXKEHHYI0 Ha —R?; 3aTeM CIejaeM TO Ke
caMoe misi CTOJIONOB. Pa3iioyKuB IMOJIy9YeHHBIN ONpeNesInTeNb [0 IIPEJIo-

ciemHeit crpoke, moxyauM —2R2D + A = 0.

n

1.20. ITycre Touka A; mmeer koopmmHaThl (4, ..., al) =a,;. Toukn
Ay, ..., A, o Nexar Ha omHOU cdepe WX B OTHON T'MIOEPIITIOCKOCTH TO-
rjJja W TOJBKO TOrJA, KOTJa MOXKHO MOA0OpaTh HEHyJIeBOil HAGOp dguces

X, Y, Z1y -+ -, Zn TAK, 9TOOBI BHIIOJHSJIACH PABEHCTBA
n
2 j .
z|a;|” +y+ E zjal =0, i=1,2,...,n+2.
Jj=1

Ilonygennasa cucTeMa JMHEHHBIX ypaBHEHHI OTHOCHTENBHO T, Y, 2; AMEET
HEHYyJIeBO€ PeIlleHue TOrJA U TOJIbKO TOL/A, KOIZIA €€ OIPEee/INTeIb
lai* 1 af ... af
lant2|> 1 apyo .. alys
paBeH Hym0. PaBeHCTBO HYJIIO 9TOro ompenesnTeNd SKBUBAJEHTHO PaBEH-
CTBY HYJIIO OILIPEIeJInTesIs

1 S 1
laa]? ... |angel?
—2a} ... —2a}1+2
—2a? —2an 2

Jlerko npoBepuTh, YTO NMPOU3BEIEHME NEPBOrO OIPEEJUTEN HA BTOPOM
PABHO OIIPEJIEJIUTEII0, YIACTBYIOMEMY B (DOPMYJIMPOBKE 3a/1a4u.

1.21. 3azmada a) SABISETCS JACTHBIM CIIydaeM 3319 6), TO9TOMY PEeITuM
cpasy 3azxady 6). [Tycrs d;; —paccrosaue mexay nearpamu O; u O; JaHHBIX
cdep. Yroa mexay cepamu paBeH ¢ TOrIa U TOJIBKO TOLZA, KOTIa

2 .2 2
di; =1y +r; —2r;r; cosq.
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OTH COOTHOIIEHWS MOYKHO HCIIOJIb30BaTh IJIs TOrO, YTODBI HOJYyYIUTH AJl-
rebpamv4ecKkoe COOTHOIIEHHE MEXJIY T, ..., I'ni1- B caMOM Jiejie, BbIOpaB
MOAXOASAIIMM 00Pa30M CHCTEMY KOOPAWHAT, MOXKHO CIUTATh, 9T0 y ToUKU O;

n(n+1)
2

[TO3BOJIAIOT U30ABUTHCS OT BCEX KOODAWHAT U MOJIYIUTh TpeOyemMoe COOTHO-
[IeHNe MEXKIY T;.

Ilokazkem Temeps, 9T0 OpU (PUKCUPOBAHHBIX T, ..., I'y JJIS Ty g HOJY-
9UTCs KBaJpaTHOe ypasHeHue. B camom nese, mpm 4, j < 1 paccrosHust d;;
bUKCHPOBAHBI, TIOTOMY KOH(MUTYpAIHs IIEHTPOB MEPBBIX N cdep oImpeie-
JleHa OgHO3HAaIHO. TakuM 00pa30M, KOOPAUHATHL ITUX IEHTPOB MOXKHO CUH-
TaTh pukcupoBaHHbIMEU. COOTHOIIEHUS

IepBBIe N — ¢ KOOPAUHAT HyseBble. Torna yKa3aHHBIE COOTHOIIIEHU

2 — 2 2 .
dipy =Thy 17 = 2rppricose, i=1,...,n,

MOXKHO pacCMaTpUBaTh KaK ypaBHEHWE OTHOCHTENHLHO HEM3BECTHBIX T,
u koopmuHaT Toukm O, ;. IlepeiineM K SKBHBAJEHTHON CHCTeMe ypaBHe-
HUIi: OCTABUM II€PBOE yPAaBHEHHE, a BMECTO YPABHEHHI ¢ HOMEPAMH 2, . . ., 7
paccMOTPHUM WX PA3HOCTH C MEePBbIM ypaBHeHmeM. llociemaue ypaBHEHUS
6ynyr smueitabiMu. OHM [IO3BOJISIIOT BBIPA3UTh KOOpAuMHATHL TOYKH O, )
9epe3 7,41 (M PUKCHPOBAHHBIE BEJMIWHBI); BHIDAZKEHHs OyIyT JIMHEHHBI
0O 7,,1. IIOICTaBUB 3TO BBIpaXKeHUE B IepPBOE yPaBHEHHE, MOJIyINM KBa/I-
paTHOE YPABHEHHE IS Ty 1.

PaccMoTpuM 9acTHBIA Ciiydait 11 =...=7r, =2 *, 7,41 =y ‘. Torma
KBaJpaThl NOIAPHBIX paccTosHuit mexy rtoukamu O, ..., O, paBHbI
d*=2(1 —cosp)y 2, a KBaApaThl PACCTOSHHIl OT STUX TOYEK O TOUKH
O,41 paBusl I? =27 %y ?(2? + y* — zy cos ). losromy O; ... O, — npaBuib-
HBIH cuMILTeKC ¢ meHTpoM O, 4. JljinHa pebpa 3TOro CUMILIeKCa paBHa d, a
paauyc omucanHoM cdepsl paseH [. Takmm obpasom,

n(x® +y* — 2xy cos @) = (n — 1)(1 — cos @)z (P.1)

Iycts s, =r; "4 ... + r;fl. Hastry, ..., 7,41 UMeeTcs ajaredbpandeckoe
coorromenue P(sy, ..., $,41) =0. IIpn noncranoeke r; =...=r, =z ',
Tng1 =Y "
B 9TOM CJIy4a€ He IIPOMCXOJUT, TAaK KaK U B 00WeM ciiydae [ 7,y IIpU
PUKCUPOBAHHBIX T, . . ., T, TIOJy9aeTcs KBaJapaTHoe ypaBHerue. [losTomy P
3aBHCHT TOJBKO OT §; U 5. A Tak kKak oTHocuTesnsHO ;' MHOrowIeH P of-
HOpOzeH, P(s1, $2) = AsT + us..

B mamewm ciygae s, = x + ny, s, = x° + ny?. Muorounen P coBmagaer c
(P.1) mpu A = —cos @, p =1+ ncos¢. CaenoBarensno, u B 06meM Cirydae

2 1
s1 = (n—|— )32.
cos @

aT0 coorHOmenune npespamaercs B (P.1), npuaem BeIpOXKIeHUST
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1.22. IIpu n = 1 yTBepK/IeHNE 0OYEBUIHO: PACCMATPUBACTCS JIUIIH OIUH
ONpeNesITENb; OH PaBeH 2d2,, a 3HAK HePe] ONPENEUTEIEM HOJIOKNTETb-
HBI.

JlokaxkeM Tenepb Tpebyemoe yTBepzKIeHHEe WHAYKIHUEH II0 1n: CaejiaeM
mar oT n K n + 1. ITo mpeamoioKeHntoo MHAYKIUA B R™ CyIIecTBYIOT CHM-
wiekesl Ay Az .. Ao m AyAs ... A,y ¢ pebpavu pymnoil d; = |A;A;|. Pac-
cmorpuM B R™ runepmiockocts R™ ™1, conepxainyio cumimiekc As ... A, .
ITonoxxenue Touek A; u A, OIpeseaeHo ¢ TOYHOCTHIO 40 CUMMETPUK OTHOCHU-
TEJIbHO 9TO UNEPIIOCKOCTH. IIyCTh puin X Prmax — PACCTOAHHUA MEXKIY TOY-
KaMM B TOM CJIydae, KOTJa OHH PACIIOJIOXKEHBI IO OIHY CTOPOHBLI OT THIEp-
ILIOCKOCTH, M B TOM CJIy4ae, KOI/ia OHU PaCIOJIOXKEHBI II0 Pa3HbIE CTOPOHLI.
IMokazxem, 9o cummnexc A, A, ... A, » ¢ pebpavu mmuoit d;; = |A;A;| cy-
MIECTBYET TOTAA U TOJIBKO TOTJIA, KOTJA Pmin < d12 < Prmax. Baoxkmm R~ CR”
B R"*!, MoKXHO CYHTaTh, 9TO 3TH MOANIPOCTPAHCTBA 33JaI0TCA yPaBHEHUS-
MHA T,y =0 u x, =2, = 0. Paccmorpum B R"*! ppamenue Bokpyr R"~!
(3r0 mpeobpa3oBaHue He U3MEHAET KOOPAUHATHL X1, ..., Tp_1, & HA KOOD-
JUHATHL T, T,11 OHO AeficTByer Kax noBopor Ha yroa ¢). Ilomseprmem
04Ky A; Takomy npeobpazosanuto. [Ipu u3menenun ¢ or 0 10 21 Touka A;
OyIeT BpaIIaThCd MO OKPYKHOCTH B JABYMEPHOU ILIOCKOCTH, OPTOrOHAJIb-
soit R"~!. [Ip;m sToM paccTogHHe OT TO9KH A; 70 Toukm A, 6ymeT m3me-
HATBCS OT Ppnin JO Pmax, & PaccTosaus oT A; mo Touek As, ..., A, o OyayT
nocTogHHBL IIo3ToMY DK Prmin < di2 < Pmax TPEOYEMBIH CHMILIEKC CYIIECTBY-
€T, a IPY APYTHX 3HAYEHUAX 1o CEMILIEKC He cymecTByerT. Cirydan dis = Pmin
7 d12 = Pmax COOTBETCTBYIOT BBIPOXKIEHHBIM CHMILIEKCAM HYJIEBOTO 0ObeMa.

Ocraerca m0Ka3aTh, YTO HEPABEHCTBO

0 ... diae 1
T O d27n+2 1
(=)™ >0
dayor dayss ... 0 1
1 1 ... 1 0

SKBUBAJIEHTHO TOMY, 9TO Ppin < T < Prax. JICHO, YTO JIeBask 9aCTh 9TOrO Hepa-
BEHCTBa uMeeT BuJ ax’ + bx + ¢, rie ducia a, b, ¢ He 3aBUCAT OT T, IPHYEM
a < 0. B camom geie, koadbdunuenT a paBed npoussegenunto auciaa —(—1)" 2
Ha OIpEIeSUTeNb Iy To9eK As...A, s, 3HAK KOTOPOTO MO YCJIOBUIO pa-
BeH (—1)". Kopan muOrOwIeHa ar’ + br + ¢ COOTBETCTBYIOT BBHIPOXKICHUSM
cumnyexca A; Ay ... A, o, T.€. 9T KOPHU PABHBI Pryin A Prax. Y TUTHIBAS, ITO
a < 0, mosy9aeM, 9T0 HEPABEHCTBO ax> + bx + ¢ > () SKBHBAJIEHTHO TOMY, 9TO
Pmin < T < Pmax-

1.23. ITycre S — (n — 1)-MepHBI 06beM TPaHA TPABIIILHOTO N-MEPHOTO
cuMIIeKca. BoigennM ofHy W3 TpaHell CUMILIEKCa W CIOPOEIUpyeM Ha Hee
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ocrasnbHble N rpaneit. O6beM mpoekuu Kaxkaoi rpaHu paseH S cos @, Io-
sromy nScosp =S, r.e. cosg=1/n.

1.24. O6beM 000ro mapaluiesienumnea, TOPOXKIEHHOTO BEKTOPAMU C
[EJIOYUCJIEHHBIMA KOODJAMHATAMU, SBJISIETCS IIEJIBIM 9uCIOM. ZICHO Tak-
e, 94TO KBaJpaT JJINHBI pebpa — nenoe gucio. Takum obpasom, eciau a —
nnuHa pebpa Kyba, To umcia a?"t' m a? menele. CiemoBaTesbHO, 9UCIO
a=a*""/(a®)"™ panmoHANbHO, IPAYEM €ro KBaJPaT — IEJIoe 9ucio. 11o3To-
My 9HCJIO ¢ IIEJIOE.

1.25. IIycts O —HeKoTOpasd TOYKa BHYTPU YeTHIPEXMEPHOTO CUMILIEKCA.
IIposenem depes Touky O u Kaxk0e pedPO CHMIJIEKCA JBYMEPHYIO ILIOC-
KOCTh. B pesysmbraTe moyauM KOHEYHOE 9HCIO IUIOCKOCTEH (& MMEHHO,
10 mmockocreit). B geThIpexMepHOM HNPOCTPAHCTBE JBE JBYMEDHBIE ILIOC-
KOCTH ODIIEr0 I0JI0KEHMsI, NPOXodinue dyepe3 To9ky (O, He UMEIT JAPyIruxX
06mux Tovek. I[103ToMy CyIIecTByeT MI0CKOCTh, MPOXOadIas Yepe3 TouKy O
U HEe UMEIINAas IPYTrUX ODIIUX TOYEK C MPOBEIEHHBIMU MJIOCKOCTSIMHU. DTa
IJIOCKOCTH IMIPOXOJUT Yepe3 BHY TPEHHIO TOUKY CHMILIEKCA U HE IIEPECEKAET
ero pebep.

1.26. IIpoBesem 4depe3 Ha4YaI0 KOOPAMHAT B N-MEPHOM IIPOCTPAHCTBE
IJIOCKOCTD, TIOPOXKIEHHYIO BeKTopaMu a u b. OHa mepecekaer Ky6 || < 1,
k=1, ..., n, 10 MHOX€ECTBY

{za+yb||zar +ybp| <1, k=1, ..., n}.

BekTopbt a u b mocrarouHo BhIOpAaTh TAK, 9TOOBI BBHIIOJHSIUCH CJIEILY-
[OIIMe CBOMCTBA:

1) Ja| = [b] w (a, b) = 05

2) Ha WJIOCKOCTU C KOODAMHATAMH X, Y HepaBeHCTBa |ray + yb,| <1,
k=1, ..., n, 331a10T IPaBUIbHBIA 2N-yTrOJbHUK.

O6a cBolicTBa BRINOIHAIOTCS TIPH @), = sin ko, b, = cos ko, tme a=n/n. B
caMoM Jete,

n n n

(a, b) = %Zsin 2ka, |a* = g - %Zcos 2ka, |b]* = g + % Zcos 2ka,
k=1 k=1 k=1

a BCE dTH CyMMI)I CI/IHyCOB n KOCI/IHyCOB PaBHBI Hy.HIO.

1.27. a) Paccmorpum ceuenns kyba ABCDA,B,C,D;, nepnesnuxy-
napuble quaronagu AC,. Jljga Hamux 1esiell He MOIXOIAT TaKWe CeYeHUs,
npoxojgimue depe3 Touku rerpasdnpos A;ABD u CC,B;D,. Paccmorpum
3areM cedeHus, nepueHaukyiaspusie guaronanu A,C. Henomxopsiee muO-
KECTBO TOYEK CyrKaeTCsd JI0 ABYX MEHBIINX TETPA’dIPOB U IIapbl OTPE3KOB
BD un B, D,. PaccmorpuM, HaKOHEI, CEYeHUs, MEPHEHANKYISIPHBIE HATO0-
HaaaM BD, u B, D. Ilioxoe MHOXKECTBO Cy2KaeTCs MOCJIe 9TOTO JI0 BEPIITNH
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Ky0a U NEHTPOB IpaHeil; BHyTPEHHUE TOYKHU Ky0a B 9TO MHOXKECTBO He BXO-
TISAT.

6) IIpoBemeM depe3 IeHTP Kyba ABYMEPHYIO IJIOCKOCTH II, mepecekaro-
myto Ky6 mo 2n-yroapauky (cM. 3azady 1.26). ILnockocts II mepecekaer Bce
(n — 1)-mepHble rpann Kyba BO BHYTPEHHHX TOYKaX, IOITOMY TPEXMEDHOe
IPOCTPAHCTBO, MOPOKIEHHOE ILIOCKOCTHIO 11 m mannoi Toukoit A, obnagaer
BceMu TpeOyeMbIMU CBOUCTBAMU.

1.28. a) IIpeanomnoxum CHaYaJia, 4TO BHICOTHI CHMILICKCA IIePECEKAI0TCA
B Touke Ay. ITomoxum e; = A1 A; u v = A, Ay. Torma

(x,e;,—e€;)=0, (z—e;e;)=0.
Cnenosarensho, (z, e;) = const u (e;, €;) = (z, €;).

Ipennonoxxum reneps, 910 (€;, €;) = const. /13 HEBBIPOKIEHHOCTH CHM-
IJIEKCA CJIEJLyeT JUHEHHAsd HE3aBUCHMOCTH BEKTOPOB €, ..., €,.1. LlycTh
€2, -, Eny1 — JBOMCTBEHHBIH 06a3uc, T.e. (g, ;) =0;. Ilomoxum x =
=c(ea+...+¢,), oue ¢ = (e;, €;). JIerko IPOBEPUTH, YTO B TAKOM CIydae

(x,e;—e;)=0, (z—eye;)=0.
IMosTomy ecom A, — KoHen BekTOpa X ¢ Hadaiaom A;, To Ay — opromeHTp
CAMILIEKCA.

6) OproroHasbHOCTH pebep CHMILIEKCA SKBUBAJEHTHA DABEHCTBAM
(e;, e —e,) =0, (e;—e€j, e, —e)=0. A 3Tu paBeHCTBa ISKBHBAJEHTHBI
Tomy, 9o (e;, e;) = const.

B) Ilpemmonoxum cHagamna, 910 A, ... A, | — OpTOIEHTpHYIECKHUil CHM-
ILUIEKC U BBICOTA, OILylEHHAas u3 TOYKU A, nonauaer B oproueHrp H 3rToro
cumnyekca. Hyxkuao mokasars, aro A, A, 1 A;A; npn momapHO pas3indHBIX
i, 7, k>2. dcno, aro Ay H1A;A; m A, H1 A, A;. IlosTomy mnockocts A; Ay H
nepreHnuKyispHa npamoit A;A;, a sraunt, A; Ay LA A,

IIpeamonoxum renepb, 9To cumiuiekc A; ... A, oprouenrpudeckuii. To-
rja [Py [OIAPHO Pa3/IMYHBIX i, j, k, | pebpa A;A; u A, A; oproroHajbHbIL.
OTO0 03HAYAET, B YACTHOCTH, YTO CHUMILIEKC A, ... A, OpPTOLEHTPpUYECKHIA.
ITyctes H —ero oprouentrp. HyxHo nokasars, uro mpu 4, j > 2 pebpo A;A;
oprororassHo npsmvoit A, H. Torma A H1A;A; uw AjA, 1 AA;, a 3HAaqwT,
A HLAA;.

r) Ilycrs a, b, ¢, d—BEKTOPHI CTOPOH MIPOCTPAHCTBEHHOTO Y9€THIPEXYTOJIb-
HUKa C BEPIIHHAME B 9eTHIpeX BEPITMHaX CUMILIEKca. lIpoBepuM, 9TO pa-
BeHCTBO a° + ¢ = b? + d? SKBUBAJIEHTHO OPTOTOHAILHOCTH AUaroHaJel, T. .
pasercTBy (a + b, b+ ¢) =0. Tak kak d = —(a + b+ ¢), TO HEPBOE PABEHCTBO
MOZKHO 3aIMCATh B BUJIE

a>+ =0 +a>+ 0+ +2(a, b) +2(b, ¢) + 2(a, c).

9T0 paBEHCTBO YKBUBAJEHTHO paBeHCTBY (a + b, b+ ¢) = 0.
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1) Ilpemnosmokmm cHagana, 9TO BBIIONHAIOTCH paseHCTBa |A;A;|° =
=a; + a;. Torpa, Kak Jerko IPOBEPUTH, BBIIOIHIETCA cooTHOmeHue (1.1),
c. 44, HOITOMY CAMILIEKC OPTOIEHTPUIECKUIL.

IIpenosoKuM Temepp, 9TO CUMIUIEKC OpTOneHTprIecKumii. Torma u3 co-
orsomenus (1.1) caenyer, 4yro yucio

1
a; = §(|AiAj| + A Ax| = [A; Axl)

He 3aBucur ot j u k. fcro Takxe, aro |A;4;|? = a; + a;.

e) Ecim mamekcer 4, j, k MOMApHO DA3IUYHBI W OTIXYHBI OT HYJs, TO
AgA; LA;A;. U3 sroro cnemyer, 4ro soionnstercs coorsomenue (1.1) u cy-
HIECTBYIOT TPEGYEMBIE YHUCHIA g, - - -5 Upypq-

PaBeHCTBO ay ' + ... +a, ;; =0 mokaxem nuaykmmeii o n. Baza urmyk-
mun: Touka Ay, gexamas Ha orpeske Ay A,. Ecu |A;Ag| = b u |ApAs| =,
T0 ag = —be, a; =b(b+¢), a; =c(b+c).

Hokaxkem Temeps mar maaykmmn. llyctes A m Ay — OpTONEHTPHI CUM-
wrekcoB A, ... A, m A, ... A, 1. lTonoxnm |AjAg| =2 n |AgA,. 11| =y. Torma

|A; AS] = [AGA* + [AG Aol = a; + ag + 27,
|AiAn i |? = [AGA® + [AG AP = ai + ag + (2 + y)*.

OTH paBeHCTBa 03HAYAIOT, ITO Ay = 4y + ° U a,y 1 = a) + (z + y)?. Kpome

Toro, y* = ag + @, 1, modTOMY 0y = —2(Z + Y).
ITo npemostoxennto uaAyKmmn a; ' +. .. +a, ' =—(a)) . Crenosaremns-
"o 1 1 1
att . Fa, =— — + =0.

vy  —z(z+y)  ylt+y)

— — —

1.29. Coornomenune OA;, +...+OA, , =(n—1)OX ogHO3HAUHO OmIpe-
nensier Touky X. Ilosromy mocrarouno mposeputrb, 9ro (A, Az, A1 X) =0.
fcHo, aro

—

(n—l)Al—)f:(n—l)/TO)—i—(n—l)O (n—2)/TO)+O—z>42+...+O—;4nH:

— 1 —_—
o+ Oy + A Ay + ...+ A A

—_ = — —

Pasercrso (4,0 + OA;, OA; + OA3) =0 cnenyer u3 toro, uro |OA,| =
T e T

= |0OAs|, a paBenctBa (AyAs, A1A,) =...=(AA3, AjA,.;1) =0 crenytor

U3 TOrO, 9TO CUMILIEKC OPTOIECHTPHIECKHIA.

N
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2.4. Ciyyau Tpanenyuu u napaJsjiejorpaMma JIErko pa3dbuparrcs, mo3To-
My OyzieM mpenoaaraTh, 9To y BITyKJIOro gerbipexyronbanka ABC D et
apaJuUIeabHBIX CTOPOH. s ompeieieHHOCTH OYAeM CINTATh, YTO Iepece-



280 Pemrenns, ykazaHus, OTBETHI

—

katorcd iyun AB u DC, BC u AD. Ilycrs AB = a, BC = I;, CD =pa+ ql_;,
ﬂ:u(i—i—vl_)’.Tor/:(ap<0,q>0,u<0,v<0. =

Paccmorpum addpurHOE Ipeobpas3oBaHne, IePeBOIINee BEKTOPHL d U b B
OPTOTrOHAJIbHBIE BEKTOPHL @' 1 l;’, JUIHHBI KOTOPBIX paBHEL A 1 . Ham HyzkHO,
9T00BI 0OPAIIAIOCH B HYJIb CKAJISIPHOE IPOU3BEIEHIE

(p@ + qb, u@ 4 vb) = pul® + quy>.

ITockoabky pu >0 u gv < 0, 5TOrO BCEraa MOXKHO TOOUTHCS BHIOOPOM THCEJT A
u .

Ormerum, 9ro upu Jjawbom adduaHOM npeobpaszoBanuu 00pa3 yria nupu
Beprmmae C' 6osibIIe 00pa3a yriia NpHu BepIinHe A; 9TH yTJIbl HEJIb35 CIeIaTh
DPaBHBIMU.

2.5. Ilycrs Ay, By, ..., Iy —cepemgunbt cropou AB, BC, ..., FA. Pa-
BeHCTBO guaroHajieii AD u BE sxBuBajieHTHO TOMY, 9To npsamas A, D,
nepuesauKyiaapHa npaMeiM AB u DE. [lycts O — To4ka nepecedeHns mnps-
mbix A1 Dy u B, F,. Hyxuo nocrpouts addunHOe 1peobpa3oBaHue, KOTOPOe
nepeBoauT yriisl A; u B, derwipexyrosbauka A; BB, O B mpsMble YIUIHL.
JIJ1st 3TOr0 MOXKHO BOCIOJIB30BATHC PE3YILTATOM MpeablIyIel 3amaqn. To,
9TO TOYKY IEepeceveHus MPOJIOJIZKEeHU CTOPOH dYeThipexyroiabauka A; BB, O
PACIIOJIOKEHBI UMEHHO TaK, KaK HYXKHO, CJI€JyeT U3 BBILYKJIOCTH ILIECTH-
yrojJabHUKA.

2.6. IIpemmosioxkum, aro cymecrByer adduraoe npeobpa3oBanne, mepe-
BOJIAIIEE BEKTOPHI @, l;, ¢ B BEKTODHI @', v , ¢ paBHOU mynHbL. VI3 paBeHCTBa
ad’ + BI_)" + v¢ =0 caenyer, 910 U3 OTpe3KoB AymHEL |af, |B], |Y| MoxHO co-
CTaBUTH TPEYrOJIbHUK.

IIpesosoximy Teneps, 9ro0 U3 0OTPESKOB JIMHL lof, 1B], || mozxmO cocra-
BUTb TpeyroybHuk. Torma ad’ + Bb’ + yc =0 11 HEKOTOPBIX BEKTOPOB @’ b
' e MHUYHON Aumnel. Pacemorpum addunnoe npeo6pa3OBaHHe 1epeBO/Lsi-
Iee BEKTODHI 4 1 bed ub. Us PaBEHCTB oca—l—ﬁb—l— yé=0muad —|—[3b’ +v& =0
cne;;yeT 9r0 paccmarpuBaemoe adGuHHOE MPeoOPA30BAHNE IEPEBOINUT BEK-
rop ¢ B ¢ (npepmosaraercs, aro y # 0).

2.10. Ilycte y; = a1 + . . . + a;,%,. B mpocTrpancTBe ¢ KoopaumHaTaMMI
Y1, -+ Y HepaBeHCTBA |y;| < b; 337a10T NPAMOYTONBHBLI TAPAJITIEIIENNIIesT,
00beM KOTOPOro paBeH 2™b; . . .b,. PaccmarpuBaemast dburypa siBiisiercst 00-
pa3oM 3TOro mapaJuleslelnea Ipu oTobpakeHnn A ™!, HOCKOIbKY H3 pa-
BeHCTBa Yy = Az cienyer paBeHcTBO * = A~ 1y, ITosToMy 06beM 3Toit (pUTyPHI
pasen |det A=|2"b, ... b, =2"b; ... b, /|A|.

2.11. a), 6) Iycre Ay A; + Ao Ay n Ay By + Ay B, —Toukm durypsr Ay M, +
+ XM, (3mecp A; m B; — roukn muoroyrombauka M;). Torma dwurypa
MM, + A M, comep:XuT mDapaJLUIeJOTPaMM C BepIIMHAMH A A, + Ay As,
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MBi+ XA, M By + M Bo, A By + A2 A,. Bemmyknocts durypsr Ay My + Ay My
CJIeJlyeT U3 TOrO, YTO OHA COUEPXKUT JUArOHAJb ITOrO HPAMOYTOJIbHUKA.

IIpeamonoxkum, aro MmuOroyroabauku M, u M, jear 1mo OgHy CTOPOHBI
OT HEKOTOpOit mpsmoii [. Bymem caBurath 3Ty npsiMyio mapaJiiesibHO CaMoi
cebe 10 Tex Mmop, IMoKa oHa He conpukocHeTcs ¢ M, u ¢ M. Ilycrs ay n ay, —
JJINHBI OTPE3KOB, M0 KOTOPBIM | mepecekaeT M, u M, B MOMEHT CONPHUKOC-
HoBeHms (a; =0, ecam npsimas | He MApaJITIeTIbHA CTOPOHAM MHOTOYTOJILHIKA
M;). Torma B MOMEHT conpukoCHOBeHusi ¢ burypoit Ay M, + Ao M, npsimas [
MIEPECEKAET €€ MO OTPE3KY IJIUHBI A1y + Aolo. HUCTO A1a; + Ay@y OTIIUYIHO
OT HyJIsl JIUIIb B TOM CJIy9ae, KOT/Ia OHO U3 UUCEJ (4 U (o OTJIIMIHO OT HYJIS.

B) BeiGepem BHyTpEm MHOrOyrompEuka M; Touky O, m paspeeM ero
Ha TPeyroJbHUKHY C BepuHoi O;; MHOroyroabHuK A M, + Ay M, paspexem
Ha Tpeyrojbauku ¢ BepumuHOi O = A;O; + A\ O,. Ilape TpeyrosbHUKOB C
OCHOBAHUSIMHU (] U Uy U BBICOTaMHU h; u hy, COOTBETCTBYET TPEYTOJBHUK C
OCHOBAHHMEM A;G; + AyGy U BBICOTOR Ajh; + Ayhy. OcTaerca 3amMeTuTb, 9TO

()\1(11 + )\2(12)()\1h1 + )\2h2) = )\?ﬂ;lhl + )\1)\2(a1h2 + aghl) + )\3&2}1/2.

T'maBa 3

3.1. Tpebyemoe paBEHCTBO SKBUBAJIEHTHO PABEHCTBY
(c—a . d—b) ) (d—a ) e—b) . (e—a . c—b) -1
c—b d—a d—b e—a e—b c—a)
3.2. Ilpsamas [(t) mepecekaer npsimyto y = 1 B Touke (x, 1), rme  n t cBsa-

3aHBI COOTHOIIEHUEM ;2 + by = t(ayx + by). IlosToMy mBoiiHOE OTHOIIEHWE
a1w; + by

upaMbix [(t;) paBHO IBOMHOMY OTHOIIECHHIO 9UCEN W;, TOe t; = oy
a2w; + b2
Ocraercs 3aMeTuTh, 9YTO JBOWHOE OTHOIIEHHME YUCE] W; PABHO JIBOHHOMY

OTHOIIIEHUIO YUCeI ;.

3.3. /IBoitHbIe OTHOIIEHUS TOYEK, JIEXKAIUX HA HPAMBIX [, U [y, pAaBHBI
JIBOTHOMY OTHOIIEHUIO IIJIOCKOCTEH, MPOXOIAIMUX Jepe3 MPAMYIO 3 U Ips-
MbIE @, b, ¢, d COOTBETCTBEHHO.

3.4. Ilycre A;, By, ... — TOYKH mepecedeHusi IpsaMoi | ¢ MJI0CKOCTIMHA
BCD, ACD, ...; Ay, B,, ... —Touknu nepecederus npamoit C'D ¢ miI0cKo-
CTAMHU, TPOXOAAIUMEA depe3 npamyto | u Beprmuabt A, B, ... Torma Cy, =C

u Dy = D, a kpome Toro, npambie C,Cy u D, D, nepecekaroT npsimyio AB B
toukax C3 u D3, KOTOpBIE ABJIAIOTCA TAKXKe TOYKAMHU IePeCcedeHusl IPIMOi
AB ¢ nj0cKOoCTSMU, TPOXOAAIMMEA depe3 npsmyio | u sepmuasl C u D.
Sdcno Takzke, uro Touku A;, A, u A; = A jexkar Ha OZHON IPAMOR U TOY-
ku B,, B, u B3 = B ToxXe jiekaT Ha omHO# mpamoii. IlosTomy, corsacHo
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npenplaymeil 3agage,
[Au Blu Cl> Dl] = [A37 B37 C37 D3]~

3.5. [lycrb nanbr gBe npsimMbie [ u [y, IEPECEKAOIIME JAHHBIE TUIIEPILIOC-
KOCTH ¢ 0bmumM moampocTparcTsoM V"2 pasmeproctn n — 2. PaccMoTpnm
TpexMepHOe MOAmpocTpaHcTBo W3, comepkamue mpsambie [, u l,. B 006-
meM IOJIOKeHHH Hepecederune W3 ¢ V"2 gengerca mpamoii, a mepecede-
Hug W3 ¢ JaHHBIMEH THIEPILIOCKOCTAME SBJLIOTCA ILIOCKOCTAMH. Terepb
MOKHO BOCIOJIB30BAThCS T€M, YTO JBONHOE OTHOIIEHUE IIJIOCKOCTEH B TPEX-
MEDHOM IIPOCTPAHCTBE HE 3aBUCUT OT BbIOOPA NPAMOI, IePEeCEeKAEN nX.

3.6. KBaapar paccmaTpuBaeMoro npeoOpa3oBaHUs PABEH

(a* + be)x + bla + d)
c(a+d)x + (bc+d?)’

OH OymeT TOXKIEeCTBEH TOT/J@ W TOJILKO TOT/A, KOT/Ia BBITIOJHSIOTCS CJIEIy-
tompue ycaosus: b(a + d) = c(a+d)=0n a® 4+ bc = d* + be. Ecam a + d # 0,
rob=c=0mua®>=d? T.e. a=d#0. Takag cuTyanus COOTBETCTBYET TOXK-
JIeCTBEHHOMY IIpeo0pa30BaHmIo, a IO YCJIOBHIO HCXOJHOE IIpeobpa3oBaHme
HETO2KJI€CTBE€HHO.

3.7. Jlumeitroe peobpa3oBaHNe UMEET HEMOIBIZKHYIO TOUKY OO, TI0ITO-
My JpoGHO-JHHelHOe MpeobpasoBaHne C HETOJBUKHBIMA TOYKAMHU ¢ # b
HEe MOXKET OBbITh JMHEeHHBIM. TakuM 06pPa30oM, MOXKHO CYHATATH, 9TO Pac-

pT +q
CMaTpuBaeMoe Mpeodpa3oBaHne UMeeT B & — ———. Touru a u b OymayT
x T

HETOIBIKHBIMA TOYKAMHU TOTO Tpeobpa3oBanus, ecid (p —r)a=a’> —qn
(p—71)b=">% — q. DTH COOTHOWEHNA OZHATAIOT, ITO p — T =a + b u g = —ab,
T.e.p=\ q=—ab,r=A—a—b.

3.8. Hax mosiem C mpeobpasoBanue [ mMeeT HENOABUXKHYIO TOYKY L.
IMostomy mnpeobpasosarne f(f(r)) mmeer Tpm pasiuMdYHBIE HENOIBIKHBIE
Touky a, f(a) U xy, & 3HAUAT, OHO TOXKIECTBEHHO.

3.9. IlycTte maHHOE TPOEKTWBHOE MpeoOpa3oBaHWEe [ MEPEBOAUT TOU-
Toxr + b

X — X0
OCTaBJIAET TOYIKY OO HeHO,LLBI/I}KHOfI. HOSTOMy IIOJIy9I€HHOE HpGO6p&30BaHI/Ie

siBJIsieTCs b0 TEPEHOCOM & — & + ¢ (ero MOXKHO IIPeJICTABATH B BAZE KOM-
NO3UIAN WHBOJIOUUHA T +— —T U T +—t — a:), Jubo roMoTeTHe T — AT (ee
MOZKHO IIPEJICTABATH B BAE KOMIIO3HUIMA UHBOJIIONUH = — 2~ 1 x +— Az~ 1),

3.10. PaccmoTpuTe mpOeKIuio mapajjielbHO MPAMOil | Ha ILIOCKOCTB,
TPAHCBEPCAIBHYIO IPAMBIM [} U [; (T. €. IEePECEKAIONIYIO0 ST MPIMbIE POBHO
B OJJHOH TOUKeE).

3.11. ITycre M, M’ —rouku nepecedenus upsimbix A;0" u A,0, A,O n
A,0'; N, N'— toukn nepecedenns npambix A,0" u A;0, A0 u A;0';

Ky 00 B TOUKY I # 0o. Torma kommosunust f ¢ WHBOJIONMEN T —
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P, P’ —rouku nepecedennsa npambix A,O u A;0’, A0 u A;O. Ilpsa-
mble A;0 u C,0 unepecekaror upamble O'A;, O'A,, O'A; u O’'O B TouKax
{A,, M’, N’, O} u {N, P, A3, O} coorBercrBerro. CoeIuHAM IEPBYIO Y€T-
BEPKYy TOYEK C TO4YKOi M, a BTOpyio derBepky Touek c¢ Toukoit P. Ilpum
srom mpsamble MO u PO coBmaayT, a 3HAYUT, TPU OCTAJIbHBIE TOUKH IIe-
pecedeHrsi COOTBETCTBEHHBIX MPSMbBIX JIE?KAT HA OJHOM mpsiMoil. A Tak Kak
MA,NPN=Nwu MN'NPA;=N’', rouka MM' N PP’ nexwur wa nps-
moit NN,

3.12. Touku mepecedennsa npambix O;A; u O, A, nexar Ha (UKCH-
poBaHHOI mpsiMoit [, moaromy O; A; — Oy A, — IPOEKTUBHOE 0TOOpAKEHUE
[IPOEKTUBHBIX IIy9YKOB IPAMBIX, Ipoxoadanux depe3 Touku O; u O,. Anaso-
CUYHBbIE PACCyKaeHns i orobpaxkernus Oy Ay — O3 A, U T. 1. IOKA3BIBAIOT,
aro O, A, — O, A, — IPOEKTUBHOE COOTBETCTBUE C HEIOABHKHOW NPAMOM
l=0,0,, 103TOMy TOYKHN IEePECEUEHNs COOTBETCTBEHHBIX MPAMBIX MIyYKOB,
npoxoagmux depe3 Touku O; u O,,, JIeXKaT HA OJHON MPAMOIi.

T'maBa 4

4.1. [Ipumenure Teopemy 00 00X XOpPAaX KOHHUK K CJIEAYIOIIUM TPEM
KOHHMKaM: | — paccMarpuBaeMblil sjuaunc, 'y — napa npaMeix AB u CD,
I'y —napa upsmbix BC u AD.

4.2. Ha mampasiieHre ocell KOHUKY BJIUSIOT JIWINb KBaJpPaTUIHBIE djIe-
HBI €€ ypPaBHEHUS, MOITOMY OyJIeM yIUTBIBATH TOJIBKO UX. MOXKHO CIMTATH,
9TO ypaBHEHHE OJHOI M3 KOHHK uMeeT Bun ax’ + by? + ... =0. Eciau smreii-
Hasg KOMOUHAIUA 3TOr0 ypaBHEeHUs U ypaBHeHud a,1° +b1y? +cioy+...=0
umeer Bug 2 + 3> +...=0, T0 ¢; =0, T €. OCI/II) KOHUK TI€PIEH UK yJIAPHBI.

@ —

IIycTb, HAOOOpPOT, ¢; = 0. [Togoxkum A = —— (cnyqait a; = by cooTBer-
1 — U1

crByer okpyxkHocTH). Torma a + Aa; =b+Ab;. Ocraercsa 3ameTnTh, 9TO €Cam
a+ ha; = b+ A\b; =0, TO paccMaTpuBaeMble KOHUKH UMEIOT He 0ojiee AByX
O0IIIX TOYEK, TAK KaK CPEIU JIMHEHHBIX KOMOWHAIWII UX yPABHEHUIl €CTb
JINHEIHOe ypaBHEHHe.

4.3. YciaoBue TOro, 9T0 KOHUKA U3 JAHHOIO IyYKa sIBJIAETCS apaboJIoit,
MoxkHO 3ammcarh B Buge det(AA + pB) =0, tne A m B —kBagpaTHbIE MaT-
puIsl mopsaka 2. B TakoMm Buze yciioBme mpecTaBisgeT coboil KBaJapaTHOEe
ypaBHEHHE.

4.4. Konnka, npoxoasgmasa depe3 touku A, B, C' u D, umeer ypaBHeHUEe
F=0,tne F=\AB|-|CD|+ |BC|-|AD|. lleatp 3T0ii KOHNKH 3aTAETCS CA-
cremoit ypasnenuit F, =0, I}, = 0; 0ba ot ypaBHeHus JUHEIHBI 0O X, Y U A.
Beipasus A 3 0gHOTO ypaBHEHHUS U MOJCTABUB 9TO BBIPAXKEHHE BO BTOPOE
ypaBHEHHE, MOJyYNM ypaBHEHHE BTOPOTO TOPSIKa, CBA3BIBAIONICE T W Y.
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4.5. a) Ilycts Toukn C' u D’ cammerpuanst Toukam C' u D oTHOCHTENB-
o cepeaunbl M orpeska AB. Torna touku A, B, C, D, C’, D’ nexart Ha
onHOU KoHUKe ¢ IeHTpoM M, mostomy M €T

IIycts O — rouka nepecedenus npsambix AB u C'D. Touka O ciykur
[EHTPOM BBIPOXKIEHHOM KOHWMKHU, COCTOsIeH n3 napbl npsaMbix AB u CD.
Mostomy O €T

6) Cepemuabl cTopoH Yerbipexyroapanka ABCD o6pa3yor mapasie-
JIOrpaMM, IEHTP KOTOPOro coBmagaer ¢ nearpom macc todexk A, B, C, D.
OTOT mapaJuIeJIOrpaMM BOUCAH B KOHUKY [, IOSTOMY €ro MEeHTpP COBMaJaeT
C IIEHTPOM KOHUKH.

B) Cnenyer u3 1. a).

r) OuKCupyeM B PaCCMATPUBAEMOM IIy9Ke KOHUK OJHY KOHHKY, OTJIMY-
HYIO OT OKpYy2KHOCTH W mapabosibl. U3 3amaan 4.2 ciemyer, 9T0 OCH BCEX
OCTAJIbHBIX KOHUK OYyyT HMEePIeHIUKYISPHBI 0CaIM (DPUKCUPOBAHHONW KOHUKH.
(Ocu KOHUKH B3aMMHO MEPHEHIVKYJISAPHBI, HO3TOMY OCH BCEX OCTAIbHBIX
KOHUK HapaJljIeJbHBL 0CM (DUKCHPOBAHHOM KOHUKHU. )

Cpe/iu KOHUK IIy9YKa €CTh JIIHUIIC ¥ €CTh IUIEPOOJIBL ABYX PA3HBIX THUIIOB:
BeTBb runep0oJibl, CoepKalas To4ky A, Moxer cojepxKarh jubo Touky B,
au6o Touky D. ITosToMy cpefu KOHUK IydYKa €CTh JBe MapaboJibl, IpudemM
UX OCH B3aUMHO MEPIEeHIUKYIAPHBL. [[eHTpaMu sTux AByX mapaboJ CiIyKaT
GECKOHEYHO y/IaJIEHHbIe TOYKH JIBYX B3aMMHO IIEDIEHIUKYJISPHBIX HAIIPAB-
JICHUH.

4.6. Iycre Y =4ay u X = 4ax. Torpa ypasuenns 4ay =xz°> nu Y = X2
9KBUBAJICHTHBI.

4.7. TloncTaBuB ypaBHEHNE TapaboJbl ¥ = T2 B ypaBHEHHE OKPYKHOCTH
(x —a)*+ (y — b)?> = R?, monyInm ypaBHeHHe 9€TBEPTOI CTEIEHN C HYJIEBBIM
ko3 dunuenrom npu z3. CyMMa KOpHEl 3TOro ypaBHeHHs paBHa HyJIiO.

4.8. Cnoxure ypasaenns 2 +py =0 u (y — yo)*> + ax + b=0.

4.9. Toukn P, u P, umeror nonsipusie Koopausarst (11, ¢) u (rz, ¢ + 1),
rje

2a . 2a . 2a
27T —cos(p+m) 1+cosgp’

rH=-—
"7 1 —cosg’

4.10. Kacaresabnas B Touke (2t;, t7) 3anaercsa ypasaenueM y = xt, — t7.

4.11. Ilycts A, u B, —npoeknuu touek A u B Ha gupektpucy. Torma
AO u BO — cepeuHHbBIE TIEPIEHANKYIAPHI K oTpeskaMm A, F' u B, F. Tlosro-
My |A,0|=|FO|=|B,0|, a3nauur, LA, B,0=/B,A,0 = ¢. Crenosarein-
HOo, Z/OFA=/0FB=90°+¢u ZAFB=180°-2¢=/A,0B, =2/A0B.

4.12. Bocmnosib3ayemcst obo3nadenusivu u3 3agaau 4.11. CorsacHo aToit
sagaue LZAFB=/A,0B, =2/A0B. Ilosromy ycmosue ZAOB = 90° 3k-
BUBaJIeHTHO ToMy, uTo ZAF B =180° u ZA,0OB; = 180°.
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4.13. Touka z = cos @ + 7 Sin ¢ MepPexouT B TOUKY

__ —cos@+ising
~ l-cose

4.14. [Ta, cymecryet. [onoxum = = (x; +y,)?, y =z, + ¥, . Jlerko mpo-
BEPUTD, YTO 7 U Y; MOXKHO BBIDA3HTDH 4€PE3 T U .

4.15. a) Ilpoekmusa doxyca F' Ha KacarespHyo K mapabose JIeKuT
Ha KacaTe/lbHOH K I1apaboJie, nepreHuKyisapHoii ocu. IlosTomy mpoexnuu
A', B', C" dokyca F ua npameie BC, CA, AB mexar Ha OTHON NPAMOIA.
9T0 03HA9AET, 9TO TOYKa [ JIEXKUT Ha OIMCAHHON OKPY2KHOCTH TPEYTOJILHHE-
ka ABC. B camom nene, LAFC'=/AB'C'=/A'B'C = /A'FC, nosromy
/CFA=/A'FC'"=180° — /B.

6) Kacarenprbre k mapabose 2 = 4y B Toukax (2t;, t7) 3amarTcs ypas-
HeHuamu y = t;z — t?. OHn mepecekatorca B Toukax (t; + t;, t;it;). Jlerko
OPOBEPHUTh, 9TO OPTOIEHTPOM TPEYTOJbHHKA C BEPHIMHAMH B TPEX TaKHX
TOYKAX CJLyKUT TOUKA ({1 + ty + t3 + tilats, —1).

B) MoxHO cunTaTh, 9T0 mapabona 3amaerca ypasaermem 22 = 4y. B Ta-
KOM C/Iydae TO4KH o, 3, Y mMmeror koopauuarel (2t;, t7), i =1, 2, 3. Jlerko
[IPOBEPUTH, ITO

2t t% 1 to+ts tots 1
SusY=§ 2y 13 1|, Supc==|ts+t1 tats 1.
23 31 ti 4ty tity 1

r) Cymecrsyer addurHOe npeobpa3oBaHue, IepeBojsInee 0cb Hapabo-
Jabl 1 upaMmyio AC B mapy NepneHIuKyJIsapHBIX IPAMBIX. I103TOMYy MOXKHO
CYMTATH, YTO TOYKU o, B, Y UMeIoT KoopaumHaTsl (2t1, t3), (0, 0), (2ts, t3),
npugeMm t; < 0 m t3 > 0. B rakom ciygae

2t3 t% 1
1 1 1
—ti), SﬁyA = gtg, SOLBB =3 2t1 t% 1| =

(ts —t1)°
5 .
t1+ts tits 1

Sepc = — D)

4.16. Kacarenpbuble k mapabone 22 =4y B Toukax A= (2t),t?) =

B = (2ty, t3) mepecekatorca B Touke O = (t; + to, t1t2). B paccmarpusa-
emoM ciy4ae tit; = —2. Tenepp yxxe jerko uposepurb, 4ro Touka (0, 0)
SIBJISIETCs OpTOneHTPpoM Tpeyronabauka AOB.

4.17. PaccmoTpuM ceMefCTBO Beex mapabos ¢ hOKyCcoOM B JaHHON TOY-
Ke F' 1 ocblo, mapaJsulebHOl JIydaM cBera. TodHee roBOpsi, 0Ch mapaboJIbl
HAIPABJIEHA TaK, 9TOOBI JAHHBIN MyYOK JIydeil CBeTa IOCJie OTPaXKEeHUs OT
mapaboJIbl cXoauiicsa B ToUke F'.

Ilycres syu cBera orpaxaercss or Touku M kpusoit C' u nomamaer B
touky F. Torna kacarenbaas k C' B Touke M coBuajgaer ¢ KacarTeJbHON B
touke M K mapaboite, mpoxosieii depe3 Touky M. Takoe cBOHCTBO MOXKeT
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BBIIIOJIHATHCS I BCeX TOYeK KpuBoil C' JIAIIb B TOM CiIydae, KOIJa OHA
COBIIQIAET C OJHOM n3 mapaboJr paccMaTpUBAEMOro ceMeicTBa.

4.18. JIroboit mapaJjuiesiorpaMM sIBJSeTCs 00pa3oM KBajapaTa mpu ad-
durHOM MpeobpazoBaHmum, a 000 TPEYrOJbHUK — 00Pa30M MPABUIHHOTO
TPEyTOoJIbHUKA.

4.19. a) Dyuunc aBaseTcsa 06pa3soM OKPyKHOCTH Tpu adduHHEOM mpe-
obpazoBanuu. CONpsi?)KEHHBIE JUAMETPBI JJLIUIICA ABJISIOTCH 0O0pa3amu mnep-
IEHIVKYJ/ISIPHBIX JNaMeTPOB OKPYyKHOCTH. ZIcHO Tak:ke, 4To mpu adduH-
HOM NPe0oOpPa30BaHUN COXPAHSAETCS OTHOIIEHUE IIOM@aaeil duryp.

6) Moxuo cuurarb, uro Touku O, A u B umeror xkoopaunarst (0, 0),
(acose, bsing) u (—asing, bcos ).

4.20. IIycre O —uenrp smmnca, P, u P, —upoekuu ¢pokycos Fy u F,
Ha KacarenbHylo, A —rouka kacanud. Torma ZPAF) = ZP, AF, = ¢. Ilo-
moxuMm x = 1A, y=F,A. Benuunna x + y = ¢ He 3aBUCAT OT Todku A.

IloaTomy
2

P,0*=P,0% = (m cosq))2 + (m ty sincp)2 .
2 2 4
Kpowme Toro, |Fy Fy|> = 22 + y? + 2y cos 2¢ = ¢* — 4xy sin® ¢, mosTomy Besm-
4mHa Ty sin’ ¢ = dyd, mocrodHHa.

4.21. Ilycre touku G; u G, cummerpuusanl F) u F, orHOCHTE/IHHO
npameix OA u OB coorsercrBenno. Toukn F);, B u (G, nexar Ha OI-
Holi mpsimoit u |FyG,| = |F1B| + |BG,y| = |F1B| + |BF,|. Tpeyronsaukn
GoF,0 u G, F5;0 umeror paBable cTopossl. [losromy /G OF, = ZG,0F, n
/AF,0=/AG,0 = /BF,0.

4.22. Paccmorpum adduHHOE 1peobpasoBaHue, NEPEBOISIIEE JLIUATIC

| 2

B OKpykHOCTh. OHO 1IepeBOIUT HaHHBIM napa/uiesorpamMM B pomb6. uaro-
HaJIX PoMOa CoZep:KaT Mapy MEePHeHIUKY/IIPHBIX JIUaMeTPOB Oy IeHHON
OKPYKHOCTH.

4.23. Paccmorpum otobpazkenue z — az + bz. B xkoopaurarax (z, y), e
Z + iy = z, 570 oTOOparKeHUE JIMHEHHOe, IIPUYEM €ro OIPEEIUTENh PABEH
la|> — |b]?. O6pasom okpyzxHOCTH |2| =1 NpU HEBBIPOXKAEHHOM JIUHEHHOM
0TOOpaKeHNH GYIeT IJLIUTIC, & TPU BBIPOKIEHHOM — OTPE30K WJIA TOYKA.

4.24. Ilycts O — BepmmHa nanaoro npamoyrojbanka, OA u O B —xkaca-
TeJbHBIE K jumHICy. PaccMarpuBaeMblil B pemrernn 3a1a49u 4.21 Tpeyrosb-
vuk F1OG, B janHOM citydae npsaMoyrosbHsiii. CienoBarenbHo,

|F10|2 + ‘FQO|2 = ‘F1G2|2 = const .
Ecmu M —uenTp smmunmnca, TO BEIUIUHA
OM[? = { (2|F,0F + 2[R0 ~ |F\Fyf?)

IIOCTOAHHA.
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4.25. Jlng paccMaTpUBAeMOrO SJLIMIICA BEPIIUHBI OMUCAHHOIO BOKPYT
HEro MpsIMOYTOJIBHUKA CO CTOPOHAMM, MAaPAJIIeTbHBIMA OCSAM dJLINICA, Jie-
KaT Ha paccMaTpuBaeMoit okpyzxkuHocTu. CormacHo 3amade 4.24 BepIIUHBI
BCeX OCTAJIbHBIX MIPSIMOYTOJIbHUKOB, OIMUCAHHBIX BOKPYT PACCMATPUBAEMOTO
9JIIUIICA, JIEXKAT HA pacCMaTpUBaeMoii OKpykHocTh. [losTomy xopma P(Q) siB-
JISIeTCsl CTOPOHOM MPSMOYTOJIbHUKA, OMIUCAHHOrO BOKPYT dJuiunca. CorinacHo
3agade 4.22 nuaroHasd TOrO0 MPSAMOYTOJIBHUKA COJIEPZKAT COIPSIKEHHBIE
JAUaMEeTPBI JJIJIUIICA.

4.26. a) Toukn A u B mmeror KoopauHATH (@ cos @, bsing) u (asing,
—bcosg). Touku P u () UMeOT KOOPJUHATEL

((a+Db)sing, —(a+b)cosp) u ((a—b)sing, (a—b)cosyp).

6) TpebGyemoe mocTpoeHwe, IO CYTH €7, OMUCAHO B 33/1a9€ a).

4.27. Touka () 1eKAT HA ONUCAHHON OKPYKHOCTHU TpeyToabHuKa AF) Fy,
roe F) u F, —doxkycsr siummrnca. [Ipu stom @Q — cepenuna nyru Fi Fy. Ecnn
R —pamuyc onmcaHHO# OKPY’KHOCTH, O U 3 — yIUIbI IpN BepmuHax Fi n Fy,
TO

|AQ| = 2R cos a;ﬁ, |AP| = 2R sin? %B cos %B.

ITosTomy

_ 2
|AP| - |AQ| = (2Rsin %ﬁ cos OLTB) =

. AF; AF5|\ 2

= (Rsina+ Rcosa)? = (W) :
4.28. ITycts pom6 ABCD Bnucan B ssmnc ¢ nearpom O. Torma pa-
IAyC 7 BOICAHHON OKPY2KHOCTH POMOa PaBeH BEICOTE MPAMOYTOJLHOTO TpPe-

yroapauka AOB, T.e.

1,1
r2  |OA]2 " |OB|*
[I:Q 2
Mg snmnca —5 + 75 = 1 upambie OA u OB umeror ypasrenns y = kx
uy=—x/k, a rouku A u B umeroT KoopauHaTel (To, Yo) u (1, Y1), TIe
o1 K o1 1\
xo(§+b—2>—l, l’l<¥+—k2b2)—1
IlosTomy
1 L 1 1/a®+ K 1/a® + 1K 1 L 1
[OA]2 " |OB]2~ 14+k2 1+1/k2 a2 b2’

T.€. PAJUyC I HEe 3aBUCAT OT IOJIOXKEHUS POMOa.
4.29. CoupsikeHHbIE JIUAMETPBI MOXKHO [IPEJACTABUTH IIOCPEACTBOM JIHa-
roHaJjelt mapasutesiorpamyma A BC' D, oIICaHHOTO BOKPYT JUIHIICA C IIEHTPOM
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O. Ilycrb 6uccexkrpucel yrios AOB, BOC, COD, DOA nepecekarr CTO-
POHBI 3TOro napaJuienaorpamma B Toukax A, By, C, D; COOTBETCTBEHHO, &
ayau OA;, OB, OC;, OD; nepecekator 3umIc B Toukax Ay, By, Cy, D,.
Torma Touku A,, By, Cy, Dy — IeHTPBI pacCMaTPUBAEMBIX OKPYXKHOCTEH.

Jocrarouno nokasarh, 9ro Ay B,Cy D, — mapaJiesiorpaMM €O CTOPOHA-
Mu, napasienababiMu apaymbiMm AC u BD. B camom neste, quaroHasm 3TOro
mapaJuIeIorpaMMa IEPIEeHINKYIAPHBI, TTOITOMY OH sBjsercsa pombom. Co-
raacHo 3a7a4de 4.28 pajaunyc BIMCAHHON OKPY2KHOCTH TaKOrO pOMOa 3aBUCHT
TOJIBKO OT 3JLIATICA W HE 3aBUCUT OT MOJIOXKeHUs poM0a. V3 mapauiebHOCTH
npaMbix Ay, B, u AC cienyer, 9To paauyc BIMCAHHON OKPYXKHOCTH pOMOa
paBeH paccrogHu0 OT ToukKu A, 10 npamoit AC, T.e. OH paBeH Paauycy
paccMaTrpuBaeMoil OKPY2KHOCTH C IEHTPOM As,.

Hokaxkem, rHanpmmep, aro A,Bs; || AC. Cragana 3amernm, ato A, B, ||
|| AC, Tak kak

|AA,| : |A,B| = |AO|: |BO| = |CO| : |BO| = |CB,| : |BB,|.

Cuenaem addurnoe npeobpa3oBaHue, IepeBOsIIee PACCMATPUBAEMBIE CO-
[IPsI?KEHHBIE INAMETPHI B JTHAMETPhI OKPY2KHOCTH. B Takom cirydae obpasbr
npaMbix A,O u B;O O0yiyT CHMMETPUYHBI OTHOCUTENBHO mpaMoit OB, mo-
sTomy o6pa3 mpamoit A, By, 6yayT mapasenen o6paly mpsamoit AC.

4.30. a) IIycts LPF\Q =20, LPF,Q =28, ZPOF, =p, LF,0F,=q.
Cormacnao 3agage 4.21

APFlO:CX, ZPF2O:B7 4F2OQ:p;

73 TOCJIEeTHEr0 PABEHCTBa cienyet, 9To ZPOQ = 2p + q.
Orpesku PF| u PF, obpa3yor paBHBbIE YIJIbl ¢ KacaTejbHOi PO, mo-
TOMY

a+p=LFRPO=n—-03—-(p+q),

1
r.e. ZPOQ=2p+g=n—(a+B)=n— i(ZPFlQ—i—
+ /PRQ).
6) BeemeM Takue 0003HAYEHNS TOUEK KACAHMUS,
Puc. P.1 kak Ha puc. P.1. CoryacHo 3a7a4e a) umeeM paBeH-
CTBa

aZ%@KﬂL+ﬂaym Bz%MMEN+4M&N)

Jyuan F1 A n F| B siBisitorca 6uccekrpucavu yrios K FyM u LE; N co-
OTBETCTBEHHO, [I0O3TOMY

9, = /AF\B==(/KF,L+ /MF,N).

N —



I'maBa 4 289

Amnanormaro

(.PQZLAFQB: (AKFQL“‘LMFQN).

N =

4.31. IlycTb ¢ — yroa MexXxmy Jirob6oif M3 paccCMaTPHBAaEMBIX KacaTellb-
HbIX u ockio Ozx. Paccmorpum okpyxHOCTH S ¢ merTpoM ((a + b)cos,
(a + b) sin ¢), npoxonamyo gepe3 Touxy A = (acos @, bsin ).

Kacarenbras k s/umancy B Touke A 3a7aeTca ypaBHEHHEM

a cos @ bsing
— 7 + Y= 1.

OTa mpsiMas MeprneHauKyIapHa npaMoit AQO;, KoTopas 3a1aeTcsa ypaBHEHNU-

eM .
_ aSlHCP

" bcosg

x4+ c.

ITosToMy OKpPYKHOCTB S KacaeTcs 3JLINICA.
JlokaxkeM Telepb, 9TO OKPY2KHOCTH S Kacaercd IpaMbIX [, u ly. Ilycrs
npaMasi [, Kacaercsa dJumica B Touke (—acosa, bsina). Torga ona umeer

ypaBHEHHE
—xcosa  ysina
— + =

1.
a b
bcosa
9To0, B 9aCTHOCTH, O3Ha4aeT, uTo tg¢ = ———. KBagpar paccrogams or
asina
Ha4aJa KOOPAWHAT N0 IPSMOil [, paBeH
b2 1 cos? a’sin? .
—— — = b ,2@:b20052<p<1+272cp):b2cos2cp+a2sm2cp.
sina 14tg”¢ sin® o b? cos? ¢

IMocneqHee BHIpasKeHUE COBIANAET C KBAJPAaTOM PaJUyca OKPYXKHOCTH S.
s mpsiMoii [, mOJTy9aeM TOYHO TaKOe ¥Ke BhIpazKeHHe.
4.32. Hopmass K /umncy B Touke (Zg, Yo) 32JaeTCI yPABHEHUEM

—Yo o o 1 1
T U *y—”(; - 172)'

Omna nepecekaeT OOJIBIIYIO MOJIyOCh B TOYKE C KOOPAUHATON

11 a®— b’
T :112530(17—2 - ;) =To—3
IIpu sToM
b 1 b
r2 =12 +xga_4 =2 _ng(z)(_ _ _)

a? at

Jlerko mpoBepuTh, 9TO
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4.33. CorsacHo 3ama4de 4.32 BBIIOJHIETCS PABEHCTBO

Va? — b2
ri e =00 = [0Cs| = S (Vb? — 7 — Vb2 —13).
9T0 BBIPAKEHHE MOXKHO IIPEOOPA30OBATH K BULY
a'r? —2a*(a® — 2b%)ryry + a'rd — 4b*(a® — b*) = 0.

PaccMmorpuM mosrydeHHOE BBIpasKeHMe KaK KBaJpAaTHOE YpPaBHEHME OTHOCH-
TesbHO 7. OHO MMeeT KOPDHH 7 U 7’3, IOITOMY
2a2(a® — 2b%)

Ta.
a4

7‘1+T32

4.34. Cornacuo 3anade 4.33 4ucia r; yAOBIETBOPSAIOT PEKYyPPEHTHOMY
COOTHOIIIEHUIO
Tiya — krigy + 1, =0,

nosromy 7, = al] + b\5, rme A\, m A\, — KopHE ypaBreHma 2 — kz + 1 =0.
HAcHo, 9T0 AMAy =1, T.€. 7, = al? + AP, Tpebyemas dopmyia npoBepaercs

Tenepb OYEBUIHBIM 00Pa30M.
4.35. MoxHo cuurarbh, 4ro Tpeyrojabauk ABC nonyden npeobpasosa-
HHUEeM _ _
zZ+Zz zZ—Z

2+2

U3 IPABUJIBHOTO TPEYTOJBHUKA C BEPIIMHAME W, €W U £2w, tae |w|=1n

Z

cos o = z cos” g + zsin® g (P.2)

21
€ =exp (—3 ) Torma moyocu a u b paccMaTpUBaeMOro SJIIAICA, PABHBI Ju
Cos o

1 .
, & paccTosgHue MexK 1y ero pokycamu Fy u F, paBHO v/a? — b? = 5 sino

Touku I, u F, nepexongar B rouku (+1, 0) upu pacrszxennn ¢ koabduny-
€HTOM
(1 sin oc) o (sin 2 cos E) B
2 o 2 2 ’

B pesynbrare npeobpasosanus (P.2) u 5TOro pacrsiKeHus MOJydaeM Ipe-
obpazoBaHme
o _ [0
z»—>zctg§ —|—ztg§.

o
Ilonoxkum a = w ctg 3 Torma muorowIeH ¢ Kopuamu A, B u C umeer Buj

P(w)z(m—a—%) (m—as—ais) (x—asQ—a%z).

Jlerko mposeputh, uto P’(x) =322 + 3¢ + 38 = 322 — 3, mo3TOMY KOPHH MHO-
rouiena P’ pasubr £1.

4.36. JIrobyro runepb0s1y MOXKHO 10Ty IuTh apDUHHBIM TPe0ObpPa3oBaHu-
€M U3 TEnepboJIbl § = T~ 1, i KOTOpoi TpebyeMoe yTBep KIeHIe 09eBUIHO.
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4.37. lycre az? + bry + cy? = (px + qy) (rz + sy). Torma npamsre pr +
4+ qy =0 u rz + sy =0 napaJjurejabHbl ACUMIITOTAM PACCMATPUBAEMON I'UIIED-
00JIbI. DTHU TPsIMble OPTOTOHAJIBHBI TOT/IA U TOJBKO TOTIA, Korma pr + qs =0,
T.e. a+c=0.

4.38. Ilyctb a=a+ia ', b=p+ ", ¢=y+ iy ' — BepmmHbl HaH-
HOIO TPEyroJbHUKA HAa KOMILIEKCHON msockocru. IIposepwbre, 4ro h =
= —ofy —i(afy)”™" —ero oprouenrp. Ilokaxkure, HAIPHUMED, YTO HUCJIO
(a — h)/(b — ¢) ancTo mEAMOE.

4.39. IlycTe ¢ —BesmdmHA TOTO W3 YIJIOB MEXKIy aCHMIITOTaMM, KOTO-
pEIil comepzkuT rumep6oiry. Torga mpu ¢ > 90° ncKoMoe MHOXKeCTBO IIyCTO, a
npu ¢ < 90° orO mpexacrasiseT co6ol OKPYZKHOCTD (C IEHTPOM B LEHTPE I'H-
nep6oJIbl), B3 KOTOPOIl BEIGPOIIEHBI 4 TOYKH Mepecedenns ¢ aCAMITOTAMH.
Jst noka3areiabCTBa 9TOr0 YyTBEPXKIEHHUS MOXKHO BOCIIOJIB30BATHCS PEIlle-
HUEeM 3amadn 4.24.

4.40. Ilycte A= (a,a™"), B=(b,b7'), C = (¢, c'). Torma mpm z =
= —2xy, a, b, c mogy4Iaem

2 —1 —1\2 2 —2
(xo —x)* + (gt — 7)) =4day + 4oy %
Takum obpasom, yucia —Tg, a, b, ¢ ABJIAIOTCA KOPHAMU MHOIOYJIEHA BUJA
xt — 2z + ...

ITosromy —xz¢ +a+b+c=2xg, T.e. a+b+c=3x,. Amanoruano a~* +b~ ! +
+ ¢t =32,". CnemoBarensro, Touka (T, Ty ') CIYXKAT HE TOIBKO TIEHTPOM
OIMCAHHOU OKPY2KHOCTH TpeyrojbHuka ABC, HO U ero HeHTPOM Macc. JTo
BO3MOXKHO JIMIITh B TOM CJIy4ae, Koraa Tpeyroabank A BC paBHOCTOPOHHUIA.

4.41. Touka X, paBHOyJaJIeHHAd OT TOYKU A 1 OKpYKHOCTH paguyca R
¢ nearpoMm O, moiKHa ynosierBopsaTh cooTHomernwo |[OX|—|AX|=R B
caydae, Korma Touka A pacrojioxkeHa BHE JIAHHOM OKPY’KHOCTH, U COOTHO-
menno |OX|+ |AX|= R B cayuae, korma Touka A pacmosiokeHa BHYTPH
JIaHHOW OKpYy2KHOCTH. B ciiyudae, korna Touka A JjiexkuT Ha JaHHOU OKPY2K-
HOCTH, TOUKa X JOJKHA JiekaTh Ha jyae OA.

4.42. IeHTp OKPYKHOCTH, IPOXOIAINEH Yepe3 JaHHYI0 Touky A u Kaca-
FOIIEiCsT JAHHON OKPYKHOCTH S, pABHOYIAJIEH OT TOYKHU A u oKpyxKHOCTH S.
IlosTOoMy MOXKHO BOCIOJIB30BaThCS pe3yabraroM 3amadn 4.41.

4.43. Ilpavaa A, B, 3anaercsa ypaBHEHIEM

z—1—t 14+t+1—-t 1

y—1—t 14+t—14t ¢’

1 _ 42 - _ _EQ‘”_Q
y=1—1>1tr= (t 2)-+4 +1.
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IIpu ¢purcupoBanHOM T, KOrma t mpoberaer Bce AefCTBATEIbHBIE 3HAIECHUS,
Y NIPUHUMAET BCe 3HadeHus, He npesocxonsmue (x2/4) 4+ 1. Takum o6paszom,
HCKOMOE MHOXKECTBO 33J]aeTcs HepaBeHCTBOM Y < (22/4) + 1.

4.44. Boibepem crucreMy KOODAWMHAT TaK, 9TOOBI mpsiMasi | 3a/1aBajach
ypaBuerueM x = 0, a Touka O umena koopausaarsl (1, 0). Touka X = (z, y)
IPHUHAJIEZKAT KCKOMOMY MHOXKECTBY TOI/IA M TOJBKO TOT/A, KOTJa OKPYZK-
HOCTB ¢ quamerpoM |OX | mepecekaeT npsamyto [. DTO 03HATAET, ITO PACCTO-
sHUE OT LEHTPa TOH OKPY?KHOCTH /10 IIPsIMOIi | He TPEBOCXOUT ee PaJuyca,

T. €. 9

x4+ 1\2 z—1\%2 y
< —.
( 2 ) = ( 2 ) T
TaxuM 00pa3oM, HCKOMOE MHOMKECTBO 3aJaeTcsa HepaBeHCTBOM 2 > 4x.

4.45. Bymem Ha3piBaTh MpeoOpa30BaHUEM MOIO00MST KOMIIO3UIIMIO COD-
CTBEHHOTO JBMKeHus u romoreruu. llycts X, u X, — aBa moJsiokenns Tod-

ku X; X| u X, — nosnoxenus touku X' B Te ke MOMeHTHI Bpemenu. Cy-
IIeCTBYET €IMHCTBEHHOE IIpeobpa3oBaHme nomobus, mepepogsmiee X; B X,
a X, B X). 910 npeobpa3oBaHue B J000If MOMEHT BPEMEHNU IIEPEBOAUT TOU-
Ky X B coorBercTByomyo To9Ky X . ITycts O — meHTp paccMarpuBaeMoro
npeobpaszopanus nonobus, O H — Beicora Tpeyronabauka X OX'. Touka H
nosrygaercs n3 X HEKOTOPBIM Ipeodbpa3oBaHumeM 1o 100ust, mosromy H nBu-
KEeTCs 0 HEKOTOPOi mpsiMoii. YunteiBast, uro X X' | OH, nonydaem Takoe
2Ke MHOXKECTBO, KaK W B 3agade 4.44.

4.46. MOXHO CYATATh, YTO EHTP OKPYXKHOCTH S PACIIOJIOKEH B HAYAJIE
koopauHAT, a Touka O mmeer koopauHaThl (¢, 0). Touka A = (z, y) npurar-
JICZKUT NMCKOMOMY MHO2KECTBY TOr'la U TOJIBKO TOI'Zla, KOrJZa OKPY>KHOCTb S
mepecekaeT OKPYKHOCTH S, ¢ auamerpom |AO|. IlycTh a — paamyc OKpyx-
voctu S, R — pamuyc okpyzkHOCTH S, d — PAaCcCTOsSIHUE MEXKIy [EHTPAMU
X OKpyxkHOCTedl. OKpyx)kHOCTH S U S| MEPECeKATCd TOrJA U TOJBKO
TOra, KOTIa U3 OTPE3KOB a, d, R MOKHO COCTaBUTH TPEYTOIbHUK, T. €.

(R—a)*<d”<(R+a).

Yuntesasg, aro 4d* = (z+ ¢)? + y* n 4R? = (z — ¢)* + y?, npuxoaUM K Hepa-
BEHCTBY
a®> — 2Ra < cx < 2Ra + a2,

KOTOpOe 9KBHUBAJIEHTHO HepaBeHCTBY (cx — a?)? < 4a*R?, T.e.
(® —a®)z? — a*y* < a®(® — a?).
4.47. MOXHO CIATATh, YTO ypaBHEHHE KOHUKH HMeeT B,

A(Z*+2*)+ B2z+Cz+Cz+ D =0. (P.3)
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B camowm neste, smummanc w runep6oIry MOXKHO 331aTh ypasHerneM A (2% +22) 4+
+ Bzz=1 (upu B < 24 nosxygaem smmnc, a npu B > 2A nonxygaem runep-
6oi1y); mapaboily MOXKHO 3aaTh yPaBHEHHEM

2247242224 2i2—2i2=0.

IIycTb u—IeHTp IPaBUIBHOIO TPEyroJbHAKA C BepIIMHAME U + veX, rie
k=1, 2,3 me=exp(2ni/3). Ecim sToT Tpeyroapauk Buncan B kouuky (P.3),
To uucaa 2z, =u+vek, k=1, 2, 3, ynosaersopsior coortomenuto (P.3). Ciio-
JKUB TPH TaKHX PaBEHCTBA, IOJIYYHIM

A(u® +@*) + B(uii + v9) + Cu+ Cii+ D =0 (P.4)

(Mbl Bocnosb3oBasuch reM, 410 €' + €” +€® = 0). Ilogcrasum B (P.3) 3na-
4yeHme z = z3 =4 + v u BbrareM u3 (P.4) momydvennoe coorHomenune. B pe-
syabrare nomyanm Re(Fv + Av?) =0, roe F = 2Au + Bu + C. Ilponenas
AHAJIOTMIHBIE BBIMUCJIEHUS I 2 = 2, = U + V€, noumyamum F'v + Av? =0. Tak

Kak v # 0, mpu A #0
|v]* = |2Au+ Bu+ C]PA™%; (P.5)

ciydait A =0 coorBercrByer okpyx)Hoctu. Iloncrasus (P.5) B (P.4), momy-
9MM ypaBHeHWe TpebyeMoil KOHUKH.

OTmernM, 9TO BTOpas KOHHKA COBHAJAET C MCXOTHOH TOTJA U TOJBKO
Torna, korma B =0, T.e. B ciaydae paBHOOOYIHOM rumepOOIbI.

4.48. YpasHeHue cexyineil IUIOCKOCTH MOXKHO 3alUCATh JOO B BHJE
z=az + by + ¢ =0, mubo B Buzge ax + by + ¢ = 0. B nepBom ciydae upoex-
Iusl ceveHms 3aJaeTca ypaBHeHWeM T2 + Y2 = ax + by + ¢, a BO BTOpOM —
ypasHerueM ax + by + ¢ = 0.

4.49. IlycTs a4 onpeieleHHOCTH KOHYC 3aJlaH ypaBHeHueM ax? + by? +
+¢2>=0, tme a > b > c. Cnoxus ypaBHEHHE KOHYyCa ¢ ypapHeHEEM (b — @) X
X (x—a))*+ (b—c)(z — ¢;1)* =0, 3anar0muM mapy MJIOCKOCTEH, IOy IuM
ypaBHEHHE

b(z® 4+ y* + 2°) + 2(a — b)ayx + 2(c — b)cyz = (a — b)a? + (¢ — b)c3.

Yucna a — b u ¢ — b pa3HOro 3HaKa, MOITOMY (; M C; MOXKHO BBIOpAaTh TaK,
qro uucao (a — b)a? + (¢ — b)c umeer Taxoil xe 3HAK, KAK U IUCIO D, T.€.
[IOJIyIeHHOE ypaBHEHUE 33/1aeT cdepy. JIerko mpoBepuTh, YTO IPH ITOM TOU-
Ka (a1, 0, ¢;), mpuHAIEXKAIIAasd 00EUM ILIOCKOCTIM, JIEXKUT BHYTPU CEPHL.
Takum 06pa3oM, cedeHre KOHYCa pacCMaTPUBAEMOIl Tapoil IJIOCKOCTEH COB-
magaeT ¢ cedeHneM cdepbl TOH mapoil MIOCKOCTEH U IMPeACTaBsgeT COOOM
11apy OKPY2KHOCTEH.

4.50. a) ITycrs f =0 u g = 0 — ypaBHeHns kBaapuk, | = 0 — ypaBHeHHE
IIJIOCKOCTH, cofeprKamieil ux obimee miockoe cedenue. B mmockoctu | =0
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ypapHenus f=0wu g =0 3a1ai0T OJIHY U Ty K€ KPUBYI0, mo3ToMy f =Ag+Im,
e m — Hekoropad guHeitHas dyaknus. Ilmockocts m = 0 Toxke comepRuT
obimee miIockoe cedenne kBaapuk f=0mu g=0.

6) Ilycrp paccmaTpuBaemble KBaapuku umeoT ypasaenus [ =0, g =0,
h=0. CoriacHo 1. a) MOXKHO CUUTATh, 9T0 g = f +Im, u h= f +Im,. B ta-
KoM cirygae g = h + [(m; —my). DTo 03HATAET, ITO IIOCKOCTH APYTHX 06-
MUAX CeYeHmi 33/1a10Tcsa ypapaeHusmu m, = 0, my =0 u m; = m,. Tperbe
YDaBHEHHE sIBJISIETCS JIMHEITHOW KOMOWHAIMeH IBYX MEPBBIX, MOITOMY TPH
IIJIOCKOCTH UMEIOT ODIIYI0 IPAMYIO.

4.51. a) Touka A synunca ¢ nearpom O JIEXKUT HA €ro IVIABHOI 0CH TOraa
U TOJILKO TOTJA, KOTJa OKPY2KHOCTH pamuyca |OA| ¢ mearpom O kacaercs
SJLIUIICA.

ITepeceuenme nmamnOro /umncomga co cdepoit pammyca |OA| ¢ mesn-
TpoM O SBIISIETCI KOHYCOM

(b2 s (o2 (52 om0 oo
rae r = |OA|. Uckomas ceKymas IIOCKOCTD OJJHO3HAYHO OIPEENIAeTCA KaK
[IJIOCKOCTh, Kacammasics Kouyca o jaydy OA.

6) Ilycte OA; u O A, — riaBHbIe TOJIYOCH JUIAICA, TOIYYEHHOTO B cede-
HHUHM 3JUIAIICONA ILUIOCKOCTBIO T oS o + 4 cos + zcosy = 0. B Tex caydasx,
korma A=A, wimu A, (T.e. 7 =7, WIn ry) Ta IWIOCKOCTH JOJIKHA KACATHCS
koryca (P.6). HecioxxHO0 IpOBEPHUTD, ITO MOCIIEHEE YCIOBAE SKBUBAJIEHTHO
PaBEHCTBY

a’cos’a  b’cos’B | cPcos’y 0
a? — r? b2 — r2 c2 —r? ’

4.52. Paccmorpum Ha mwiockoctu 11 okpyzxuOCTH ¢ ieaTpom A. Cormnac-
vO 3amade J1.14 monspoil 3TOil OKPY?KHOCTH OTHOCUTEJIHHO OKPY2KHOCTH C
neaTpoMm O cirykuT KoHUKA ¢ hokycom O, nprdeM TakuM peodpa30BaHueM
MOZKHO IOJIYYUTH JII0O0YI0 KOHUKY ¢ dbuKcupoBaHHbIM (dokycom O. Bpammasa
mockocTh 11 B mpocTpancTBe BOKpyr ocu O A, MOXKXHO HOJIyYUTh AHAJIOTWY-
HOE yTBepXKIeHue i KBAJAPUK, AMEIOIINAX OCh BPAIIEHUS.

a) Paccmorpum cdepy ¢ merrpom A m cemeficTBO MIIOCKOCTEH, mapas-
JIeJIbHBIX (DUKCUPOBAHHOM NpsiMoii | u Kacaromuxcs 1ol cdepst. [losspoi
9TOTO CeMeHCTBa IJIOCKOCTEH OTHOCHTENBHO cdepbl ¢ meHTpoM O CIIyKuT
KoHHKa ¢ dokycom O, rexkammas B IIOCKOCTH, IPOXOAdAIei depe3 ToUKy O
nepreHauKyagapao upsamoit [. [lossipoii cepsr ¢ merTpoM A CiyKuT KBaJI-
puKa, [oJIyYeHHast Ipu BparieHuu BOKpyr ocu O A HEKOTOPOil MIIOCKOH KO-
HuKH ¢ nearpom O.

6) Paccmorpnm cemeficTBo miockocTeil, npoxonsmux epe3 (pukcupo-
BaHHYI0 TOuKy M m xacaromuxcsi cepbl ¢ merTpoMm A. Ilepnenaukymnspbr
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K 9THM ILUIOCKOCTSIM, BOCCTaBJIEHHbIE U3 To4ku M, 06pa3yioT mpsamoil Kpy-
rosoit konyc. ITosromy nepresaukyssipsl, onyiieHssie u3 Touku O = F)| Ha
9TH IJIOCKOCTH, TOXKe 00pa3yioT IpsIMOil KPYroBoi kKoHyc K.

IIpu monsprOoM mpeobpaszoBaHUU OTHOCUTEIHHO cdepbl ¢ meHTpoM O
paccMaTpuBaeMoe CeMefCTBO MJIOCKOCTEH MepexXoquT B IIOCKoe cedenue C'
smmnconna (o6pasa cdepsl ¢ neHTpoM A mpU MOIAPHOM NPEoGpPa3OBAHAN
orHOCUTENBHO ceprr ¢ neaTpom O). fcro Takxke, aro C — nepecedenne
konyca K ¢ Bepmmnoit O U 3TOr0 3J/IUICOUIA.

T'imasa 5

5.1. PaccmaTpuBaemoe orobpakenne 00J1a1aeT CIeIyOMIMI CBOMCTBA-
MMU:

1) ocraBisieT HEMOABMXKHBIMA BCe TOYKU IMIEPIIOCKOCTH (T, a) = 0;

2) coxpaHsieT CKaJgpHOE npou3BejieHue (, y), T.e. ABJIAeTCId H30MEeTPU-
eit;

3) mepeBOAUT G B —a, T. €. HE TOXKJECTBEHHO.

5.2. Ilycts €4, . . ., €, —OpTOHOPMHUPOBaHHBIH 6a3uc. PaccmorpuM BekTO-
pol €; = Ae;. VI3 yciioBus ciemyer, 9T0O 9TH BEKTOPHI MTOMAPHO OPTOrOHAJIBHBI.
JokaxxeM, 9TO BCe OHM MMEIOT OJUHAKOBYIO JIHHY. JLJI 9TOr0 BOCIOJNIB3Y-
eMcd TeM, 4TO e; +¢; L e; — e;. Takum ob6pas3oM, U3 yCIOBUA CIIEAyeT, ITO
(e: + €5, 8, —¢g;) =0, Te. |&] =|g;|. Uraxk, |e;| =...=|e,| = a. [IpeoGpazo-
BaHue a~ ' A nepesoJuT OPTOHOPMUPOBAHHBIH 6a31C B OPTOHOPMUPOBAHHBIH
0a3uc, MO’TOMY OHO SBJISIETCH U30METPHEN.

5.3. PaccmarpuBaemoe mpeobpa3oBaHue sIBISETCH MOBOPOTOM Ha YTOJI
¢ BOKPYT HEKOTOpOii ocu [. BosbMeM IIOCKOCTH, NepHeHANKYIAPHYIO IIps-
Mo#t [, m BbIOEpEeM B STOMU ILIOCKOCTH JB€ IpsaMble [, u l,, IepeceKaromme
npsMyIo | u obpasyromue Mexx 1y coboit yrou ¢/2. Komnosunus cummerpuii
OTHOCUTEJIHLHO HPAMBIX [; 1 [y COBIIAQJAET C MCXOMHBIM IIPEOOPa30BaHUEM.

5.4. OproroHajabHOe HOMOIHEHNE V' K MHOXKECTBY HEIMOJIBUZXKHBIX TOYEK
uMeeT pa3MepHocTh 1 — s. Orpannyenue npeobpa3oanus f Ha V umeer og-
HY HEIOJBIXKHYIO TOYKY (HA9a/10 KOOPAMHAT), HO3TOMY €ro MOYKHO [IPEICTa-
BHUTH B BUJI€ KOMIIO3UIAU 1 — § CAMMETPHII OTHOCUTEJIbHO THIIEPILIOCKOCTEN
B V. Paccmorpum Teneps cummerpun B R OTHOCHTEIBHO THIIEPIIIIOCKOCTEMH
B R", comepKaiux 3TU rUMEPILIOCKOCTH U MHOYKECTBO HEMTOIBIUKHBIX TOYEK.
Vx koMmosunusi COBOaIaeT ¢ mpeodpasoBaHueM f.

IIpeanosokum Temnepb, 9TO n30MeTpusi f MPECTABIEHA B BUE KOMIIO-
3UNAYN CHMMETPU OTHOCUTE/IbHO runepiiockocreit Hy, ..., Hy. [Iycte W —
nepecedenne yrux rumnepiuiockocreit. C ogHoit croponsl, W comepxurcs B
MHOXKECTBE HenoABuKHbIX TO4eK f, mosromy dim W < s. C apyroii cropossi,
dim W >n — k. CinenoBarensro, n — k < s, T.e. k>n —s.
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5.5. [Iycte quia mexoTopoit Touku X ee o6pas f(X) comepxkuT qBe TOI-
ku X; u X|. Paccmorpum upasuibasbiit rpeyronsauk X AB co croponoit 1.
ycts A, € f(A) u B, € f(B). Torna X, A, B, u X, A, B, — npaBuibHbIE
TpeyrosbHAKE co croporoit 1 (puc. P.2 (a)), mostomy |X; X!| = /3.

Bosbmem Teneps Touku A, B, C, D, E, F tax, 4Tobsl Bce 11 oTpe3kos,
n300pakennbx Ha puc. P.2 (6), nmenn qymay 1. B o6pasax 3THX TOYEK BBI-
GepeM 110 OaHOM TOuke A, ..., Fj.

ITpn dukcnposanrbx Toukax X; u X| ycaosme |A, X | =]A4,X| =1| 3a-
aeT IBa BO3MOXKHBIX IOJIOKeHWs ToukH A,. Jljisa Toukm B; Bo3MOXKHBIE
HOJIOXKEHHs Te Ke camble, HO A, # By, tak kak |4, B;| = 1. CienosarenbHo,
rouka C; cosmanmaer ¢ X; win ¢ X|. Insa rouek D, u E; BO3MOXKHBIE II0-
JIO?KEHHUS Te K€ caMble, 9TO U JJid To9eK A; m Bj, u mo TeM Ke IpuImHaM
D, # E,. Cnenosarenbro, To4ka F; coBmamaer ¢ X; miu ¢ X;. B urore mo-
gygaem, aro 6o |CFy| =0, mbo |C,F;|=+/3. Ho mo ycIoBHiO JOMIKHO
BBIIOJHATHCA paBeHcTBo |C) Fy| = 1. [IpuxoauM K IpOTUBOPEYHIO.

By E
() (6)

Puc. P.2

<

5.6. Ilycrs f —nmosopor Ha yros v/2n Bokpyr Touku O, Ay # O —upo-
n3BosbHasg Touka, A; = f(A;_,) mpui=1,2, ... Torma A, # A; npu i # j,
Tak Kak umcyio iv/2 — jv/2 me nemoe. Iomoxum A= {A,, A;, A, ...}. Torma
fA)={A,, Ay, Az, ...} CAu f(A) # A

5.7. PaccmorpuMm Ha KomiuiekcHO# minockoctu C mHOXKECTBO A, COCTOS-
Hiee U3 BCeX TOYEK BUJA A 4 a1€’ +ase® + ... +ape*, tne k>0, ag, . .., ar —
HEOTPHUIATeNbHBIE Tesble yncia. Ilycrs B u C — nogmuoX)ecTBa A, 114 KO-
TopbIx ag = 0 1 ay # 0 coorsercrBenHo. Torma A= BUC, B=¢'A (r.e. B
nosrygaerca u3 A mopoporom Ha yrou 1 B pazmanuoii mepe) u C = A+ 1
(T.e. C momywaerca u3 A mapasuiensHbIM eperocoM). OcTaeTcsa NpoBepuTh,
aro BNC =g.

IIpenonoxkum, 9410

biel +bye® + ...+ bpe™ =co+cie' + ...+ e™,

rae by, ¢; €Z nco #0. Torma cg + a1 + ...+ a,.e™ =0, tme a; €Z u ¢y #0.
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9TO TPOTHBOPEYHT TPAHCIEHIEHTHOCTH [ucia e’ (cm., mamp., [enb-
dorx A. O. TparcuennentHbie m anrebpamdeckue gmcia. M.: 1952).

5.8. JIBoiicTBEHHBIN TPEYTOJBHUK UMeET YIJIbl T — a, T — b, T — ¢. Cymma
yTJI0B c(pepudecKoro TpeyroJabHuka 6osbiie T, modromy 3 — (a + b+ ¢) > T,
T.e. a+b+c<2m.

5.9. YruIbl aBTONOJISPHOrO TPEYTOJHLHUKA PABHBI T/ 2.

5.10. Tpebyembim cBoficTBOM 00J1a1aeT MPOEKINS U3 MEHTPA CheEPHI ce-
BepHOU MoJTycdeps! Ha MIIOCKOCTh, KACAIONLYIOCH C(hePhI B CEBEPHOM ITOJIIOCE.

5.11. Jloka3aTeabCTBO TaKoe *Ke, KaK U B eBKJUIOBOM reOMETPHUN: €CJIn
rouka O pasHOymasena or To9ek A u B (upambix a u b) u Touek B u C
(upamerx b u ¢), To ona paBHOymaeHa u oT Touek A u C (mpsaMbIx a u ¢).

5.12. a) IIycte O —uenTp cdepbr. Mennansr chepuaeckoro Tpeyrosn-
HUKA, AEQ IePECEeKAIOTCs B TOUKe, JexKalleil Ha iyde OM, 3a1aHHOM BeK-
topom OA + OB + OC.

6) Bricornl cpepuueckoro rpeyrompuanka ABC nepecekaroTcs B TOUKE,
sexkarmeit Ha ayde O H, 331aHHOM BEKTOPOM

— — —
w=0Atga+ OBtgp + OCtgy.

IIpoBepuM, HampuMmep, YTO ILJIOCKOCTH OA_I){ u OBQ) IePIEH /K Y IAPHEL,
T. e. cKaJsApHOoe npou3seneHne BekTopoB OA x w=0A x OBtgfB + OA x

— — = — @ — e T
x OCtgy u OB x OC pasuo mymo. Jauast BekropoB OA x OB u OB x OC
paBHEL sin ¢ u sina, a yroa mexxay HuMmE paBeH 3. Takum o6pasoM, HyKHO
[IPOBEPUATH PABEHCTBO

sincsinacosPBtg — sinbsinacosytgy = 0.

OTO0 PaBEHCTBO CJIe/IyeT U3 TEOPEMbI CHHYCOB.
5.13. Jnuna cdhepudeckoil OKpPyKHOCTH paamyca r paBHa 2nsinr. Ilo-
9TOMY ILIOIAAL C(PePUIECKOro KPyra pajmyca T paBHA

/ 2nsinx dz = 2n(1 — cosr) = 4nsin® (%)
0

5.14. CoriacHO 11€pPBOIi TEOpEME KOCUHYCOB

—cosbcosc+ cosa

cos o = - -
sinbsin ¢

IloaTomy

a+b+c . b+c—a

20052%:14-(3050(:_COS(b+c)+cosa:281n 5 sin 5

sinbsinc sinbsinc ’
. b—c4+a . a—b+c
5 cos(b—c) —cosq 2SR5 ——sin—yp
2sin“ = =1—cosa= - - = - -
2 sinbsinc sinbsin ¢
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5.15. CornacHo mpenblayieil 3anade

B sinp . ¥

o .o . B sin(p—c¢) . ¥
COS ~ COS = = sin—, sin-sint =——-+5sin—~.
2 2  sinc 2’ 2 2 sinc 2
IloaTomy
a+b
il cos
cos atp_ sinp ,Sm(p ) sin ¥ = 4% sin <.
2 sinc 2 cos = 2
2
AHajoru4so moJsrydaem
- B sin(p—0b)y . B o sin(p—a) Y
sin-cost =——+—, sin-cos-=——>cos =
2 2 cosc 2’ 2 2 sinc 2
u
a—b
) — in(p — b cos
sin atp _sin@ a).+ sin(p — b) cos L = 7% cos .
2 sinc 2 cos — 2

2

5.16. a) Bocronp3oBaBmuch pe3ysbTaTaMy IBYX TIPEIBIAYIAX 3334,
[IOJTy IUM

a+B+y a+p Y a+B oy
Ccos 5 = Cos 5 CcoSs 5 sin 5 sin 5 =
a+b a—2>b
cos — Ccos ——
= ¢ 2 cos % sin % =
cos 5
a . b
B 2sin 585 /sinpsin(p — a) sin(p — b) sin(p — ¢)
- < sinasinb ’
cos 5
6) U3 coorrommennit
. a+B a—1b a+p a+b
sin cos cos cos
2 2 - 2 2
Yo ¢ LY ¢
cos cos 5 sin 5 cos 5
cjeJiyeT, 9TO
. o+B Y a—2>b c
sin — cos 5 _ cos — cos 5
. a+p Y —b c’
sin 5 + cos D) Ccos 5 4+ cos 5
cosowrﬁ—sinI cosa+ cosE
2 2 _ 2 2
a+f Y a+ c
cos D) -+ cos 5 cos 5 -+ cos 5
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Y1066 mOTyInTh TPebyeMoe PaBEHCTBO, JOCTATOYHO IEPEMHOXKHUTD ITU
JIBa paB€HCTBa U HpeO6pa3OBaTb B 9UCJIUTEJIAX U 3HaAMEHATEJJIAX CyMMBbI U
Pa3HOCTU CHHYCOB W KOCHHYCOB B MPOU3BEIECHUS:

At Y _ T—y+a+f a+B+y—mn
sin —— —cos = 2cos 1 1 ,
cosa_b—cosE—QSina_b+csinb+c_a T
2~ 1 1 e

5.17. /I3 nepBoii TEOpEMBI KOCUHYCOB CJIEJIYET, 9TO COS C=CO0S a cos b, a u3
BTOPOl TEOPEMBI KOCHHYCOB CIIEAyeT, 9T0 cosa=sinf cosa u cosB=sinacosb.

Coruracuo Teopeme cuHycoB sinosin b= sinf3sina, nosromy sinasinb x
x cosa = (sinfcosa)sina =cosasina T.e. tgasinb = tga.

CoracHO TeopeMe CHHYCOB sin @ = sin asin ¢, mo3ToMy sin a cos ¢ =sina X
X sin ccos ¢ = sinasin ccos a cosb = sin ccosa cosfB, T.e. tga =tg ccosf.

5.18. Ilycte I — meHTp BOHMCAHHON OKPYKHOCTH C(EPUIECKOTrO Tpe-
yroasauka ABC, K — Toduka KacaHWs BIMCAHHOW OKPY?KHOCTHU CO CTOPOHOMN
AB. Torpa |AK|=p —a, |IK|=r, ZIAK = %‘ u LAKT = g Tosromy co-
IJIacHO 3ajade 5.17 momygaem

tgr =tg g sin(p — a).

Ocraercst 3aMeTUTD, 9TO COTVIACHO 3aade 5.14 BBINOIHSETCS PABEHCTBO

te g _ \/sin(p —b)sin(p — ¢) .

sinpsin(p — a)

5.19. Ilycrp O — ueHTp ONMCAHHONW OKPYKHOCTU C(EPUIECKOr0 TPe-
yroapauka ABC', M — cepenuna cropoust AB. Torma ZOBM = W =
= g — (¢ —s). Tosromy coryacHo 3amade 5.17 BBIIOJHAETCA DPABEHCTBO
% =tg Rsin(a — s). OcTaeTca 3aMeTHTH, ITO

cte g _ \/sin(ﬁ — s)sin(y —s)

sinssin(a —s) '

tg

o
sra dopmysa nosydaerca n3 Gopmyiist g tg 5 [EPeXOIOM K HOJIAPHOMY
TPEYTOJIbHUKY.

5.20. a) IToasapsl cdepudecKux MPSIMBIX, HPOXOASIIAX Y€PE3 TAHHYIO
TOYKY A, 3aMeTaroT OKPYKHOCTH GOJIBIIOT0 KPYyra, & UMEHHO MOJISIPY TOY-
ku A. ITosromy paccmarpuBaeMble MOJISIPBI 3aMETAOT Hapy ChepudecKux
JBYYTOJIbHUKOB, 00PA30BAHHBIX MMOJISPAMHU KOHIIOB JIAHHOTO OTPE3KA.

6) Iomsiper ceprIecKux MPSIMBIX, MEPECEKAIINX TAHHBIE OTPE3KH, 3a-
MeTal0T MHOXKECTBO, IIJIOMATh KOTOPOTO MeHbIne 4w, mosToMy Ha cdepe
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HalimeTcsa TOYKa, He JieXKalasa B 3ToM MHoxkecTBe. Ilossipa 3Toi TOYKu He
IIepeceKaeT HU OJHOrO JIAHHOI'O OTPE3Ka.

5.21. JlocTaTo4HO [OKa3aTh, YTO W = (puc. P.3). dcno, uro

2z
1422
2+ w?=1mz="2"Z%. Tosromy
z

(w—2)* + 22w® = 22,

2z

=Ty
5.22. Ilycrs AB —HauboJibiiasi CTOPOHA rUnepOoIMIECKOr0 TPEYTOJib-

uuka ABC. JTocTaTouHo noka3aTs, 9ro |AB| < |AC|+ |BC|. Ilyctb Toukn A
u B nexar B BepxHell MOJYIIOCKOCTH HA BEPTUKAJIBHOM Jiyde. Bosbmem Ha
eBkIIOBOM orpe3ke AB rouky C; Tak, uro |AC,| = |AC| (paccrosuus ru-
nepbonmaeckne). Paccmorpum rumepGosmaeckne OKPyKHOCTH € TEHTPAMHE
A n B n pamuycamm |AC,| n |BC}| coorercrenno (puc.P.4). T'mnep6o-
JIMYecKas OKPYXKHOCTb B Mofean IlyaHKape ABJISeTCA €BKJINIOBOIl OKPYXK-
HOCTBIO, TIO9TOMY DPaCCMATPUBAEMbIe OKDYKHOCTU Kacarorcd B Touke C.
B uacrrOCTH, Touka C j1eXKUT BHE BTOPOii OKpyzKHOCTH, T. €. |BC| > |BC,|.

T.e. W 9T0 U TPEOOBAJIOCH.

Puc. P.3 Puc. P.4

5.23. IIycrb d — runep6o/indaecKoe paccTOAHUE OT TOYKH (I, Y) A0 TOUKH

(0, t). Torma
2 2 2 2
z°+ (t—y) 1 (a: +y )
ho=14+"+""% = — ([Z—Z )
cha + 2y % . +t
Muanmywm dbysxmun (22 +y?)t~! + ¢ nocruraercs npu t = /22 + yZ; 910 3HA-
yeHue f COOTBETCTBYET OCHOBAHMIO NEPIEeHIUKYyJisapa, OIyIIeHHOI'o U3 TOY-
Ku (z, y) Ha PAaCCMaTPUBAEMYIO TUIEPOOINIECKY0 MpaMyo. MunumaibHoe
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/ IQ + 2
pacCTOsIHIE PABHO arch(Ty) , rie arch — dynknus, obparnas dyHK-

muu ch.

1+z
5.25. ConocraBuM TOYKE z M3 €JMHUYHOIO Kpyra TOYKY W = i 1 u3
—z
—1

. w
BepxHeil mosymiockoctu. Ilpm stom 2z = e CobCcTBEeHHOE [IBUKEHUE B
w+ 74

ffw——ﬂi, riae ps — qr = 1. B koop-

KOODAMHATAX W 3amaeTcsd MPOPMYJIoi w — .
w

JUHATaX Z 3TO Mpeobpa3oBaHUE UMEET BUJL

(ip+is—qg+r)z+ip—is+q+r
(ip—is—q—r)z+ip+is+q—1r"

Z

. 7
VYMHOXKUB YUCJIUTE/Ib U 3HAMEHATE b 9TOM ApoOU Ha 5> TIOJIYIHM BBIpazKe-
HEe TpebyeMoro Bua.
5.26. B monenn Kneitna yTBepXKaeHNE CBOIUTCA K COOTBETCTBYIOIIEMY

YTBEPKIEHUIO €BKJIUI0BON I€OMETPHH.
5.27. dcHo, uaro

a 1 1 o o 1
& _ 2roa/e —a/ey _ = b >y
ch c 2(6 ¢ ) Z(th Ctg?) sina’
a 1 1 o o
@ _ troale _ —ajcy _ T > *)
sh072(e e )72(Ctg2 tg2>7ctgoc.

Tperbe cooTHOWIEHNE CIIEIyeT U3 ITUX ABYX.

IIpu 0 < o < 1t/2 KaxK0e U3 PacCMaTPUBAEMBIX COOTHOIICHHUN IAeT OJ-
HO3HAYHOE BBIDA2K€HUE JId 4, II03TOMY BCE€ OHU DKBUBAJICHTHDI.

5.28. PaccmorpuMm monens Ilyankape B BepxHeil moymiockocTu. Mox-
HO CUHTATh, UTO JAHHAA IpAMas — MHUMas OCb, & JJaHHAS TOYKA JIEXKUT Ha
eIMHUYIHOW OKPYZKHOCTH (9TOr0 MOXKHO JOOMTHCA TOMOTETHEH C LEHTPOM
B Havasie KoopauHAT). [Ijist TouKm oS o + 4 Sin o yros mapasutelbHOCTH pa-
BEH 0, & PACCTOAHUE G OT 3TOU TOYKH JIO0 JAHHOU MPAMOU BBIYHUCJIAETCHA 110
dopwmyite

cos? o+ (1 — sin a)? 1

chi=1+ =
C

2sina sina’

OTO COOTHOIIEHNE MEXK/Y ¢ U 0L IKBUBAJIEHTHO TPEOYEMOMY COOTHOIIEHHUIO.
5.29. Tpebyemble COOTHOIIEHUS BBITEKAIOT U3 JOKA3aHHBIX HAMH CO-
orHomrennit chc=chachb, sha=shbtga, thb=shatgf m Toxzecrsa
ch’z —sh’r =1 (a TakKe TPHTOHOMETPHYECKHX TOXKIecTB). Hampmwmep,
IJIsI TOKA3aTeIbCTBa CoOTHOMIeHns sh a = sh ¢sin o Hy?>kHO BO3BecTH B KBaJI-
par obe gactu paeHcTBa sha =shbtga, a 3aTeM BOCIOJB30BATHCI TEM,
910
ch?c—ch?a . sh?c —sh?a
ch?a - ch’a '

sh’b=ch®’b—1=
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5.30. a) SIcHo, uro

cha=chbchc—shbshccosa=

=chb(chachb—shashbcosy) — w,
Sin &
T. €
cha(l —ch®b) = —chbshashbcosy — shbshasiny ctga.
Yunrsisas, aro 1 — ch® b = — sh? a, noxygaem
cha= %(chbcosy—ksinyctga).

sha sina
Ocraercst 3aMeTUTh, YTO0 —— = ——.
shb  sinf
6) JBaxk1pl BOCIOIB30BABMIUCH (DOPMYJIOH U3 3314491 &), Oy ITHM

chasinB = (chasinpcosy + cosPsiny)cosy + cosasinP, me.

chasinBsin®y = cosPsiny cosy + cosasiny.

Ocraercst cokpaTuTh 06e JacTu Ha siny.
5.31. Ilycts cropona AB yrima BAC upoxomur depe3 menTp O Kpy-
ra 8. Hapsny ¢ npamoit CC, B momenu Kieitna paccmorpum npsimyro C'C
B Mozesm Ilyarkape B kpyre (puc. P.5). TpeGyemoe yTBepKaeHnE CBOMUTCS
K OYEeBHIHOMY yTBEPXKIeHHIO [3 < .
-__B 5.32. Bocmons3ayiirecs mogensio Kirelina.
e S 5.33. VYTBepxKaeHHE OYEBUIHBIM 00pPa3OM
/ \ cnepyer u3 dopmynnl 3anaun 5.306). Ho ero
, . MOXKHO JI0KAa3aTh U HEIIOCPEICTBEHHO.
, o ! Ilyctb ABC u A,B;C; — runepbosmde-
| B I CKHE TPEyIOJIbHUKM C COOTBETCTBEHHO PABHBIMHU
\ o / yraamu. Comectum yriist BAC u By A, C;. Io-
N A , KaxkeM, 4ro torma B = B, u C = (C,. B camom
S o7 nmene, ecu B # B, nmm C # Cy, To aubo or-
pesku BC u B;C| nepecekarorcs B HEKOTOPOI
Puc. P.5 Touyke M, b0 3T OTPE3KU HE IEPECEKAFOTCSI.
B nepBoMm citygae MOKHO CIUTATh, 9TO TOYKa M
ornuuana ot B. Torma M BB, — runepboiandecKuil TPEYroJIbHUK C CyMMOMN
yrioB ©. Bo Bropom ciayuae BCC)B; — runepbomdecKuii 9eThIPEXyroJib-
HUK ¢ cyMMoit yriioB 2rn. Hu To, HU Apyroe HEBO3MOXKHO.
5.34. Bynem cuntarh, 9TO OMHOM CTOPOHON yIyia sIBJASETCS MHAMAs OCh

Oy B mogesu Ilyankape B BepxHeil noJrymiockoctu. Irobbl omycTuTsh nep-
MEHIUKYJISIp W3 TOYKH A Ha 3Ty NpAMY0, HY*KHO MPOBECTH OKPYKHOCTH
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pamayca |OA| ¢ merrpom O. JIpyrast CTOPOHA yTJIa IPECTABIAET COBOM my-
Iy €BKJINJOBOM OKPY2KHOCTH, MOITOMY €€ TumepbomdecKast MPOEKIs Ha
ock Oy OymeT OrpaHMYEeHHBIM MHOXKECTBOM.

5.35. a) u 6) Ilycts O — ueHTp mpaBUIBLHOIO N-yrojbHUKa, AB — onHa
u3 ero cropon, M — cepeauna 3ol croponsl. Torma tpeyrojapauk AOM
npAMOYTONBHBI ¢ yraamu o/2 u n/n, kareramu a/2 u r. TpeGyemoe coot-
HOIIIEHUE CJIeJIyeT U3 IOCJIEHEr0 COOTHOIIEeHUs 3a1a4u 5.29.

Tpeyroasauk AOM ¢ yka3aHHBIMU yTJIaMU CYIIECTBYET TOI/A U TOJIBKO
rorga, korma chr > 1 u ch(a/2) > 1. O6a 9Tu HepaBeHCTBa SKBUBAJEHTHBI
ToMy, 4T0 o < (n — 2)n/n.

B) Ilpm o=2rn/n momywaem chr =ch(a/2)=ctg(n/n). Hepasencrso
ctg(n/n) > 1 Bemmonagerca npu n > 4.

5.36. OTperkem OT 4eThIPEXyIrOJbHUKA [IPSIMOYTOJIbHBINA TPEYrOJbHUK C
Katetamu ¢ u b. OB umeer yrusl o n 3 u rumorenysy c. Ocrasmmiics Tpe-
YTOJIBHIK IMeeT yIiibl oy =7/2 — o, B; =n/2 — u y. Cormacuo 3amage 5.306)

cosy =sinay sinB; ch ¢ — cosay cosP; = cosacosPBchc — sinasinf.
A Tax kax cosacosP =chachbsinoasinf =chesinosinf,
cosy = (ch’c — 1) sinasinf = sh® csinasin 3 = shashb.
5.37. Ilnomaap paccMaTpUBaEMOro TPEYTrOJbHUKA PABHA

/.

/00 dy d:v—/l _dr =
/1—a2 y? 1 V1—2?

- .1
5.38. Ecm w == -, TO 2 =1 <. IlosTomy
z+1 1—w
1 — |w]? 2[w
Imz= dz| = ————.
L A (T

5.39. Ilycreb = 4 iy —rouka B momenu Kieiina. CornacHo 3amaqe 5.21 B
mozenu Ilyarkape B Kpyre eif COOTBETCTBYeT TOYKA W = U + 1V, T/Ie

2u 2v

x:u2+1)2+1’ y:u2+v2+1'

HecnoxxHble BBIYUCIEHUS ITOKA3BIBAIOT, ITO

o A1 —u? —0?)%(du? + dv?)
B (u2 +v2+1)4 ’
1—u? —02\14

u? +v2 + 1)

dz® + dy? — (v dy — ydz)

(1—x2—y2)2:(
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IlosTomy
da’ +dy® — (vdy —ydz)®  4(du® +dv?) ( 2|dw| )2
(17‘7727:[/2)2 (17u2 7,02)2
Cornacuo 3aga4e 5.38 mocieqHee BHIpazKeHNe COBIAIAeT ¢ ds?.

5.40. a) B mozenu Ilyankape B BepxHeii MOJIYIJIOCKOCTU JJIMHBI CTOPOH
dy

1— w2

dx
paccMaTpuBaeMoro GECKOHEYHO MAaJIOTO MPsIMOYTOJIbHUKA PABHBI — U

B momenn HyaHKape B €JUMHUYHOM Kpyre JJIMHbI CTOPOH pacCMaTpuBa-

€MOT'0 6eCKOHe‘{HO MaJioro IMpAMOYTOJIbHUKA PaBHBI
2dx 2dy
- (@ +y?) T2ty

H.HOHI@,ILI) 66CKOH€‘IHO MaJIOro mnpAMOYTOJIBHUKA PaBHA IIPOU3BEACHUIO
JJINH €ro CTOPOH.

6) JnuHa CTOPOHBI TPAMOYTOJIbLHUKA, JIEZKAIIel Ha TPIMOit ¢ = const,
paBHa
lln(ﬂ : 1+9+d9) — 1y (
2 1+ 1—p—dp

dp
I
+1+p)( +1—p—dp

1 2dp \  dp
2ln(1+1—p2>~1—p2'

T2

,HJII/IHa CTOPOHHI, JIeXKallleil Ha MPAMO’ p = const, paBHa

(\/1—9 +9dq>>%11n(1+ Zedy )N pdy
Vi—g2—pdp) 2 V1-¢? V1—¢?

5.41. ,HJH/IHa rumepboIMIecKoil OKPY2KHOCTH paauyca r paBHa 2nshr,

[T09TOMY IJIOMIA/h TUIIEPOOINIECKOr0 KPYyra Paadyca r paBHA

/ 2nshtdt =2ncht ’ =2n(chr — 1) = 4nsh’ (g) .
0 0

5.42. Ilycte 2a, 2b, 2¢c — nIUHBL CTOPOH THUNEPOOJUIECKOTO TPEYTOJIb-
HUKa, ' — mymHA cpenHeil jguHuu. Tpebyercs mokasarb, uTo a’ < a, T.e.
ch 2a’ < ch2a. Cornacao Teopeme KOCHHYCOB

cha’ =chbchc—shbshccosa,
ch2a = ch 2bch 2¢ — sh 2bsh 2¢ cos a.

Tomoxkum ch b=z, shb=x,, chc=y;, shb=1ys,, cosa = p. Torma Tpe-

OyeMoe HepaBeHCTBO IIPUHAMAET BHT
2(z1yn — @2y0p)” — 1 < (227 = 1)(2y1y” — 1) — 42191 25Y2D-
OTO HEPaBEHCTBO 3KBUBAJECHTHO HEPABEHCTBY
23y>p” < (27 = D)y — 1)

ITocsiejiHee HEPABEHCTBO OYEBUJIHO, HOCKOJIbKY T3 — 1l =ziny? — 1=y a
p?=cos?a< 1.
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5.43. Paccmorpum momens KoieitnHa m momectuMm BepmumHy B B 1IEHTP
kpyra. Torma esksnioB dersipexyroiasauk ABCD Oyper npsiMoyroJibHu-
koM (puc. P.6). IIycts aya AD mepecekaeT OKpy»KHOCTb B Touke X, P —
Touka mepecedenusi npsambix BX u CD. locrarod-
HO JI0KA3aTh, 9TO TUNEPOOJUYIECKUE JJINHBI OTPE3KOB
AD u BP passabl. Ho 310 04eBUaHBIM 00pa30M Ciiery-
eT m3 TOro, uro mpoiinbie orHomenus (A, D, X, Y]] n
[B, P, X, Y,| pasnsl, Tak kak Y;Y; | AB || CD.

5.44. a) Ilycts A, u B, — cepenunsl cropor AC

u BC' coorsercrBenro (puc.P.7 (a)). Omycrum u3 Bep- Al D
muabl C' nepuesnukynasp CH wa npavmyio A;B; un no— [ X
paccMorpuMm Touku A, n By, cuMMerpudnble Touke H Puc. P.6.
OTHOCHUTEILHO TO4eK A; m B, coorsercrBeHHo. Jler-
KO TPOBEPHUTH, 9T0 Ay # B,. B ToMm ciaydae, Korma H JIeKUT Ha OTpe3Ke
A, By, 310 04ueBUIHO, a eciu H momamaer Ha mpojoJizKeHue orpeska A; By,
T0 paBeHCTBO |A; H| = |B; H| BbIIOIHATHCS HEe MOXKET, II0O9TOMY HE MOXKET
BBITIOJIHATHCA U PaBeHCTBO | Ay H| = | By H|. Takum ob6pasom, Touku A, u B,
OJITHOBHAYHO ONPEIENSIoT npamy A;Bj, mosToMy m0CTATOYHO J0KAa3aTh,
YTO PAacCMATPUBAEMBIN NEPIEHIUKYISIP [, BOCCTAHOBJIEHHBIH M3 CEPEIMHBI
orpeska AB, nepneHaukyaapen npamoii A, Bs.

Y

c

Bs

As A
= ! Az l B2

Puc. P.7.

Tpeyronsuukn A;CH un A;AA, (a Takxke tpeyroasauku B;CH u
B,BB;) aBigi0TCa paBHBIMU OPSAMOYTOJbHBIMA TPEYTOJbHUKAMU, HOITOMY
B 4derbipexyrojbauke AA,By;B yrubl upu BepmuHax A, m B, upsaMble, a
cropoust AA, n BB, pasus! (06e orn pasusl |C H|). Takoil 9eThIpexyroias-
HUK JIOJKEH mMeThb och cummerpum (puc. P.7 (6)), npuaem oma noskea
coBmacTh ¢ npamoii [. CrenoBaresbHo, | | Ay Bs.
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6) Couy4wail cOBHANAIMX NPAMBIX OYEBUJIEH, IIOITOMY OyZieM CIATATH,
9TO UPSMbIE, N30METPUYHO 0TOOPAKAIOIIMECS JIPYT HA Jpyra, HE COBIAJa-
oT. Bo3aMoxkHBI [1Ba citydasi.

1. Isa pazmuunbix orpe3ka X X' u Y'Y’ umeror obmyro Touky M. B Ta-
KOM CJIy9ae pacCMaTpHBaeMasl M30METPUS SBJISETCS CHMMETPHell OTHOCHU-
TeabHO Touku M.

2. Cepenunbl Bcex orpe3koB Buga X X' nonapuo pasaudsst. [Iycrs P, Q,
R— cepenunbr orpeskos X X', YY', ZZ'. JlocraTro9HO J0Ka3aTh, 9TO TOYKHA
P, @, R nexar Ha ogHOU npsmoii. [Ipu cummeTpun oTHOCHUTETLHO TOYKYU P
touku X, Y, Z nepexomar B touku X" = X', Y" u 7", nexamue Ha ogHOU
npsamoit. I[Ipu sTrom npsamas PX' aBinsgercsa cepeuHHBIM IE€PIEHIUKYISTPOM
K orpe3kam Y'Y"” u Z'Z". Tlosromy cornacuo 3amade a npamaa PX' Gyuxer
nepuesHauKkyasapaa upsambiv PQ u PR. Cnemosarensuo, touku P, @, R
JIeKaT Ha OJHOII NpAMOM.

5.45. a) Touka nepecedenus IByX GHCCEKTPUC TPEYTOJILHAKA PABHOY/ A~
JIEHA OT BCeX €ro CTOPOH, ITO9TOMY OHA JIEXKUT HA TPeTheil buccekTpuce.

6) IIycte M — cepemmna croporbt AB, P u (Q — cepemuabl cropor AC
n BC. Paccmorpum mozess Kieftna u nomecrum Touky M B meHTp Kpyra
(puc.P.8). CormacHo 3amade 5.44 a) cepeiUHHBII EPIEHUKYIAD K OTPE3KY
AB Oyner nepneHIuKyaapeH npamMoii P(Q). DTo 03HaYaeT, 9TO B €BKJINI0BOM
rpeyrosibauKe A BC' orpe3ok P(Q) Gyner napajuienen cropone AB. B takom
ciay4qae orpe3ku AQ) u BP nepecekarorcs B Touke K, jexkaineil Ha oTpe3Ke
CM. B camom nesne, npu (eBKIHI0BOI) romoreTnn ¢ meHTpoM K OTpe3sok
PQ uepexomur B orpe3ok BA, nosroMmy npsiMmasi, COEIUHSIONAs CEPEIUHbI
9THUX OTPE3KOB, MPOXOIUT Yepe3 TOUKy K.

B) Paccmorpum monens Kieiina u momectum Touky A B meHTp Kpyra
(puc. P.9). B Takom ciaygae runepbonmaeckmne eicotel BBy u CC) GyayT n

Puc. P.8 Puc. P.9

eBKJMI0BbIME BhicOTamu. OHu nepecekarorcs B HekoTopoit Touke H. Ips-
Masi AH Oymer eBKJIMIOBBIM TepreHauKkyaspoM K npamoit BC. Ho AH —
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nuamerp, modromy AH Gymer u rumnepboInIeCKUM IEPIEHIUKYIIPOM K IPs-
moit BC.

5.46. OmycTnM U3 BEPIIMH TPEYroJbHUKA MEPIeHIuKyYIapbl AA,, BB;,
CC, wa mpamymo . Tak kak LAC A, = ZBC:B; = ¢, coriaacHO Teopeme
cunycos sh |AA,|/sh|AC,| =sin¢ =sh|BB,|/sh |C; B|, mosromy

Sh‘ACl‘ _ Sh|AA2‘
Sh|ClB‘ B ShlBBQl.

Amnanoruano
Sh‘BA1| _ Sh|BBQ| " Sh|CBl| o bh|CCQ|
Sh|A10| B Sh‘CCz| Sh‘B1A| o Sh|AA2|

OCTaeTCﬂ NEePEMHOXKUTH IIOJIYy9I€HHbIE HEPABEHCTBA.

5.47. locraTo4HO J0Ka3aTh, YTO €CJIM yKAa3aHHBIE OTPE3KH IepeceKa-
0TCS B HEKOTOpo# Touke M, TO BBINOJIHSAIOTCH YKa3aHHBIE COOTHOIIEHUS.
Ob6parHOe yTBepKIEeHUE CIEAYET U3 TO-
ro, 9TO Ha OTPE3KE CYMIECTBYET €IIH-
CTBEHHAsl TOYKA, JEJas ero B JIaH-
HOM OTHOIII€EHHHA.

a) Beemem Takue o603HaUeHHs, KaK
ma puc. P.10. CorstacHo Teopeme cuny-
coB sh R=shpsino; u sh @ =shpsina,.
IlosTomy

sin oy sh R Puc. P.10.

sinae  shQ’

Amnanormaro
sinf3;  shP siny; _sh@

sinB>  shR a sinys shP’

6) IIpumenus Tepemy cunycoB K Tpeyroabaukam BAA; u CAA,, nomy-

qUM
sh|BAi1| sin BAA; sh|A:C| _ sin A;AC

sh|AB|  sinBA;A . sh|AC| — sin AA,C’
Ho sin BA; A =sin AA,C, nostomy
sh|BA:1| _sh|AB| sin BAA;

sh|A:C| — sh|AC| sin A1 ACT

Teneps yKe JIErKO MOHATH, 9TO COOTHOIIEHNS &) U ) 9KBUBAJIEHTHBI.

5.48. Mbl gaxe JI0KazKe€M, 9TO CYIIECTBYET OMMCAHHBIA 7-yTOJbHUK C
yriiamMmm (Pl, ceey (‘P”' EI'O MO2KHO COCTaBUTH U3 IIPAMOYTOJIBHBIX TPEYTI'OJib-
HUKOB C yramu §;/2 u o; n dukcuposanabM karerom R (puc. P.11). U3
9TUX MPAMOYTOJIBHBIX TPEYTOJHFHUKOB MOYKHO COCTaBUTD N-YTOJBHUK B TOM
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U TOJIbKO B TOM CJIydae, Koraa o, + ...+ o, = n. CorsracHo mociemaeMmy co-

orHOmeHuIO 3ana4u 5.29 sina; = cos(p;/2)/ch R, T.e.
o; = arcsinfcos(¢;/2)/ ch R].

Takum obpaszom, Y  o; — 0 mpu R — 0o u

Zaizz%:%(nn—(pl—...—cpn)

npu R = 0. CienosaTenbHo, CymecTByeT Takoe 9ucyio R, 91o » | o; = 1.

4

Puc. P.11.

5.49. CornacHo TeopeMe KOCHHYCOB

oS ol — chbche—cha
- shbshe '’

IIO3TOMY

>T

ch(b+c) —cha 2shpsh(p —a)

2cos2g:1+coscx:

shbshec " shbshe
Lo _ cha—ch(b—c) 2sh(p—0b)sh(p—c)
2sin” g =l-cosa=——qn o = shbshe

5.50. a) Bocnosnb3oBaBmmch qokasaHHEBIMA B 3ama4e 5.49 dopmymamm,

JIETKO IIPOBEPUTH, ITO

Chafb
. h(p — h(p—2>
smoH—B:S(p a) +ship )COSI % Ccos —
2 shc 2 ch =
2
cha+b
cosa+§:Shpish(pic)sinxz—251nx.
2 she 2 Chf 2
2
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IlosTomy
a+b a—b>
ch—— —ch
singzcosa+g+Y: 2 C 2_gin ¥ cos L.
2 2 h & 272
2

Ocraercsi 3aMeTUTh, 9TO

a+b b a b
ch 2 =2sh 5 sh 5
u
sin Y cos X _ \/shpsh(p —a)sh(p — b)sh(p — c) .
2 2 shashb
6) @opmysner (P.7) u (P.8) moxHO 3amucars B BEIe
S+vy a—b . S+y a+b
cos ch sin —— ch
2 2 . 2 _ 9
r h ¢ sin r - ch ¢
cos 5 ch g 5 3
W3 mepBoit ux stux HGOpMYI CIeayeT, 9TO
S+y Y a—>b c
cos 5 —COSQZCh 5 —ch2
S+ Y a—>b c’
cos 5 + cos ) ch 3 + ch 3
T. e

tg%tg<g+2> th 22 thp

Amnasorungso u3 BTopoit hopMyIIbl IOTyYaeM

S S v —c
tgzctg(z+§):thpz 3

Ocraercs nNepeMHOXKUTDH HOJIy9IeHHbIE (DOPMYJIBIL.

5.51. Ilycte I —menTp BmmcauHO#N OKpyKHOCTH, K — TOYKA KaCAHUS
BIIMCAHHOM OKPYKHOCTH o cTopoHoit AB. Torpa th|IK|=sh|AK|tg /I AK,
T.e. thr =sh(p — a) tg(o/2).

Bripazus tg — mo dopmynram u3 3amadn 5.49, moaydmm Tpebyemoe.

5.52. Ilycte O IIEHTD OMMCAHHON OKpy2kHOCTH, M — cepennnaa CTOPO-
uel BC. Torma th |[CM| = th|CO|cos ZCOM, T.e.

thg :thRCOS(G—’—%().

IIpu sTom

Fﬂg;a:g_(ﬁﬁ)



310 Pemrenns, ykazaHus, OTBETHI

Takum obpa3zom,
a
th -
thR= ——2 . (P.9)

. ( + S )
s o -
2
CorsacHo 3amade 5.49 a) BHINOJHSAETCS PABEHCTBO

coso 4+ cosBcosy

ha =
cha sinBsiny
LO3TOMY
y Sy . S

h2 % — coso+ cosPcosy +sinfsiny MD(B"' 5) bm(Y"' 5)
2 2sinBsiny B sinBsiny ’

o2 a_ sin 5 sm(chr 2)

2 sinBsiny

Bripasum thg mo stuM dopmynam u noxcrasuM B dbopmyiy (P.9). B pe-
3yJIbTaTe IOJIYINM TPeOyeMoe BBIPaKEHIIE.

5.53. MoxHo cunTarh, 9YTO B Mozenu llyankape B BepxHeil moJiyIioc-
koctm Touku A, B, C', D mmeror xkoopmunatst (0, a), (0, b), (k, vb*> — k?),
(k, va? — k?), rme a > b > 0. Torna

2 _ L2 2 _ 2 _ L2
(ol _ Va k:, Ch|AD|=1+k + (a—+Va k): a ,
7 N Vo=
b
ITosTomy . .

5.54. CymecrByer eIuHCTBEHHAs UpsaMas [, NapaJjle/ibHas KaK Jiydam
AB u DC, tak u aygam AD u BC. Ilycts A’, B’, C', D’ — ocHoBaHud nep-
MEHIMKYJISIPOB, onyieHHbx u3 Touek A, B, C, D Ha npsawmyo [. [Ipavbie
AA" u CC’" asagrorca buccekrpucamu yriioB A u C, a npambie BB’ u DD’
ABJAOTCA OuccekTpucaMu BHeIIHUX yriioB B u D. ITosromy Touka C,, cum-
MerpuaHas Touke C' oTHOCHTEHHO mpamoit BB’, nexur wa npamoit AB,
a touka Cy, cummerpudaHas Touke C' oTHOcuTebHO mpsimoit DD’ mexur
Ha npsmoit AD. Ilycrs Cp u C);,—opoeknuu touex C, u C; Ha npsamyio [.
Torpa |C,Ci| = |CC’| = |CyC})|, mosromy Touku Cy u Cy CHMMETPHYIHBL OT-
HOCHTesbHO npamoit AA’. 3uauur, |AC,| = |ACy|. Ocraerca 3amernTs, 9T0
|AC,| = |AB| + |BC,| = |AB| + |BC| n |AC,| = |AD| + |DC!|.

5.55. Ilycts B, u B.— To4ku, cuMMeTPpUYIHBbIE TOYKE B OTHOCUTEIHLHO
ouccekTpuc BHemHuX yriioB A u C. Touku B, u B, mexar Ha aydax DA u
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DC u |DB,|=|DB.|. llosTomy GuccekTpuca BHyTpeHHETO yriaa D sBiasercs
CEePeAVHHBIM NEPIEHIUKYISAPOM K 0Tpe3Ky [B,B,.|, a 6uccekTpuchl BHEm-
Hux yriaoB A u C 9BiI0TCA CepeIUHHBIMU MEPIEHIUKYIIPaMA K 0TPe3KaM
[B,B] u [B.B]. Cepenunable mepueHAVKYIApbl K CTOPOHAM TPEYTOJIbLHU-
Ka MPUHAJJIEKAT OJHOMY YUKy MPAMBIX. AHAJIOTMYHO JOKA3BIBAETCH, ITO
TOMY 2K€ IY4YKY HOPSMbBIX IPUHAUIEKUAT DICCEKTPUCA BHYTPEHHETO yria 5.

5.56. CoBmecTuM CHavaJIa JBUKEHUEM TOYKU Ha abCOJIIOTE, B KOTOPHIX
[IEPECEKAIOTCS JAHHbBIE T1aPbI [IaPAJLIEIbHBIX NPAMbIX. Torma B mogesu [1y-
aHKape B BEPXHEHN MOJIYILIOCKOCTU MOXKHO OYIEeT CINTATh, 9TO BCE PACCMaT-
pUBaeMble PSIMBbIE SBJISIOTCS JIy IaMU, I€PIIEHINKY/ISIPHBIMA BEII[eCTBEHHOM
ocu. JIr00y10 napy Takux Jydeil MO2KHO COBMECTHUTD C APYTOil mapoit mocpe-
CTBOM IAPAJIIEIbHOIO IIEPEHOCA U FOMOTETHH.

5.57. Ilna sumnrudeckux u napabOIMdecKUX IIy9YKOB yTBEDXKIEHUE
oueBuaHO. PaccMoTpuM rumepOo/IindecKuil mydoK MpsMbIX, T.€. IIYy90K IMpsi-
MBIX, TEPIEHIUKYJIIPHBIX HEKOTOpOi npamoit AB, rme A u B — Touku Ha
abcosrore. IIpoBemem depe3 Touku A u B Kacare/lbHBIE K OKPY?KHOCTH.
ITycts omm mepecekatorcs B Touke P. Torma (eBKIMIOBBI) MPOIOJIZKEHUS
BCeX MPAMBIX IMydKa mepecekaiorcs B Touke P. Jljis mokaszareabcTBa 3TO-
ro yTBEPKIEHUS JOCTATOYHO PACCMOTPETH MPOEKTUBHOE MPeobpa30BaHUE,
COXpaHIOIIEee KPYT U TepeBosdInee 0Tpe30K AB B auamerp.

5.58. B momenu Ilyamkape B BepxHEl HOJIYIJIOCKOCTH JIIO0OW OpwH-
[UKJI IBIPKEHUEM MOXKHO IIEPDEBECTH B OPHUIWKJI, 33JaBA€MbIil ypDaBHEHHEM
y = const. A JiroOble Ba TAKUX OPHUIMKJIA MOXKHO COBMECTUTH FOMOTETHUEN.

5.59. Moxno cunrars, 9T0 B Mozenu llyankape B BepxHeil moJiyrioc-
koctu Touku A u B mmeror koopauHathl (X, y) u (2o, y). Torma

_ (z1 —x2)*
chd=1+ T

|1 — 22|

a JYIMHA | Jlyru OpUIUKJIa PABHA . Takum obpazom,

hd=14+ 5 1=2 h(i)
chd= 5, Te [=2sh(3).

5.60. B Tom ciydae, KOrma aBa CEPEIWHHBIX HEPIEHIUKY/IIpa Iepece-
KalTCd B O,E[HOﬁ TOYKE, YTBEP2KJAECHUE O9E€BUIHO.

B ToMm ciydae, Korga IBa CepeIMHHBIX MEPHEHIUKYIIPA MapaslIeTbHbI,
UX MOXKHO CYHTATh JIydaMU B BEpPXHEH MOJIYILIOCKOCTH, MapaslIebHBIMU
ocu Oy. Torma Bce BepIIMHBI TPEYTOJHHUKA JIEXKAT HA OIHONW BBICOTE HA/T
BEIECTBEHHOM OChIO, IOITOMY TPETHHl CEPEINHHBIN MEPIEHIUKYJIApP Oyaer
JiygoMm, napaJjuieiababim ocu Oy.

B Tom ciiygae, Korma IBa CepeIMHHBIX MEPIEHIUKY/ISIPA MEPIEHINKY-
JISIPHBI HEKOTOPOI TPSIMOIi [, BCe BEPIIMHBI TPEYTOJIbBHUKA YIAJIEHBI OT Mpsi-
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MO | Ha OJTHO W TO K€ PACCTOSHUE, IIOITOMY TPETHI CepeTuHHBIN MepPIIeH-
JIMKYJISP TOXKE HEPIEHIUKYJIAPEH IPAMON [.

3a0IHO MBI JOKa3ajd, YTO JIIODble TPU TOYKHU JieKaT JUO0 Ha OMHON
OKPYKHOCTH, JIUOO HA OJHOM OPHIMKJIE, IUOO HA OJHOM THUIEPIUKJIE.

5.61. Pemenue 3ana4au 5.45B) roqurca u B 9TOM CiIydae.

5.62. JIyra P() OKpy:KHOCTH, OPUIIMKJIA HJIHA TUIEPIUKIa o0pasyeT B
roukax P u () pasHble yrubl ¢ (runepbonmaeckoii) npsamoit PQ. Ilycrs o,
By m y; — yrusl, coorsercrBytomme gyram BC, CA u AB. Torna B ciydae
OKPYKHOCTH 0. =T — 1 — Y1, =T —0o4 — Y1, Y=T—0; — P34, a B ciIydae
OPHIINKJIA, UM TUIEPIUKIa o = Y1 — 1, B=7v1 — oy, Yy =1 — oy — ;. Tagum
obpasom, o+ — vy = £(n — 2v;). IIpm sTOM yrom Y, HOCTOAHEH, TAK KAK OH
COOTBETCTBYET MOCTOSIHHOMU jyre AB.

5.63. uaronass AC paspesaer yerbipexyroubauk ABCD Ha npa pas-
HBIX Tpeyrojbuauka. [lycrs M — cepenuna orpeska AC. Torma TpeyrobHu-
ku DCM u BAM passbl, mosromy M — cepenuna orpe3ka BD. Takum
obpa3oM, MpU CHMMETPUU OTHOCUTEHhHO Touku M upsvas AB mepexo-
nur B npamyo C'D. Ho B TakoM ciiydae mepreHIuKyJIsp, IPOBEIeHHBINA 13
rouku M k npsmoit AB, Gyzmer obmuM nepneHauKyIsapoM K npambiMm A B
u CD.

5.64. Uzomerpus [ mepeBogur npaMyio | B HeKoTopywo mpamyio f(1).
IIycts Touka X nBmkercs mo mpsaMoii | k abcosrory. Paccrosame oT Toukn
X nmo npswmoii f (1) me npesocxomut paccrosaus oT Touknm X 110 Toukm f(X),
[I03TOMY PAcCTOsHME OT TOYKM X JI0 HPsAMOil | oCcTaercss OrpaHUYeHHBIM.
9ro o3ragaet, uro npsambie | u (1) BeIxomgaT Ha abCONIOT B OHAX U TEX YK
To4Kax, nosromy | = f(1).

JI106y10 TOUKy A MOXKHO HpPEICTABUTH B BUJE IIEPECEYCHUS JBYX IPS-
Mmbix. [Ipu m3omerpun f 5TU mpsiMble HEPEXOndAT KaKjas B cebsl, HOITOMY
TOYKa A OCTaeTCs HEMOJABUKHOM.

5.65. 13 HepaBeHCTBa TPEYrOJIbHUKA CJIEIyeT, 9TO npeodbpasoBaHue f
EPEBOIUT TpsiMble B mpsMble. [Ipm 3TOM mapa Mapa/ulesIbHBIX MPSMBIX
[EPEXOJNUT B MApy MapajijIesIbHBIX MPIMBIX, TAK KaK TOJBKO Y MapajlIe/ib-
HBIX TIPIMBIX €CTh CKOJIb YTOIHO OJU3KME TOYKHU. SICHO TakkKe, 9TO OKPYXK-
HOCTH pajguyca r ¢ neHrpoM O IEepexXonuT B OKPYKHOCTb pajaumyca kr c
nerrpom f(O).

Paccmorpum TpeyronmbHuK ¢ BepmmHamu Ha abcosore. [IpeobpasoBa-
Hue [ MEePEeBOAMT TOT TPEYTOJbHUK B TAaKOW Ke TPeyrojabHuK. llpm sTom
BIIMCAHHAS OKPYKHOCTH OJHOI'O TPEYTOJHLHUKA MEPEXOJUT BO BIUCAHHYIO
OKPY?KHOCTB JIDyIOro TPEyroJbHUKA. Bce TPeyroJbHUKY C HYJIEBBIMU yIJia-
MU U30METPUYHBI, II03TOMY pPaJaunycC BIILCAHHON OKPY2KHOCTH y HUX OJWH N
Tor xke. ZlcHo, 9To 3TOT pasuyc r KOHedeH. B urore nosygyaem r = kr, T.e.

k=1.
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domostHeHnE

J.1. Iycrs npsvas 8 CP? me Bemecrsenna. Torja ee ypaBHeHme nmeer
Bupn [(P) +im(P) =0, rue | m m — BemecTBenHbIe uHEHBIE QYHKIWN, IPA-
4eM mpsmele [(P) =0 u m(P) =0 He cOBOaIAI0T. ITU IPSMBIE EPECEKAIOTCS
B OJHOI BEIIECTBEHHOU TOYKE, H 9Ta TOYKA IIPHUHAIJICZKUT PACCMAaTPUBAEMON
apamoii B CP?, .

.2. Chepa B R™ 3amaerca ypasrermem Y. (z — a;)? = R?. Ilpu me-

n=1
n
pexone k CP" momyumm ypasrenme . (z; — G;2,41)° = R*22,,. Ilosromy
mepecedeHne ¢ OECKOHETHO y,aaﬂeHHOI‘};%UIOCKOCTbIO 3a/aeTCcd ypaBHEHUEM
2Z24...+22=0.

H.3. Paccmorpnm B R? Touxm A,(1, 0, 0), B, =(0,1,0),C;=(0,0,1) =
M =(1/3,1/3,1/3). dcno, aro tpeyromsauk A, B,C| npasunbasiii u M —
ero nentp. Bribepem Toukn A, B n C ma aygax OA, OB n OC (O —Ha-
9aJI0 KOODJAMHAT) TaK, 4To0bl OHH Jiexkaiau B miockoctu A, B;C,. Torma
rouku A,, B; u C) nexar Ha croponax Tpeyrojabauka ABC, a Touka M
SIBJISIETCS TOYKON nepecedennsi orpe3koB AA;, BB, u C'C;. 9T0 BO3MOXKHO
JIMIIB B TOM CIIy9ae, Korga tpeyronbank A BC npasmwmsabiin A= (-1, 1, 1),
B=(1,-1,1),C=(1,1, -1).

.4. KacarenbHas K JaHHOMY 3JUIAICY B TOYKe (Xo, Yo, 20) 3a7aeTCA
OIHOPOJHBIM yPaBHEHUEM

% + yb% =2zZp.
Ecsu sra kacaresbHas npoxoaut depes Touky (1, £, 0), To yo = £ib*xy/a’.
IMopcTaBuB 5TO BBIpA’KEHNWE B YPABHEHUE DJLIUICA, OJLYIAM

z2 b2l 9 20 va? —b?
- -5 =%, Te —=t—-.
a a Zo a
Wrak, KacarenbHas 33JaeTCs ypaBHEHAEM
TXo YYo Va? — b2
2 T =F %%
a b a

Scuo, 9To oHa mpoxomuT 4Yepes oxuH u3 Gokycos (+v/a? — b2, 0, 1).
3ameuanmne. Ilycrs I, J = (1, i, 0), F} u F, —HeKoTOpBIE BEECTBEH-
uble Toukn. VI3 pesynbraTa 3amaqu .4 ciemyer, 970 Bce KOHUKH, BINCAHHbBIE
B derbipexyronbuauk [ F) JF;, nmeior obmue dokycel, a umenno Fy u Fj.
A.5. Konuka ax? + bry + cy® + dr + ey + f = 0 mepecekaer 6eCKOHETHO
YAQIEHHYIO IPAMYIO B TaKAX TO9YKax (T;, ¥;, 0), aro az? + bx;y; + cy? = 0.
1 To c
ITo Teopeme Buera (| — | - | — | = —. Kpowme Toro, mjist rumepOoJIbI C IepIieH-
a

Y1 Y2
AUKYJIAPHBIMUA aCHUMIITOTAMU BBIIIOJIHAECTCA PABEHCTBO G +c¢=0. B camom
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Jiejie, 9TO PABEHCTBO BBINOJHAETCS, HAIPUMep, Ijad runepbosisr ry = k,
a mpu mosopore T’ =zxcos@Q+ysing, Yy =-—xsing 4 ycose mnomydaem
a' =acos? ¢ + csin® ¢, ¢ =asin® ¢ + ccos? ¢, mostomy a’ + ¢ =a+c.

H.6. a) IIycte O — rouka nepecedeHus paJUKAJIbHBIX OCEd IBYX map
okpyxkuocreit. Torma cremenm Toukm (O OTHOCHUTEIBHO BCEX TPeEX Map
OKPY2KHOCTEl paBHbI, MO3TOMYy TO4YKa O JIEXKUT W HAa PAJAUKAIBHON OCH
TpeTbell mapbl OKPY2KHOCTEMN.

6) Mozx#o cuamraTs, uro A, B=(1, +i, 0). B Takom ciygae konukn Gy gy
OKPYZKHOCTSIMH, a UX O0IIMe XOPAbl OyAyT paJuKaIbHBIMA OCSIMU.

H.7. a), 6) [Iposenem u3 Touku A npsmsbie [, u l,, nepecekaromme JaH-
HYIO KOHHKY B To4kax P, Q; u P,, ), coorBercrBerHo. Torma Touka mnepe-
cedennsa OpaMbIX PyQ), u P, jrlezkur Ha mojspe TOYKH A OTHOCHTEIHHO
naHHOM KoHMKM. Touka nepecedenus upsambix Py Py u QQ1(Q); TOXKE JIeXKUT Ha,
s1oit monspe. CoeIMHUB MOCTPOEHHBIE TOYKH, TOCTPOUM MOJISIPY.

B) IlocTponM mosnspy a Todku A OTHOCHTENHHO JAaHHON KoHWKH. Tpe-
Oyemas KacaTejlbHAs COEJIUHSET TOYKY A C OJHON M3 TOYEK MepecedeHust
HOJIAPBL @ C KOHUKOI.

r) IIpoBemem vepes Touky A npsiMyIo m BO3bMEM Ha 3TOW MPsMON TOU-
ku P u Q. IlocTponm mosisipel p u ¢ 9TUX TOYeK. 1pebyemasi KacaTebHAS
COEMHSET TOUKY 1;1 c T(Q)‘{Koﬁ mepeceveHns IPSIMBIX P U ¢.

J.8. Dumc % + Z_Q =1 (a>b) umeer doxycs (£va? — b?,0), a ero au-

2

a
PEKTPUCHI 3aJaI0TCH YPABHEHUAMH T = i\/?b?' IIposenem yepes oqun u3
a2 —

OKyCOB npamyo & =+/a? — b2. OHa nepecekaer 3JUIAIC B TOYKaX (Xo, Yo
) )
e o = v a? — b%. KacaresibHble K 9JUIAIICY B 9TUX TOYKAX 33aI0TCS yPaB-

HEHUAMUN
TITo Yyo 1
a? b2 ’
2
a
Touka ux mepecedeHns MMEET KOOPIANHATHI (—, O). [Tosromy mongpa do-
Zo
2

a

Kyca ( Vv a? — b27 O) 3a1a€TCA YPaBHCHUEM T — \/?62
a2 —
.9. MoxHO cumTaTh, 9TO JaHHAS KOHUKA SBJISIETCSI OKPYZKHOCTBHIO C
nearpom O. B Takom caygae a 1. OA, ..., d L OD, nosromy

[a, b, ¢, d| = [0A, OB, OC, OD] = [A, B, C, D.

J1.10. Ilycrs npsimas BC' nepecekaer KoHUKY B Todkax I n J. MoxkHO
caurarh, uro I, J = (1, i, 0). B TakoM ciy4ae KOHUKA SABJIAETCS OKPYK-
HOCTBIO ¢ meHTpoM A, npamele A, By, u A,C, ciyxar auaMerpaMu 3TOM
OKpyKHOCTH, a npambie AB u AC oproronasbust npambivm A, By u A,C, co-
orBercTrBeHHO. PaccmarpuBaembie npsimbie AA;, BB, u C'C| sBag10TCS BbI-
cotamu Tpeyroibauka A, B;C}, 03TOMY OHU TIEPECEKAIOTCI B OIHON TOUKE.
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H.11. a) Croponsr Tpeyronbanka ACE ABASIOTCS NONAPAMEA BEPIIAH
rpeyrosibauka BDF. Cornacuo 3agade /.10 upsimeie AD, C'F u BE uepe-
CEeKaloTCd B OOHOIT TOUYKe.

6) /IBoiiCTBEHHOE YTBEPKIECHNE YKBUBAJIEHTHO TOMY, ITO TOYKH MEpPece-
genns upambix AC u DF, CE u FB, EA u BD nexat Ha 0JHOI IPAMOIi.

H.12. a) IpoiicTBenHoe yTBepKmerue (TpeyronbHUK PQR aBTOmOMNS-
PEH OTHOCHUTEJIbHO KOHUKHN C TOTrJa M TOJIBKO TOr/Ja, KOrJZa €ro BEePINUHbI
COBIIQIAIOT C TOYKAMH TepecedeHns AuaroHajeil W IByX map TPOTHBOIO-
JIOKHBIX CTOPOH YETHIPEXYTOJBbHUKA, BIUCAHHOTO B KOHUKY (') Hemocpe-
CTBEHHO CJIEJIyeT U3 MOCTPOEHUs MOJIIPBI TOYKA OTHOCHTETHHO KOHUKH (CM.
sagaay J1.7a)).

6) B OMEOPOJBIX KOOP/MHATAX HOJIAPA TOKH (%o, Yo, Z0) OTHOCHTEIBHO
KOHUKH 2> = :% + y—2 3aaeTcd ypaBHEHIEM 272y = x—? + %. B wacTHOCTH,
nosisipoit Touku X = (1, 0, 0) cayxut npavas Y Z .a

H.13. a) Ilycre x; n 2, — TOYKN KACAHWS KOHUKH C KaCaTEeIbHBIMU, TIPO-
BeJIeHHBIMU U3 TOYKH . KacaTelbHbIE B TOUKAX T1 U To 33JaI0TCH ypaBHe-
ausavu rAzT =0 n x Azl =0. O6e 3Tn KacaTeIbHBIE TPOXOAAT YEPE3 TOUKY
a, mosromy aAzxT =aAzl =0. CnemoBaTesbHO, IPAMAS 12y 327A€TCA yPaB-
mernem aAz’ = 0.

6) Touke m,, yiaoBjersopsmoneil ypasHenuto ToBxl =0, npoiicrsenna
npaMad ToAzT = 0. OTa npamas kacaerca kKonukn xCxT = (0 B HeKoTOpOit
TOYKe X1, HO3TOMY ee ypabHeHme mmeeT Bun, x,CxT = (0. Takum obpasom,
21,C =xzoA. dcno, uro ©,CxT =2, ACT'CC~ Azl =20 AC~! Azl . IlosTomy
paserctBa zoBzl =0 n x,CzT =0 3KBUBaJEHTHBI B TOM CJIydae, KOLJa
B=AC—'A, r.e. C = AB—'A.

H.14. a) B ogHOpoAHBIX KoopauHaTax (, Y, z) OKpy>kHOCTh C' 3a7aercs
ypasaermeM (T — az)? + y*> — R*2%? = (0, KOTOPOMY COOTBETCTBYeT MaTpPHIIA

10 —a
01 0
—a 0 a®>—R?

ITosTomy nBoiicTBeHHOM KOHUKE C* COOTBETCTBYET MATPHIIA

10 0 10 —a \ '/10 0 L [¢-R 0 -a
01 O 01 0 01 0)=—— 0 —-R* 0
2 2 R2
00 -1/ \—a 0 a>-R 00 —1 —a 0 1

Takum obpazom, Koanka C* 3a/1aeTcsl ypaBHEHTEM

(a® — R?)2® — R*y® — 2axz + 2° =0,
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6) Ypasrenne xoruku C* MOXKHO 3aIMCATH B BUJIE
2 2

T Yy
1, Y
af b7 7
a R?
rae T, =+ a?= b2 = . SIcHo Tak>Ke, 9TO mOJIAPa
BT R R )

rouky (a, 0) OTHOCUTENHHO €IUHUIHON OKPYKHOCTH 33Ja€TCs Y PAaBHEHIEM
x =a~!. Tenepsb Bce TpeOyeMble YTBEPKICHHS JIETKO IPOBEPAIOTCS.

J.15. /lng AByX KOHHK CyIIECTBYeT POBHO OIWH TPEYrOJbHUK, aBTO-
[MOJIAPHBIA OTHOCUTEIbHO ux 0benx. Kro MoxkHO omnpejennts aubo Kak Tpe-
yroJbHUK C BEPHIMHAMUA B TOYKaX II€peCceIeHnd O6H.[I/IX XOp4a JaHHBIX KOHUK,
00 KaK TPEYroJIbHUK, CTOPOHBI KOTOPOT'O IMPOXOAAT depe3 TOUKU Iepece-
JeHMsl OOIIUX KACATEJbHBIX K JAaHHBIM KOHUKaM. V3 mepBoro onpejeaeHus
BHUJHO, 9TO paccMaTpuBaeMblii TpeyrosbHuk PQR Kak pas u Oymer sTuMm
aBTOIOJISIPHBIM TPEYTOJIHLHIUKOM, & U3 BTOPOI'O OIIPE/IEIeHUs BUIHO, YTO TOY-
KU 1epecedeHud O6I[[I/IX KaCaTeJIbHbIX K KOHUKAM JIE2KAT Ha CTOPOHaX 9TOT0
TPEYroJIbHUKA.

J.16. lanHOe TPOEKTUBHOE WHBOJIIOTHBHOE MPEOOPA30BAHUE IIOJIHO-
cThI0 ompenessiercs oopazamu X' u Y’ Touexk X u Y. Bo3spmem nmpon3Bosib-
HYIO TOYKY A U pacCMOTPUM TOUKY B, B KOTOPOU EpeCceKaroTCs OMUCAHHBIE
okpyzxkHOCTH TpeyroabaukoB AX X' u AYY”. Ilycre Z u Z' — rouknu nepece-
YeHWs OKPYKHOCTH, TPOXOoAdIIeil depe3 Touku A u B, ¢ paccMaTprUBaeMoii
npsmoii. JlocTaTodHo moka3arh, 9TO mpeodbpasoBaHue Z — 7' TPOEKTUBHO.
ITycts O —Touka nepecevenus upamoii AB ¢ nannoil upsamoii (eciu O = oo,
TO mpeobpa3oBanne / — /' ABASETCA CHMMETPHEH OTHOCHUTEJHHO HEKOTO-
poii Touku). Beibpas Touky O B KadecTBe HaIasa KOODWHAT, MOJLYTHM,
49T0 mpeobpasoBanue Z — 7' mMeeT BUI Z — <

J.17. Ilyctb O — Touka, 4epe3 KOTOPYIO IZIp0XO,HﬂT BCe TIpAMBIE IyYKa;
a u a',bu b —coorBeTcTBEeHHBIE IPIMbIE IPHU JAHHON MHBOJIONUN. Heko-
TOpasd npaMmad | mepecekaeT 3Ty mpaMmbie B Toukax A u A’, B u B’. Ilycrtb
P — rouka niepeceyeHusi ONUCAHHBIX OKPYy2KHOCTEN TpeyrosbHukoB O AA’ u
OBB’. PaccMoTpuM OKPY2KHOCTb C IIEHTPOM Ha, IPSIMOU [, TPOXOIAIIYIO de-
pe3 Touku O u P. 9ra OKpyKHOCTD nepecekaeT npsamyto [ B Toukax C' u C”.
Acuo, uro mpamele OC u OC’ OpTOroHAJIBHBI U HEPEXOIAT JAPYr B Apyra
[IPU PaCCMATPUBAEMON MHBOJIIOIWH.

J.18. Ilycrs a, @/, ... —KOOpAMHATHI NPOEKIMII PACCMATPUBAEMbIX TO-
gek. CormacHo Teopeme Menemas

(a—c)b—a)b —c)=—(a" =) —a)(b—c).
JIerko IIPOBEPUTH, YTO ITO COOTHOIIEHNE YKBUBAJIEHTHO DABEHCTBY

[a7 b7 C/’ a/] = [a’,7 bl? C’ a]'
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J1.19. B ToMm cirygae, Korga rouka O GECKOHEYHO yJaJieHHasd, Tpebyemoe
yTBep2KJeHrEe SKBUBAJIEHTHO yTBEPKIEHUIO IIPeAbLIyIell 33/ a9m.

J1.20. ITpoexkTuBHBIM TIpeobpaszoBarreM Touku A, B, C, D M0xXHO nepe-
BECTH B BEPIIMHBI KBAAPaTa. B TakoM cirygae 06a yTBepK/I€HUS O9€BUIHEL.

.21, Ilycts A4, ..., A, — JaHHBIE TOYKH; O, ..., G, — IPOEKTUBHLIE
MHBOJIIOIUN OKPY2KHOCTH, [IEPEBOAINNE TOUYKY X OKPY2KHOCTHA B IPYTYIO
TOYKY nepecedenus npsamoit X A; ¢ okpyxkHocTbO. Tpebyercs mocrpouThb
HEIOABIKHBIE TOYKH [1PE0OPA30BAHUSA G, 0y 1 - ..0;. ITO Ipeobpa3oBaHue
MIPOEKTUBHO, IIOTOMY €r0 HEMOIBUKHBIE TOYKU MOYKHO IOCTPOUTH METOIOM
I reitnepa.

H.22. Cosuanenune rouex f(g(X)) u g(f(X)) sxBEBaNIEHTHO TOMY, ITO
rouku F' u G ABIAIOTCH TOYKAME IIEPECeYeHus JBYX Map IIPOTUBOIOJIOXK-
HBIX CTOPOH Y€TBHIPDEXYTI'OJIbHUKA, BIIMCAHHOI'O B KOHUKY. STO O3Ha4Ya€T, 9TO
Touka F' jexuT Ha mosspe Touku (G OTHOCUTEHHO JAHHON KOHWKM.

J.23. OproronambpaocTs npambix AX; u AX, sKBUBaJIeHTHA YCJIOBUIO

[AXl, AXQ, AI, AJ] == _1,

rne I, J=(1, 4, 0). Takum o6pa3om, sl Iy9Ka OPAMBIX, IPOXOISAIIAX

uepe3 Touky A, npeobpasosanue AX;+— AX, npoekruBno. JcHO Takxke,

9TO 3TO Npeobpa30BaHe WHBOJIOTHBHO. HO [UIsT TPOEKTUBHOM MHBOJIIOIAN

koHUKU X, — X, Bce xopabl X X, MpoxoadaT depe3 (PUKCHPOBAHHYIO TOUKY.
.24, JlocTaTovHO IPOBEPUTH PABEHCTBO

[Alu Blu Sl> 52] = [A27 327 527 Sl]-
,Z[JIH 9TOr0 HY>KHO y6e,zLI/ITI>CH, YTO 3HAKU ITUX JBOWHBIX OTHOIIEHUI COBIIA-
JTAIOT W BBIMOJIHIETCS PABEHCTBO

A1S1  A1Sa AxS> A5

B1S1 " BiS:  B2S: " B2S:i’

Alsl -AgSl AQSQ 'AIS2

B151 . Ble o 3252 . Blsl ’

Ilociieaee paBeHCTBO OYEBHIHO, TAaK KAK BBIPDAXKEHWS B [IPABON U JI€BOU

2
r .

4aCTU PaBHbI (—a) , TIe 7y U 7, — PaJuyChbl OKPY2KHOCTEH.
b

.25. Konuke ax_ N + by——)\ — 22 =0 cooTBeTCTBYeT MaTPUIA
(a—n)"1 0 0
A= 0 b-2N""' 0

0 0 -1
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JIBOIiCTBEHHOM KOHHKE COOTBETCTBYET MATPHUIIA

a—\ O 0
B=A"'=( 0 b-x 0],
0 0 -1

T. €. IBONHCTBEHHAS KOHWKA 3a/IA€TCS yPABHEHHEM
(a—Nz*+ (b—Ny* = 2>

Jlerko nposepurb, uro Touku (+1, £i, v/a — b) ymoBiIeTBOPIOT 9TOMY ypaB-
HEHUIO.
J1.26. Corsacuo 3anade J1.25 koHuKM, JBOWCTBEHHBbIE KOH(MDOKAJIBHBIM

KOHHUKaM 9 5
x Y .2
a—x Thon

npoxonar 1epe3 Toukm (+1, i, v/a — bz). DTo 03HAUAET, UTO IPAMBIE
+z+wy+Va—bz=0,

JIBOMCTBEHHBIE YTUM TOYKaM, ABJIFIOTCH KaCATEIbHBIMA K KOH(DOKAJIHHBIM
KOHUKaM. JIerko MmpoBepuUTh, YTO KaXKJasd TaKasd MpsMas MPOXOIUT dYepe3
onHy u3 Touek (1, +i, 0).

.27, PaccmorpuM cemMefiCTBO ILTOCKOCTEH, COMEpKAIMUX LIPAMYIO .
JBoiicrBennbie um Touku 00pasyror upsamyio [*. Ilycre Q* — kBajpuka,
npoiicrBeHHas KBaapuke . Jlerko nposeputh, uro ecau [ C ), To I* C Q*.
JeiicTBuTeIbHO, JII06As MIIOCKOCTD, COAEpIKAIas IpsaMyo [, mepecekaer ()
[0 JBYM WPSIMBIM, MO9TOMY OHA SIBJISIETCS KACATEJBHON NJIOCKOCTHIO K
(), a 3HaYNT, ABOWCTBEHHAadA el Touka npuHagiexur Q*. Haobopor, ecin
I*CQ*, rol C Q. [Toaromy ecnu nupsimas | He comepkuTca B (), TO npsMas
[* nepecekaer KBaJgpuKy (Q* POBHO B JBYyX TOYKAX.

J.28. OrpanuyeHne IBUKEHHUS TPEXMEPHOTrO MPOCTPaHCTBa JloGaues-
CKOro Ha abCOJIIOT MpeACTaBIsgeT COO0i APOOHO-IMHEHHOE peobpa30BaHMe
man C, a apobGHo-nuHeitHoe mnpeobpasoBanme Han C obs3aTeNbHO MMeeT
HEIOABIKHYIO TOYKY, IIPUYEM HEIOJBUXKHBIX TOYEK HE MOXKET ObITh 6O0JIb-
me apyx (ecam nmpeobpa3oBaHUe HE TOXKIECTBEHHO).

J1.29. TocTaTo9HO 0Ka3aTh, 9YTO ecau a, b, ¢, d € C—mnonapuo pa3and-
HBIE YICJIa, TO CYIIECTBYET TaKOe APOOHO-INHENHOe peobpas3oBanue f, 910
fla)=0b, f(b)=a, f(c)=d, f(d) =c. IlepBble Tpu PaBEHCTBA MO3BOJIAIOT
OIHO3HAYHO omnpeneauthb f. IIpu 3ToMm apobHO-/MHENHOE Hpeobpa3oBaHMe
f o f numeer HenonBUAKHBIE TOYKH @, b U €llle KAKYIO-TO HEHOABUKHYIO TOY-
Ky, (2 IMEHHO, HEMOABMKHYIO TOUKY O0TOOpakeHus f; OHA, BOOBIE TOBODS,
MOXKET OBITh GECKOHEUHO yIaIeHHOl), KOTOpas He MOXKeT COBIAJATh HH C @,
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Hu ¢ b. Takum obpazoM, f o f —ToxKIeCTBEHHOE IIpeodpa3oBaHue, a 3HAYUT,
fld)=c

H.30. a) Cormacro 3amade J1.29 cymiecTByeT JBHKeHHUE, HEPEBOJSIIEE
nByrpanHsiii yroy npu pebpe AC B aByrpanHbIil yroa npu pebpe BD.

6) B monesu Ilyankape B BepXHEM MOJIyIPOCTPAHCTBE MOYKHO CUUTATD,
9TO pacCMaTPUBaeMas BEPIINHA TETPAdAPa HAXOAUTCA B DECKOHEYIHO yia-
JieHHOU TodYKe. TOrma rpaHm TPEXTPAHHOTO YIJIa MPHU ITON BEPIIUHE OyIyT
PaCnoJIOZKEHbI Ha I'PaHAX eBKJIH,E[OBOﬁ TpeyFOﬂbHOﬁ npu3Mbl C OCHOBAHUEM
Ha abcomore. CyMMa NBYTpaHHBIX YTJIOB TPEYTOJIBHON MPU3MBI DABHA T.

J.31. JokaseiBaerca anagorunguo 3anade /1.306).

.32, Paccmorpum B mozenu Ilyankape B BepxHEM IOJyIPOCTPAHCTBE
TPEXTPAHHBIN yTOJI C BEPITUHON B OECKOHEYHO yaaaeHHO# To4uke. Ero rpanu
00pa3yoT TPEyTOJIbHYH0 (€BKJIMIOBY) NIPU3MYy C OCHOBAHWEM Ha abCOJIIoTe.
OnemeHT 06beMa B BEPXHEM TOJYTPOCTPAHCTBE mMeeT Bui 2z ° dx dy dz.
ITosToMy 00beM 9acTH TPEXTPAHHOIO YIVIA, JIEZKAIIEH B MOJyIPOCTPAHCTBE

Z 2 ¢, paBeH -
S
Bdr =
/c Sz dz 52"

rae S — eBKJIUJI0Ba IJIOM/b cedeHus npu3Mmbl. J[jisg HaC CyIIeCTBEHHO, 9TO
9TOT 00bEM KOHEUEH. DTO O3HAYAET, YTO OpUChEpPa PACCEKAET TPEXTPAHHBIH
YyIrOJI C BEpIIMHON Ha abcoJifoTe HAa JABE YACTH, 00bEM OIHOW W3 KOTOPBIX
(comepzKammeil BepmvHY yIia) KOHEUEH.

Orceyem oT TeTpasdapa ¢ BepInHAMU HA abCOJIIOTE €ro BEPIINHBL OPH-
chepamu. B pesynbrare Terpasap Oymer pa3pe3aH Ha b gacreil, obbeMm
KaXKJI0 M3 KOTOPHIX KOHEYEH.

J.33. Ilyctb O — uentp Kyba, P — meHTp OmHOI )
u3 ero rpaneii, M — cepemuna pebpa 3Toi rpanu, A —
BepmuHa 3roro pebpa. Torna tpeyronpauku OM P n
AP M upsimoyroJibHBIE; MX YTJIbI yKa3aHbl Ha puc. P.12.

HaHOMHI/IM, 9TO B IIPAMOYTOJ/JIbHOM TPEYT'OJIbHUKE
Cos o

C KaTeToM @ BBIIIOJIHAETCH COOTHOHIeHne cha = ——.

sin B
IIpumenus sro coornomenue x karery M P B obomx
TPeyroJIbHUKAX, IOy IIM

L —cosP.sin ™
cos ; :sing —chMP—cos2 ssin 7. Puc. P.19.
.34, Pemenne 3amga4n 5.64 roquTcsa 1 B 9TOM CJIy-

qae.

J1.35. U3 HepaBeHCTBA TPEYIrOJbHUKA CJEIAYET, 9TO [ [EPEBOAUT IIPsi-
MbI€ B IIpsiMble. PaccMOTpUM TPEYTO/IbHUK C BepIInHAMU Ha, abCoroTe. 10T
TPEYroIbHUK (BKJIIOYasi ero BHYTPEHHIOI YaCTh) HMEPEXOAUT B TAaKOH XKe
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TpeyroybHUK. fICHO TakzKe, 9TO JII00BIE ABA TPEYTOJIbHUKA C BEPIINHAMY HA
abcosrore n3omerpudHbl. ITocie aTux 3amedaHuit yrke MOXKHO BOCIOJIB30-
BAThCS PeIIeHneM 331391 5.65.

J1.36. Bribepem B kKaduecTBe MOmesid mpOCTPaHCTBa JlobaueBckoro mo-
Iesib HA [BYIOJOCTHOM rumepbosionae, T.e. OymeM CYuTaTh, YTO TOYKH
21y -y Znge J€KAT B R n uX KOOpPIWHATHI yJOBJIETBOPSAIOT COOTHOIIE-
HUIO

azf—l—...—l—azi—xiH:—l,

npuaeM Z,,1 > 0. Iycrs [u, v] = w0y + ... + Up¥, — Up 10,41 — NCEBIOCKA-
napHoe npomssenerne B R". Torma ch(d;;) = [z, 2;].

Iycts S = (21, - .., Zny2) —MaTpuna pasmepoM (n + 2) x (n+ 2), obpa-
30BaHHAA CTOJONAME KOODAUHAT TOYEK 21, - . ., 2y42, K KOTOPBIM B KA4€CTBE
[epBOil KOOPAWHATHI J06aB/IeH Hy/b; J — IHaroHaJbHas MaTPHUIA HOPAIKA
n + 2 ¢ quaronasso (1, 1, ..., 1, —1). Jlerko npoBepurb, 4To

A=z, 25]) =S"JS.

Ho y marpunpr S nepBasi crpoka HyseBas, nodromy det S =0, a 3Ha4ur,

det A=0.
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